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The Complementary Theorem.* 


By J. C. Frewps. 


Let 

=u" +f iw t+ ...- +f =o (1) 
be an algebraic equation in which the coefficients f, are rational functions of z, 
integral or fractional. The equation may be reducible or irreducible, but is 
supposed to be rid of repeated factors. In the neighborhood of a value z=a 
the functions w defined by the equation will be represented by n series in powers 
of z—a with exponents which may be integral or fractional, positive or negative, 
the number of the negative exponents, however, being in any case finite. These 
n series, or branches of the equation, as we shall call them, group themselves 
into a number r of cycles of orders 71, v2, ..--, v, respectively. A cycle of 


I 
order » consists of » branches developable in integral powers of (z— a)” and 
successively passing into one another on making the circuit of the point z=a 
in the z-plane. For the application of the preceding remarks to the value z= 


it is only necessary to replace the element z—a by - The order of a cycle is 


in general 1, and the cycle consists of a single branch whose development 
involves only integral exponents. A cycle of order 1 we might call a simple 
cycle. The number of values of the variable z to which correspond other than 
simple cycles is finite. 

If now in a rational function H(z, u) we substitute for w the series which 
represents a certain branch corresponding to a value z=a, the result will be 


representable as a series in powers of z—a (or *)s and the lowest exponent 


in this series we will call the order of coincidence of the function with the branch 
in question. The order of coincidence of a rational function of (z, uw) with a 


* Paper presented to section A at the Dublin meeting of The British Association for the Advancement of 
Science, September, 1908. 
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branch of the equation uw) = 0 corresponding to a given value of the 
variable z may be positive or negative; in general, however, it will be 0. 
Evidently the orders of coincidence of a rational function of (z, u) with different 
branches of the same cycle will all be equal. The number of cycles with whose 
branches the orders of coincidence of a given rational function of (z, u) are 
different from 0 is finite, and the aggregate sum of the orders of coincidence of 
the function with all the branches of all these cycles is equal to 0. We might 
then say, for conciseness, that the aggregate sum of all the orders of coincidence 
of any given rational function of (z, w) with all the branches of all the cycles 
corresponding to all values of the variable z, the value z= © included, is equal 
to 0. The orders of coincidence of a rational function of (z, vw) with the branches 
of the 7 cycles corresponding to a given value z=a will evidently be integral 
multiples of the corresponding fractions respectively. 
2 r 

We shall call a system of sets of numbers 7}, ri”, ...., cf associated with 

the different values of the variable z=a,, and multiples of the corresponding 
1 1 


fractions ----, basis of coincidences for the building of a 

vy)? aft)» 
k 


rational function of (z, ~). We conceive a set of numbers to be associated with 
each value of the variable, the numbers however being all 0 save in the sets 
associated with a finite number of values of z. When therefore we specify the 
sets associated with a finite number of values of the variable only, it is to be 
understood that the sets associated with the remaining values of the variable 
are all made up of zeros. By the most general rational function built on a 
given basis of coincidences we mean the most general rational function whose 
orders of coincidence with the branches of the several cycles corresponding to 
the various values of z do not fall short of the corresponding numbers mentioned 
in the basis. It might happen that the most general function built on a proposed 
basis is identically 0, in which case we call the basis an impossible one. To 
briefly designate the basis of coincidences here in question we employ the 
notation (7). 

A basis (7) we say is complementary to the basis (7) with regard to the 


level furnished by a rational function K(z, uv) when its numbers 7{, 7%, ...., 7 
are connected with the numbers 74”, ¢{, ...., c by the equations 
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for all finite values of the variable z=a,, and for the value z=o by the 
equations 


= +1 + (s =1,2,.---, 7,), (3) 
8 


where m{”, mi, ...., m® represent the actual orders of coincidence of the 
rational function A(z, uw) corresponding to the value z=a,. The basis (7) 
is then evidently also complementary to the basis (t) with regard to the level 
by the function K(z, wu). 

' On employing the symbols WV, and N; to designate the numbers of arbitrary 
constants involved in the expressions for the most general rational functions 
built on the complementary bases (r) and (7), respectively, the statement of the 
complementary theorem is contained in the equation 

8= 
where the summations with regard to & are supposed to extend to all values of 
the variable z, the value z= o included. 

In the definition of complementary bases given above, it would at first sight 
appear as if the value z=o had been treated differently from the finite values 
of the variable. The difference in treatment is however only apparent, and the 
complementary bases (7) and (7) could be symmetrically defined with regard to 
all values of the variable z, the value z= included, by the system of equations 


1 
+ =m + —1 + (5) 
8 


where the numbers e“ are all zero, save a finite number, which are integers 


positive or negative, subject only to the condition that > e“) = 2; and where the 
k 


numbers m{", m{, ...., m represent the actual orders of coincidence of a 
rational function A(z, u) which is connected with the function K(z, u) by 


the relation _ 
K(z, uw) = TI (z—a,). K(z, u), 
k 


where the product is extended to all finite values of the variable z= a,. 
By a transformation v = gu, where g is an integral rational function of z, 
we can make the equation f(z, wv) =0 go over into an equation 
F(z, v) =o + +....4/=0, (6) 


in which the coefficients F, are integral rational functions of z. Rational 


ate 

¥ 
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functions of (z, u) are rational functions of (z, v), and conversely; orders of 
coincidence are unchanged by the transformation, the cycles remain the same, 
and complementary bases are still complementary bases. When then we have 
proved the complementary theorem for the equation F(z, v)=0, we have 
evidently at the same time proved it also for the equation f(z, u)=0. In 
my book* on the algebraic functions I have given a proof of the complementary 
theorem which involves a number of more or less complicated formulaet and 
certain details which can be dispensed with on introducing modifications in the 
reasoning there employed. The object of the present paper is to give the 
modified proof here referred to. Before proceeding with the proof, however, 
it will be necessary, to recall certain results obtained in the earlier half of my 
book, and to make reference to the notation which I have employed. 

Starting out from the integral algebraic equation F(z, v) = 0, we shall con- 
sider rational functions of (z, v). Any such function can be written in the form 


H(z, v) = (7) 


where the coefficients A, are rational functions of z. This is called the reduced 
form of the function, and we shall suppose in this paper that a rational function 
is always expressed in its reduced form excepting where the context implies 
the contrary. 

The orders of coincidence of the rational] function F{(z, v) with the branches 
of the 7, cycles corresponding to a value z= a, we indicate by the symbols 
uf, us, ...., respectively, and by the symbols us, ...., respect- 
ively its orders of coincidence with the branches of the r,, cycles corresponding 
to the value z=o. If the orders of coincidence of a rational function of (z, v) 
with the branches of the 7, cycles corresponding to a given value of the variable z 
do not fall short of the numbers 


1 1 
1+ (8) 

Vj Vr, 
respectively, we say that the function is adjoint relatively to the equation 
F(z,v)=0 for the value of the variable in question, and the coincidences are 
said to constitute a set of adjoint orders of coincidence. This definition extends 


* Theory of the Algebraic Functions of a Complex Variable. Mayer & Miiller, Berlin, 1906. In the 


present paper this book will be cited under the letters A. F. : 
+ A. F., Chapter XI. The proof here given displaces the greater part of Chapter XI and modifies the 


beginning of the chapter following. 
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not only to all finite values of the variable, but also to the valuez=o. Ifthe 
product of two functions is adjoint for a given value of the variable, we say that 
the functions are complementary adjoint for the value of the variable in question ; 
and if the orders of coincidence of the product with the branches of the r, cycles 
are equal to or greater than the corresponding numbers 


1 
Tk 


where 7 is any positive integer, we say that the functions are complementary 
adjoint to the order i. 

In considering a rational function of (z, v) with reference to the cycles 
corresponding to the value z=, it is at times convenient to transform to the 
variables § =27!, y=2-"v, where z” is the highest power of z which appears 
in the equation F'(z,v)=0. This equation then goes over into the integral 
algebraic equation 

G(é, n) = 0, (10) 
in which y is the dependent variable. The rational function 
G, (E, 2) = F, (2, v) 
evidently has, as orders of coincidence with the branches of the cycles corre- 
sponding to the value & = 0, the numbers 


m(n—1)+ uf, ...., m(n—1) + (11) 
and the orders of coincidence defining adjointness relatively to the equation 
G(&, 7”) =0 for the cycles corresponding to the value § =0, are 


1 Ta 


respectively. When the product of two rational functions has orders of coinci- 
dence for the value §=0 which do not fall short of these numbers, they are 
complementary adjoint relatively to the equation G(&, ~) = 0 for the value of & 
here in question; and when the orders of coincidence of the product do not fall 
short of the numbers 


respectively, the functions are complementary adjoint to the order 7 relatively 
to the equation (10) for the value = 0. 


a 

a 
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A rational function of (z, v) can be written in the form 


tt, 
0) = P(e, 0) + (14) 
where the expressions P(z,v) and “)(z,v) represent polynomials in (2, v), 
reduced with regard to v, and where a polynomial “) (z, v) is of degree less 
than 7 in z Here the summation is supposed to extend to all those finite 
values z= a, for which the function H(z,v) may become infinite, as also to all 
those values of the variable to which correspond multiple points on the curve 
F(z,v)=0. Transformed to terms of (&,7) our rational function can also be 
represented in the form 


where o“=+/ (£7) is a polynomial in (&, 7) reduced in y, and of a degree in & 
which is less than 7, +7. Here 7 is an integer which is at our disposal, and the 
expression ((£,7)) signifies a reduced polynomial in y with coefficients which, 
expanded in powers of &, involve no negative exponents. 

If now we characterize the function H(z,v) by saying that it is to have 
orders of coincidence with the branches of the 7, cycles corresponding to the 
value z=, which do not fall short of the numbers 7{*, ti), ...., r{) respect- 
ively, while it is to become infinite to orders not exceeding o%”, o{”, ...., a 


respectively for the branches of the 7, cycles corresponding to a value z= a,, 
we shall have for any exponent 7, in formula (14) the greatest of the integers* 
+ ----, tor], (16) 

and for the exponent 7, in formula (15) the greatest of the integers 

m(n— 1) + [uf + of], m(n—1) + + (17) 
where corresponding numbers in the sets of”, ...., of and ¢{*’,...., are 
equal and of opposite signs excepting where a number ¢ is positive, in which 
case the corresponding number o has the value 0. 

It is to be understood that the integer 7 in formula (15) is not negative and 
furthermore we shall find it convenient to assume that it is not less than the 
greatest of the numbers 7{*, c§, ...., 7, so that the coefficients in the ex- 
pression &/((£,)) will not be conditioned by the orders of coincidence of H(z, v) 
for the value z=o. A numerator o“(z,v) appearing in the summation in 


* A. F., X. +A. F., XI, 6. 
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formula (14) will have orders of coincidence with the branches of the 7, corre- 
sponding cycles which do not fall short of the numbers 


k) k k 
ty, — Og, — Of (18) 


respectively, and will nae p, arbitrary constants, where* 


The numerator p+? (¢, 7) appearing on the right-hand side of formula (15) 
will have orders of coincidence with the branches of the r,, cycles corresponding 
to the value z = ©, which do not fall short of the numbers 


tte”, .---5 (20) 
respectively, and will involve p, arbitrary constants, where+ 


8s=1 
We can then write 
(0) = SPO 0) + OP G, 0), (22) 
(En) = (En) +.... + (E, x), (23) 
where the 6’s are arbitrary constants excepting for the conditions imposed upon 
them in assuming the function H(z, v) to be simultaneously representable in the 
forms (14) and (15). Equating these two forms we have 


k s=1 Z—a,)* 


4 £5((E,n)). (24) 


Here the polynomial P(z, v) identifies itself with the integral portion of the 
expression §~‘» p“=+ (£7) transformed to terms of (z,v) and therefore depends 
on the constants 6{°). Furthermore, the totality of the conditions to which the 
constants 6 must be subjected is obtained on transforming 


= (é, n) (25) 
to terms of (z, v) and identifying the terms in the transformed expression which 
involve negative powers of z, with the corresponding terms in the expression 


k s=1 (z 


tA. XI, 10- 


| 

We 

~ 

* A. F., X, 10. 
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after the coefficients of the several powers of v have been developed in powers 
of = The developments here in question will evidently involve only negative 


powers of z. Wedesire then to study the conditions imposed on the constants 6 
by the statement of the identity 


Pr SK) ali,) Po altotJ) 
= Polynomial in (2,0) + &((E,))- (21) 
s=1 


We have to suppose that the total expression on the left-hand side of this 
identity has been transformed to terms of (z,v), and that it is then represented 


as a polynomial in v with coefficients which are developed in powers of : , the 


number of negative powers of = involved being of course finite. The conditions 


to which the constants § are subjected are then obtained on equating to 0 the 
aggregate coefficient of an element z-"y""', where ¢ can have any one of the 
values 1, ...., and where in the integer r is positive 
and subject also to the condition r— m(n— t) <j. 

In Chapter 1X of my book I have introduced a certain polynomial R (z, v), 
such that its. product by the function F(z, v) has identically the form 


F (z,v).R(z,v) + +H. (28) 


Here the coefficient of v’"-! in the product requires the coefficient of v"~! in 
R(z,v) to be 1, and the function &(z,v) is then completely determined by the 
vanishing of the coefficients of v’"-*, ...., v" in the product. The coefficients 
S,-1, --+-, Sp in the product are of course completely determined when v) 
is determined. At the same time also we evidently have 1 for the coefficient of 


in the function 


and terms involving the powers 7’"-*,...., 7" are lacking in the product 
G(E,n). R(E,n). 

Consider all the polynomials ¢ (z, v), reduced in v, which possess a certain 
set of adjoint orders of coincidence uj, ...-., wu) corresponding to a value z=a. 
Supposing these functions to be arranged according to powers of z—a and v 
and discarding terms divisible by (z—a)', we obtain a system of functions of 
the type (z, v), and of these a certain number p will be linearly independent 


iii 
| 
| 
| 
| 
| 
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of one another. A complete system of linearly independent functions of this 
type we indicate by the notation 


(8 =1,2,.---, 9). (30) 
Multiply these functions by the function R(z, v) and write the products in the form 
(2,0). (2, v) = (2, v) (z,v) (8 =1,2,.---, 9), (31) 
where in the element v"~!¢‘ (z, v) are included all those terms of the product 
which are divisible by vw"! and which are not at the same time divisible by 
(z—a)'. Any term then in 6,(z,v) which is divisible by v"? must also be 
divisible by (z— a)’. At the same time we also have 
F(z, v) (2, v) = II, (2, v) + (z, v) (s = 1,2,....-, (32) 
where v"¢° (z, v) is constituted out of all those terms in the product on the left 
which are divisible by »” and which are not divisible by (g— a)‘. The truth of 
this is seen on multiplying the identities (31) through by F(z,v) and equating 
on the two sides those terms which are divisible by v*"-! but not by (z—ay), 
bearing the while in mind the formula (28). 

In like manner we might consider all those polynomials $(&, 7), reduced 
in 7, which possess a certain set of adjoint orders of coincidence relative to the 
equation G(&,7)=0 for the value §=0. On discarding in these polynomials 
terms divisible by &* we obtain a system of functions of the type ®(&, 7), and 
of these a certain number p, will be linearly independent of one another. 
A complete system of linearly independent functions of this type we might 
indicate by the notation 


Multiplying these functions by the function R(£,7) we can write the products 
in the form 


R(E,n). (E, 2) =9,(E,n) (8 = 1,2, (84) 
where in the element 7”! (° (&, 7) are included all those terms of the product 
which are divisible by 7"~! and which are not at the same time divisible by £*. 
Any term then in 0,(&,7) which is divisible by 7"~’ must also be divisible by &*. 
At the same time we also have 


G (E,n). (E,7) = (E,2) +n" (E,n) (8 = 1,2,----, (35) 


where »" 9°" (&, 7) is constituted out of all those terms in the product on the left 
which are divisible by 7" and which are not divisible by &'. Relatively to the 
2 
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equation G(£,7)= 0, and for the value =0, formulae (34) and (35) are the 
analogues of the formulae (31) and (32), respectively, for the equation F(z, v) =0 
relatively to the value za. When we make use of the expression 6, (, 7), for 
example, in the one set of formulae, it will be understood of course that we are 
not dealing with the same form as that which was designated by 6,(z, v) in the 
other set of formulae. 

Now the necessary and sufficient conditions in order that an integral rational 
function 1 (z,v) may be complementary adjoint to the order 7 to a system of 
integral rational functions $(z, v), whose orders of coincidence with the branches 
of the several cycles corresponding to the value z=a are not less than the 
respective members of a set of adjoint numbers uj, ...-, are obtained* on 
equating to 0 the coefficients of (z —a)‘’v""! in the p products 

(2, v)-¥(z,0) = 1,2, .---, 9). (36) 
This is evidently equivalent to saying that the necessary and sufficient conditions 
in order that the orders of coincidence of the integral rational function (z, v) 
may be complementary adjoint to the orders of coincidence of the system of 
functions (z — a)~‘@(z, v), are obtained on equating to 0 the coefficients of 
(z—a)v"" in the p products 
(z, v). v) (o= 1, 2, ...., 9). (37) 
The coefficients here in question are however the residues of the coefficients of 
v"! relative to the value z=a in the p products (37). Now in the rational 
functions of z which constitute the coefficients of the several powers of v in these 
products the only poles which can present themselves are evidently z=a and 
z=, and the only residues which appear must correspond to these values. 
Since, however, the sum of the residues of a rational function of z is zero, if the 
residues of the coefficients of v"~! in the products (37) relative to the value 
z==a vanish, so also will the residues relative to the value z= vanish, 
and conversely. 

We may then say that the necessary and sufficient conditions in order that 
the orders of coincidence of an integral rational function (z,v) for the value 
z==a may be complementary adjoint to the orders of coincidence of the system 
of functions (2 — a)~'@(z, v), in which the numerator $(z, v) possesses a certain 
system of adjoint orders of coincidence, are obtained on equating to 0 the 
residues relative to the value z= of the coefficients of v”~! in the 
p products (37). 


* A, F., IX. 
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In like manner we see that the necessary and sufficient conditions in order 
that the orders of coincidence of an integral rational function }(£, 7), relative 
to the equation G(£,7)=0 for the value £=0, may be complementary adjoint 
to the orders of coincidence of the system of functions &-“=*/ @(&,7), in which 
the numerator (&,7) possesses the system of adjoint orders of coincidence 


i, +7 ,...-,4, are obtained on equating to 0 the residues relative to 
the value § =0 (or § = «) of the coefficients of 7" in the p, products 
(En). (8 = 1, 2, -- ++, Pa) (38) 


This is evidently equivalent to the statement that the necessary and sufficient 
conditions in order that the orders of coincidence of an integral rational function 
relative to the equation G(&, 7) =0 for the value = 0, may not be less 
than the numbers 


respectively, are obtained on equating to 0 the coefficients of §-'""' in the 
p,, products (38). 

Again this statement is equivalent to saying that the necessary and sufficient 
conditions in order that the orders of coincidence, relative to the equation 
G (&,7) =0, of a function 


for the value § = 0, may not be less than the numbers 
— + — 14-5, + —1 
vj 


respectively, are obtained on equating to 0 the coefficients of z-™"-*!y""1 in 
the p, products (38) transformed to terms of (z,v). We conclude therefore 
that the necessary and sufficient conditions in order that the orders of coin- 
cidence of a function (£, transformed to terms of (z, v), for the 
value z=, may be complementary adjoint relatively to the equation 
F(z, v) =0, to the orders of coincidence ...., of the system of func- 
tions p(&,7), are obtained on equating to 0 the coefficients of in 
the p,, products 


(&, nN) « D4) (&, n) (s = 1, 2, 
transformed to terms of (z, v). 
By choosing j sufficiently large the expression will 
become a polynomial in (z,v), and conversely any polynomial in (z,v) can be 
written in this form on choosing / sufficiently large. 


| 
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Writing therefore 
(é, n) (z, v) 
a polynomial in (z,v), we derive that the necessary and sufficient conditions, 
in order that the orders of coincidence of the function 2° (z,v) for the value 
z==0oo may be complementary adjoint, relatively to the equation F(z,v) =0, 


to the orders of coincidence z{, ...., 7), are obtained on equating to 0 the 
coefficients of z~'v"~’ in the p, products 
(8 = 1, 2, (39) 


transformed to terms of (z,v), the integer 7 being chosen sufficiently large. 

We may then say that the necessary and sufficient conditions, in order that 
the orders of coincidence of the polynomial ¥(z,v) for the value z= may be 
complementary adjoint to the order 2 to the orders of coincidence 7{”, ...., t{2? 
of a system of functions £-‘ @ (&,7), are obtained on equating to 0 the residues 
relative to the value z= of the coefficient of v"~' in the p,, products (39), the 
integer 7 being chosen large enough. 

We shall now return to the identity (27) and to the study of the conditions 
which its existence imposes on the constants J. Multiply the identity through 
by the function 


R(z,v) RE, n). 
R (z, v) os” (2, 2) 
by expressions of the type given on the right-hand side of formula (31), and 
the products 


Replace the products 


R(E,n) (&, 7) 
by expressions of the type given on the right-hand side of formula (34), on 
replacing 7 by i,+j. In the resulting identity retain only those terms which 
are divisible by uv"! or 7"—1, and we evidently obtain an identity of the form 


= Product of and a polynomial in (2, v) + 1 ((E, 


Dividing through by this identity becomes 


(z — a,)"* 


= Polynomial in (z, v) + & ((&, (40) 


Now multiply this identity through by the function 
F(z, v) = &-™ G (&, 2). 


if 
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Replace the products F(z, 0). 2 (2, 0) 
by expressions of the type given on the right-hand side of formula (32), and 


the products 
G * (E, n) 
by expressions of the type given on the right-hand side of formula (35). In the 
resulting identity retain only those terms which are divisible by v” or 4", and 
we arrive at an identity of the form 
= Product of and a polynomial in (z, v) + ((E, 7))e- 


Dividing through by v" = &-""y" this identity becomes 


(2, (E 2) — polynomial in (2, v) + 


(2 — s=1 
This last identity, at least so far as the constants 6 are concerned, is equivalent 
to the identity (27), and it follows from the identity (40). The identity (40) 
is however a consequence of the identity (27), and therefore imposes no other 
conditions on the constants than those which are involved in the identity (27). 
The conditions imposed on the constants 6 by the identities (27) and (40) are 
therefore precisely the same, and for the study of these conditions we can conse- 
quently make use of the identity (40) instead of employing the identity (27), 

On the left-hand side of the identity (40) equate to 0 the coefficients of 
terms in 

gt ta (O<rcy+(n—t)m; t=1,2,....,n). (41) 

This gives us a number of linear equations which must be satisfied by the 
constants 6. Of these a certain number will be independent, and the remaining 
ones will follow as a consequence of these. Suppose we represent by a,_; 4; 
the multipliers of the respective equations which give the linear connection 
between a dependent equation and the independent equations. Construct the 
polynomial 


(z, 2) == (42) 


and the dependence of the one equation on the others is evidently equivalent 
to the statement that the coefficient of zy"! is equal to 0 in each one of the 


products 
(2 — (z, v) v) (s=1, 2, ...-, px), 
Efe (Em). b(z,v)  (s=1,2,.... 
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These conditions, however, from what we have seen in the preceding, are those 
which are necessary and sufficient in order that the polynomial y(z,v) may be 
complementary adjoint to the orders of coincidence —o{”, —o$",...., 
corresponding to the finite values of the variable z= a,, and in order that it 
may be complementary adjoint to the order 2 to the orders of coincidence 
...., corresponding to the value Furthermore, among 
the conditions to which we subject the constants J, the number which are not 
independent of one another is evidently equal to the number of arbitrary 
coefficients involved in the most general polynomial 


v0) = (OS r<j+m(n—?t); t=1,2,....,0), (48) 
r,t 


whose orders of coincidence for the finite values z =a, do not fall short of the 
numbers 


1 ] 
Tk 


respectively, while its orders of coincidence for the value z=o are not less 
than the numbers 
Te 


respectively. The total number of arbitrary constants involved in the expression 
of the most geueral polynomial (z,v) of the character here in question we 
designate by the symbol N,. The total number of equations to which we subject 


the constants 4 is given by the summation 
(g—1)n + 2m (n—t) =(J—1)n +3 mn(n— 1), 


and the number of linearly independent equations satisfied by the constants 


is therefore 
—1)n + 4mn(n— 1)—W,. (46) 


The total number of the constants J, as we see on referring to formulae (19) 
and (21), is 

k k s=1 3 k s=1 s=1 

where the accented summation with regard to & is supposed to extend only to 
finite values z=a,, whereas the summation without the accent extends also 


to the value z=. 
We have now come back to the reasoning employed about the middle of 


Chapter XII of ‘‘The Theory of the Algebraic Functions,” and from here on 
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we shall follow the text in developing the subject. The number of the con- 
stants 6 which remain arbitrary on solving the system of equations to which we 
have subjected them, is obtained on subtracting the number given in formula (46) 
from that given in formula (47). This — us the expression 


for the number of the arbitrary constants 3, and therefore for the number of the 
independent* arbitrary constants involved in the coefficients of the most general 
rational function H(z, v) which becomes infinite to orders not exceeding of”, o%, 

., o respectively, for the branches of the several cycles corresponding to 
the various finite values of the variable z=a,, while its orders of coincidence 
with the branches of the several cycles corresponding to the value z= do not 
fall short of the numbers ...., respectively. On employing the 
symbol N,, to designate the number of arbitrary constants involved in the ex- 
pression of the most general function H(z, v) of the character here in question, 


and on replacing the _— —o{, —o?, ...-, o in the expression (48) by 
the symbols ...., we have 
k s=1 


Now a rational function of (z,v) which is adjoint for all finite values of the 
variable z must be an integral function of these variables.j Therefore a rational 
function of (z, v) possessing for finite values of the variable z the orders of coinci- 
dence given in (44) must be a polynomial in (z,v). Also a polynomial in (z, v) 
possessing for the value z= the orders of coincidence given in (45), will be 
included in the form given in (43) when 7 has been chosen large enough.{ 
The polynomial (z,v) here in question, then, may be assumed to be the most 
general rational function whose orders of coincidence for finite values of the 
variable z= a, do not fall short of the numbers given in (44), while its orders of 
coincidence for the value z=. are not less than the numbers given in (45). 

On employing for brevity the notation 7{°, tf, ...., t to designate the 
numbers in (44) and the notation 7{*, ...., to the numbers 
in (45), we see that $(z,v) is the most general rational function of (z, v) built 
on the basis (®), while H (2, ide is the most general rational function built on the 


*See A. F., pp. 128, 129, +See A. F., V, p. 34. yp See A. F., pp. 126, 127. 
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basis (r). Here the bases (7) and (7) are complementary to each other with 
regard to the level furnished by the rue F} (z, v), for we have 


4+ 7 =u ....,%%) (50) 
for all finite values of the variable z= ri and for the value z= we have 
TO) + = WO + 1+ 1,2,...., (51) 


The only limitation which we have here placed on the basis (7) is that none 
of its numbers corresponding to any finite value of the variable z shall be positive. 
This limitation, however, is readily removed, as has been done in the text.* 
Assume, namely, that (rv) is any arbitrary basis of coincidences and (7) the 
complementary basis whose coincidences satisfy the relations (50) and (51), 
and designate by H(z,v) and H(z,v) respectively the most general rational 
functions built on these bases. Where P(z) is any specific polynomial in z, 


the functions “ay and P(z) H(z,v) are evidently also the most general 
rational functions built on certain complementary bases. Also by proper choice 
of P(z) the basis for the former function will include no positive numbers corre- 
sponding to finite values of the variable z, and the complementary bases here in 
question will then come under the case for which we have already proved the 
complementary theorem. Furthermore the numbers of arbitrary constants in- 
volved in the expression of the functions H(z, v) and H(z,v) are evidently the 
same as the numbers of arbitrary constants involved in the expressions of the 


ay and P(z) H(z,v) =~(z,v), while the sum of the orders of 


functions 
coincidence of the function P(z) for all values of the variable z and for all the 
cycles corresponding is 0, and we therefore re derive 


k s=1 


where (7) and (7) are any complementary bases whose coincidences satisfy the 
relations (50) and (51). By combination of (52) with the relations (50) and (51) 
we can readily write our result in the form 


Nu +4327 = Ny 


s=1 


and the proof is immediate that this formula holds also when the relations (50) 
and (51) are replaced by the more general relations given in (2) and (8). 


* A, F., pp. 184, 135. 
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The Twelve Surfaces of Darboux and the Transformation 
of Moutard. 


By LutHer PFAHLER EISENHART. 


It is a well-known fact that the problem of the infinitesimal deformation of 
a surface S is equivalent to the determination of the surfaces S,, each of which 
is in one-to-one correspondence with S in such a way that corresponding linear 
elements are orthogonal. The problem is equivalent also to the determination 
of the surfaces S, each of which corresponds to S in such a way that the tangent 
planes at corresponding points are parallel and the asymptotic lines on either 
surface correspond to a conjugate system on the other. Darboux in the fourth 
volume of his Lecons* observes that the relation between S and 8, being 
reciprocal, the surface S determines an infinitesimal deformation of S, and there 
is a surface S; associated thereby with S, which is analogous to the corresponding 
surface S) associated with §. In like manner the deformation of §, determined 
by S introduces a surface S, which corresponds to Sy with orthogonality of linear 
elements. This process can be continued in both ways, and the coordinates of 
each new surface can be found directly. Darboux has derived the expressions 
for these coordinates, and has observed that the system is closed, consisting of 
twelve surfaces. 

In the present paper we derive the same results in a similar manner, but 
we are concerned primarily with the determination of the reason for the closure. 
One of the fundamental reasons is expressed in THEOREM III and the other is 
that the transformation by reciprocal polars with respect to the imaginary 
sphere, 2’ + y?+2+1=0, transforms a W-congruence into a congruence of 
the same kind. These results appear in §§ 1-4, and in §5 it is shown that the 
twelve surfaces are distinct. 

In §6 we recall a theorem of Bianchi, namely that if § is a focal sheet of — 
each of two W-congruences for which the other focal sheets are denoted by S; 


* pp. 48-72. 
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and Ss. respectively, each of the latter surfaces is a focal sheet of another con- 
gruence, which two congruences are such that the other focal sheets are one and 
the same surface S’. With each of the pairs of surfaces (S, S;), (S, Ste), (S’, Ss), 
(S’, Ss) there may be associated ten other surfaces after the manner of §3, giving 
in all forty surfaces. We consider in particular the twenty surfaces consisting 
of the set S, S, S,, S;, S;, S; and the analogous surfaces for each other of the 
above pairs. In §7 it is shown that these twenty surfaces are distinct provided 
that S, and the similar surface Sj. of the pair (S, Sj.) are not homothetic, and 
provided that the conjugate system on Sy corresponding to the asymptotic lines 
on S does not have equal point invariants. This exceptional case is investigated 
in §§ 8-10, and it is found incidentally that the problem involved has to do with 
the determination of isothermal-conjugate systems of lines on surfaces. 
1. Let &, 7, [ be three particular solutions of an equation of the form 

du dv 
where J is a function of u and v. Upon the surface S whose coordinates zg, y, z 
are defined by quadratures of the form 


= M6, (1) 


n ¢ n ¢ 
Ou Ou Ov Ov 


the parametric curves are the asymptotic lines. * 
Let o be any particular solution of equation (1). This equation may 


accordingly be written ‘ 
1 
Oudv” oa dudv 
The surface S,, whose coordinates x,, y,, z, are given by the quadratures 
_ OE «0 sé 
and similar equations in y, and z,, corresponds to S with orthogonality of linear 
elements; that is, (5) 


Moreover, the parametric curves on S, form a conjugate system with equal point 
invariants. In fact, x, yj, % are solutions of the equation 


_ dlogodp , Alogea dp 


For the sake of brevity we shall say that S, is an ortho-surface of S. 


* Bianchi, Lezioni, Vol. I, p. 163; German translation, p. 132; also, Eisenhart, Differential Geometry, p. 193. 
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We have seen* that equation (5) may be replaced by the three equations 


da, = — 
dy, = mdx — aq dz, (7) 
dz, = ay dy — yada, 


and that the surface 8, whose coordinates are 2, Yo, % iS the surface associate 
to § in the infinitesimal deformation of the latter determined by S,. We shall 
express the relation between the three surfaces S, S,, Sy by saying that §) 
is the associate of S corresponding to S,, and that S, is the ortho-surface of S 
corresponding to Sy. 

Since S and S) correspond with parallelism of tangent planes, the parametric 
curves on Sj form a conjugate system with equal tangential invariants. 

When the values from (2) and (4) are substituted in equations (7), we obtain 


ay P(E, = — Fo, WE, Fé, 0, } (8) 


where the function F'(6,, 6,, 63) is defined by 


6, 6 45 
a0, 20, 20, 
F'(6,, 03) =| dw du du |. (9) 
20, 00, 065 
Ov dv dv 


Since the relation between S and S, is perfectly reciprocal, there exists 
a unique surface S; which is associate to 8, corresponding to 8. Its coordinates 
are given by equations of the form 


dx = — 23 dy; . (10) 
By means of (2) and (4) we find that 


(11) 


One consequence of this result is the theorem: 
THEOREM I. The radius vector oj an associate surface of a surface S is parallel 
to the normal to the corresponding ortho-surface. 


* American Journal, Vol. XXIV (1902), p. 186; Differential Geometry, p. 382. 
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In consequence of the fundamental identity 


oF (E, 1,0) +n F(E,0,0) + x, 0), (12) 
from (8) and (11) follows the relation 
+ YY3 + (13) 
From (7) we have also 
Ox, On, 
= 0, > Xo (14) 
which in consequence of (4) and (11) may be written 


Hence we have 
THeEorEM II. The surfaces S, and 8; are polar reciprocals of one another with 


respect to the imaginary sphere 
(15) 
2. Since the relation between associate surfaces is reciprocal, there is a 
surface §; which is the ortho-surface of 8; corresponding to S,. Its coordinates 
Xs, Ys, % are given by equations of the form 
dis = y; dzg — % dys. (16) 
If these equations he subtracted from the corresponding equations (10), and the 
resulting equations be integrated, we have 
Y, %— Ys, 
Ys — = 4% — (17) 
2 — = — Yi%; 
in this case we have taken the additive constants equal to zero, thus assuming 
a particular position in space for S;. 


If we put 
v1 a= =! (18) 


then by THrorEM I the quantities &,, 7, ¢; are proportional to the direction- 
cosines of the normal] to §;. 
By means of (11) and (18) equations (17) are reducible to 
(19) 


Fi fa 

\ 
Ae 


and the Transformation of Mouturd. 21 


and equations (4) become 


From these equations we find that &,, 7,, ¢, are solutions of the equation 
Gude = (21) 
Moreover, from (19) it follows that 
m $1 m $1 
= — | On, | =} On (22) 
du du dv dv 


Hence the parametric curves on S; are its asymptotic lines. 

From (19) it is seen that 

x)= 0, 2x) = 0. 

Hence the line joining corresponding points on S and S, is tangent to both 
surfaces, and as the asymptotic lines on these surfaces correspond these joins 
form a W-congruence. 

For convenience we represent the relations between the surfaces 8, S, S;, 
S;, 8; a8 in Fig. 1, where a vertical join indicates that the joined surfaces are 
associate to one another, and a horizontal line joins a surface and an ortho-surface. 


Sp Ss S; 


S 


Fia. 1. 


We shall prove the following converse result: 

THeEorREM III. Let S and S, be the focal sheets of a W-congruence ; if S, is an 
ortho-surface of S and S; is the corresponding associate surface of S,, and also if 
S; ts an ortho-surface of S;, then S, ts the associate of 8; corresponding to S;. 

Bianchi has shown* that if S and S, are the focal sheets of a W-congruence 
referred to the asymptotic lines of these surfaces, they may be defined by 
equations of the form (2) and (22) with the relations (19) and (20) between the 
quantities involved. 


* Vol. II, pp. 51-56; German translation, pp. 316-319; also, Eisenhart, Differential Geometry, pp. 417-420. 
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Since 8; is an ortho-surface of S,, it follows from (4) that 


Ooty 
Ou 1Ou\o;, dv 


where o, is a solution of equation (21). But from the definition of 8, its co- 
ordinates are of the form (11). When this value is substituted in the first of 


equations (23), we obtain 
1 1 do , Oo 


Since this equation holds also for 7, and {,, we must have o, =1/o, and conse- 


quently the theorem is proved. 
8. The process by which we obtained the surfaces 8; and S; may be con- 


tinued. Thus there is a surface 8; which is the associate to §; corresponding 
to 8; In turn we obtain surfaces S, and S,,, represented in Fig. 2, where the 
lines have the same significance as in Fig. 1. 


Ss Su 


Fig, 2. 


In order to obtain the coordinates x,;, y;, z, of S;, we observe that by 
THeorEM I the radius vector of S; is parallel] to the normal to §;, consequently 
to the normal to §,, and therefore it is parallel to the radius vector of &. 
Combining this result with the fact that S, and 8S, are polar reciprocal with 


respect to the sphere (15), we have 


(24) 


| 
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By reasoning of the same sort, we obtain by means of (18) the coordinates 
of S\,. They are given by 


where 
= > x. (26) 


Since §; and S, are the focal sheets of a W-congruence, we have equations 
analogous to (17), namely 
— Fy Ye — 
and similar expressions for y, and z%. In consequence of (11), (19), (24), the 
above equation is reducible to 


wnt... E1) — (2 + Ein —& m1) Yo (27) 


x = 
> 


4. Inasimilar manner we may proceed from S in the other direction and 
obtain a suite of surfaces S,, S,, ..--, represented in Fig. 2. It is our purpose 
to show that S, and S,, are ortho-surfaces of one another corresponding to S, 
and Sj, and consequently that there is a closed cycle of twelve surfaces, and 
thus to justify the horizontal join of S, and S,, in Fig. 2. 

The surfaces S, and S, are the focal sheets of a W-congruence, and conse- 
quently we have 

= + Y%— WY, (28) 
and similar expressions for y, and 2. 
It can likewise be shown that the coordinates of §, are given by 


(29) 


x y c¢ 

The surfaces S; and S; are polar reciprocals of S, and S, respectively with 

respect to the sphere (15). Since the relation of polar reciprocals with respect 

to this sphere is a contact transformation which preserves asymptotic lines, the 

surfaces S, and S,; are the focal sheets of a W-congruence. Hence the coordinates 

of these surfaces are related by equations analogous to (17). These equations 
are in fact 

Ly — Ly = — Yn; (30) 

and similarly for y and z; for, the equation (30) is satisfied identically by the 

values from (24), (25), (27) and (29). Hence S, is the ortho-surface of 8, 

corresponding to 


7 
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Since 8, and S,, are ortho-surfaces, and since S, and S§,, are the focal sheets 
of a W-congruence, being the polar reciprocals of S and S, respectively, it follows 
from THeEorEM III that S,, is the ortho-surface of 8; corresponding to 4. 
Hence we have the following theorem of Darboux: 

Tueorem IV. Let S be any surface, S, an ortho-surface, and Sy the corre- 
sponding associate surface; nine other surfaces can be found directly which form 
with these three a closed cycle of twelve surfaces, such that of any three contiguous 
surfaces of the cycle, S,, Sp, S., etther S, is an ortho-surface of §, and 8S, the 
corresponding associate surface, or vice-versa. 

5. We shall determine whether the twelve surfaces are distinct. To this 
end we remark that as the asymptotic lines are parametric on S, S;, S, and S,, 
if S coincides with any of the twelve surfaces it must be one of the latter three- 

The surface S cannot correspond with S, unless it be the sphere (15).* 
From (17) it follows that if Sand S; coincide 


Ys — % 
a Hn 
Since S, and §; are associate surfaces referred to their common conjugate system, 


we have 


and simiiar equations in y and z, where 4 is in general a function of wu and v. 
Since these sets of equations are evidently inconsistent, the surfaces S and & 


are always distinct. 
It remains for us to consider the possible coincidence of S and §,. From 


(25) and (18) it follows that if S and S,, coincide, we have 


where ¢ is a factor of proportionality. Suppose that S and S, are referred to 
the system of lines which is orthogonal for both surfaces. In this case 


Ox Ox __ 


* It should be remarked that if S is the unit sphere, S, fs the same sphere, but diametrically opposite 
points correspond (cf. § 10). 
+ Eisenhart, Differential Geometry, p. 380. 
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If we substitute the above values in the first of these equations and reduce the 
result by means of the second, we obtain 


Ot 
From (5) it follows that 


Ox Oar, 4. _ 


Ov 


When the above values of z,, y,, z, are substituted in this equation, we obtain 


ot 
Ov 


at 


Comparing these two equations for the determination of ¢, we see that ¢ must be 
a constant. But in this case equation (5) reduces to = 0, which evidently 
is impossible. Hence S does not coincide with any other of the twelve surfaces. 
Moreover, since any surface of the cycle can be taken as the initial surface, it 
follows that all of the twelve surfaces are distinct. 

6. Bianchi* has shown that if o, and o, are particular solutions of 
equation (1), the functions oj; and o, given by 


satisfy the conditions 
and are solutions of the respective equations 
70, _ 
dudv du aL 
0” 6, 


* Vol. 1, p. 70. 
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Let &, m, 01; &, v2, Se be the solutions of equations (34) and (35) 
respectively, given by quadratures of the form (20). It is readily shown that 
the functions &’, defined by 

where 
to — (37) 


are solutions of the equation 
The functions &, 7, , determine a surface S,. whose coordinates are given 


by equations analogous to (22). The surfaces S and §, are the focal sheets of 
a W-congruence, and their coordinates are in the relation 
= 2+ (mo —Con), (S28 —F26), = mE). (39) 
Furthermore, the surface S', defined by 
a! = + t — Ci 22), 
=yt bib), (40) 
is such that §; and S’ are focal sheets of a W-congruence, and likewise S;. and S’. 
For convenience we shall say that the four surfaces S, S;, Sj, S’ form a quatern. 
The asymptotic lines correspond on all four surfaces, and the latter are deter- 


mined by quadratures when two integrals of equation (1) are known. 
With each of the three W-congruences thus introduced there are associated 


four surfaces analogous to Sj, S,, 83, S;. They are denoted as follows: 

Se, 4, Sie, Sz, Ss, (41) 

Ste » 129 Sx, Sr; 72° 

It is desirable that we should know under what conditions all of these 


surfaces are distinct. 
7. Since the parametric curves on the surfaces of the second and fifth 


columns of (41) are the asymptotic lines on these surfaces, and since this is true 
of none of the other surfaces, it follows that these four surfaces are distinct 


from all the others. 
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In a similar manner, the surfaces of the first and last columns are character- 
ized by the fact that the parametric curves form a conjugate system with equal 
tangential invariants, and in general the surfaces of the third and fourth columns 
do not possess this property. But two of these surfaces cannot coincide, unless 
the same is true of two of the surfaces S, S;, Sy, S’. 

From (11) and (18) it follows that the coordinates of the surfaces of the 
third and fourth columns are of the form 


42 
0; 1 


“ 


The coincidence of S, with any of these surfaces other than S} necessitates the 
coincidence of two of the surfaces S, Ss, Sj, S’. 

We consider the case where S, and Sj are coincident. From (42) it follows 
that we must have o,0; = 1. Now equations (31), (32) reduce to 


= x0}, (43) 


where x denotes a constant. Hence equations (34) and (35) are equivalent. 
From (20) we find that 


whence we have 
m=m+—, (44) 


a, 6, ec being constants. 
Since 0,0; = 1, equation (38) is equivalent to (1), and equations (36) 
reduce to 


From (8) and analogous formulas we find that S, and S?; coincide, that the 
surfaces of each pair Sp, Sw; Sx, S23 So, Si are homothetic transforms of one 
another, and that 


Yr — 1 

— % 1 


1 — x (ax + + 


| 
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By means of (42), (43), (44), (45) it can be shown that the surfaces S,., 8}, 
can be obtained from S, by homothetic transformations and translations; and 
similarly Sj. from 

The foregoing results may be stated thus: 

THEOREM V. When o, and o, are not in constant ratio, the twenty surfaces (41) 
are distinct, provided that the parametric curves on any of the surfaces in the first or 
last column do not form a conjugate system with equal point invariants. 

8. Thus far we have excluded the case where the parametric conjugate 
system on S, has equal point invariants as well as equal tangential invariants; 


that is, where 


the symbols \"} being formed with respect to the linear element of S. We 
0 


consider this case. 
The Codazzi equations* for Sj are of the form 


OlogD, _ Di 
2)’ 
47 
log Dy’ _ Dit (47) 
Ou 2 Dj 


/ 
the symbols a; being formed with respect to the linear element of the 


spherical representation of S and §, namely 
do*® = Gdu? + 2. Fdudv + Gadv’. (48) 


In consequence of the following relations: t 
equations (47) are reducible to 


* Bianchi, I, 166; German translation, p. 184; Eisenhart, p. 161. 
¢ Bianchi, I, 167; German translation, p. 135; Eisenhart, p. 201. 
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In consequence of (46) and the fact that the asymptotic lines on S are 
parametric. we have from (47’) 
Che 
Ou dv 
Hence the parametric system on & is sgh rceciis As the parameters 
of the asymptotic lines on S were not of any particular kind, the parameters 
may be chosen so that D, =¢ Dj’, where ¢ is +1 according as the curvature of 
S) is positive or negative. 
In this case equations (47) are reducible to 


log Dy (50) 


1 


log Dy 22)! 
Ou a} | 


In order that these equations be consistent, we must have 


{st = 5 (51) 


When this condition is satisfied, two sets of solutions of (47) follow from (50) 
by quadratures, One set is such that D) = Dj’, and the other that D, = — Dy’. 
The further determination of the surfaces determined by these values requires 
quadratures of the form * 


O29 Dy = gis 


Ou VEG—SF?* 

(52) 
Oxy __ Dj Fox 
Ov / EG— 


Hence we have the theorem: 


TueoreM VI. When the spherical representation of the asymptotic lines of a 
surface S satisfies the condition (51), one can find by quadratures two surfaces Sj 
and Si, associate to S, upon which the parametric lines form an isothermal-conjugate 
system, the parameters being such that 


De=—De; (53) 


and S, and Sq are associate surfaces of one another. 


* Bianchi, I, 166; German translation, p. 134; Eisenhart, p. 200. 
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The last statement follows from the fact that D, Dj; + Dj’ Dy = 0.* 
9. In order to connect up this result with ie siti of the preceding 
sections, we remark that another form of equations (2) is: 
On FOX | _ 
Ov 


Ox OX 


(54) 


VEG-F* 
From (52) and (54) it follows that 
Dy Ax _ x 
du” Ddv’ dw” D' du’ 
From equations (8) and (2) we find that 


Ly (&, n, S) be 


0; UU 


ov — 1 
Ly F* (&, x, 


vv 


where the subscripts wv and v indicate differentiation with respect to these 
parameters, where o of (8) has been replaced by o,, and where the omitted terms 


are similar to those given. 
Hence a necessary and sufficient condition that S, be of the kind defined in 


TueEorEM VI is that o, satisfy the condition 


E 
(57) 


0; vv 
This equation may be written in the form 


£40, — — £,0,;— EOiy, (58) 


Suu inl UU» vv) 


*In the Mathematische Annalen, Vol. LXII (1906), pp. 524-529, we have given examples of surfaces which 
satisfy the requirements of THEOREM VI. 
+ Bianchi, I, 153; Eisenhart, p. 192. 
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which by means of (20) is equivalent to 


Niu Niu 


1 v 
-) 


This equation results also from the following theorem which we have established 


elsewhere: * 


TuHeorEM VII. The asymptotic lines on any one of a set of three surfaces 
S, S,, Sy correspond to a conjugate system on each of the other two surfaces. For, 
from this theorem it follows that 


D, Dy + Di D,=0, D, D3 + Di’ D;=0, D;D7' + D;' D;=0. 


Since D, = D,', we find that D,=— Dj’, and consequently from equations 
analogous to (55) and (56) we obtain (59). 

In like manner we find that the function o, which determines the surface 
Sw, defined in TororEM VI, must satisfy the condition 


™ (60) 
vv 


Since the parametric curves on S, form an isothermal-conjugate system, 
there is a surface = associate to &, which is also associate to S,, by THEoREM VI. 
We inquire whether the surface = is the surface S; of (41). On this hypothesis 
the equation obtained by replacing &, x, f, 0, in (58) by &, 7, ¢), oj respect- 
ively must hold. By means of (20) and (31) this equation is reducible to 


If equations (57) and (60) be written in the abbreviated form 
A — + (B— B,) +> (C— C;) + (D— D;) 0, (62) 


A (Seuu + Sse) + (B+ By) + (C+ G) + (D+ D,)o,=0, J 


* Differential Geometry, p. 384. 
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we remark that A, B, ...., D, are such that &, 7, ¢ satisfy the equations 


Bey t+ Cé,+DéE = 0, 


By means of these quantities equation (61) can be reduced to 


— £1 Ou 
0, 0, 0, A yy) + (B + B;) O1u 
+ (C+ G) on + (D+ D)o, 


From (56) it follows that if both members of (57) vanish, S) is a point. 
Excluding this case, equation (63) reduces to 


If we put 
ag + b&,, + (64) 


where a, 6, c are functions of u and »v, the first of equations (20) is reducible to 


(a— 1) + ay +E 


0; 


+ = 0. (65) 


Since this equation is satisfied also by 7, ( and o,, it follows that unless the 
right-hand member of equation (60) is zero, all the coefficients in (65) are equal 
to zero. Similar results follow when the value (64) of &, is substituted in the 
second of (20). Combining these results we are led to the conclusion that S,, 
must be a point. Hence if equation (61) is to be satisfied, either S, or Sy, must 
be a point. When & is a point, both S, and S are planes, and S,; is a point. 

In a similar manner it can be shown that the parameters of the parametric 
conjugate system on S;, are isothermal-conjugate only when &) or Sy is a point. 

In consequence of THEorEM VII the foregoing results may be stated thus: 
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TueorEM VIII. Jf the conjugate parametric system on S, is such that Dy= Dy 
and if Sw ts a point, the conjugate parametric system on each of the surfaces (41), 
except S, Ss, Ste, S’, is such that D,= Dj! or D, = — Dj’; the pairs of surfaces 

%y Sues Sz, St are associate surfaces; and this is the only case in which a group 
of surfaces (41) possesses these properties. 

10. We proceed to an investigation of the problem as to the coincidence 
of certain surfaces of the group (41), when S, and Sy satisfy the requirements 
of Turorem VI, and neither is a point. 

From the results of §5 we know that S, cannot coincide with S,, S;, 8; or S;. 
Since conditions (53) are satisfied, it follows from THEorEm VII that 


Dy =— Dy. 


Hence , cannot coincide with S,,, but it remains for us to see whether S, and 
Sj can coincide. 
On this hypothesis we have 
xX TX == (66) 

It is known that in general * 

D op Ins Op op 
Oxy. dv s x _ Ou dv 
Ou KV EG— F* KV EG—F?’ 


where ¢ is a solution of the equation 


/JEG— F* | du\RVEG—F*/ * \RVEG_F* 


2FD!— ED'— GD 
= EG— F? 9. (67) 


In order that (66) be satisfied, @ must be a constant and consequently 
S must be a minimal surface, as is seen from (67). Hence an adjoint of a 
minimal surface may be taken for both & and S,,.f In this case S) is a surface 
of negative curvature. Consequently in order that the conditions (53) may be 


* Bianchi, II, 6; German translation, p. 290; Eisenhart, p. 375. 
tCf. American Journal, loc. cit., p. 196. 
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preserved, we take the adjoint of S for S, and S,. When now we compare 
equations (7) with the formulas of Schwarz,* namely 
dx, = Ydz— Zdy, 
dy, = Zdx — Xdz, 
dz, = Xdy — Ydz, 
we notice that S, is the unit sphere. Since S is adjoint to 8,, we have 
dz = — Ydz+ Zdy,, 


and similar expressions in y and z. Hence 8; is the unit sphere also, but corre- 
sponding points of S, and 8; are diametrically opposite. Since S, corresponds 
to the sphere S, with orthogonality of linear elements, S; is the mean surface of 
an isotropic congruence.f In consequence of TuHroremM VIII neither & nor &, 
can coincide with any members of the group (41) other than those which we 
have considered. 

We suppose now that S) is such that the first of equations (53) holds, but 
that the second of these equations is not satisfied by Sy. If S, and §} were to 


coincide, S, and S; would be such that D, = — D;/, D, = — D;', which is 
impossible. If §, and S{ were to coincide, we should have D, = Dt/, as well as 
D,= — D;', and consequently this is the same problem as determining whether 


S, and Sj can coincide, when both of the conditions (538) are satisfied. If 8, 
and S§3. coincide, so also do their polar reciprocals S, and S,. But we have 
seen that this is true only when S is minimal, and S, and Sy are its adjoint. 
It remains for us to determine under what conditions S, can coincide with 
12 OF Sz. From (42) it follows that if S, and S}, coincide 


= 202, Yo, = 
When these values are substituted in equation (35) and it is recalled that o; 
also is a solution of this equation, we find that 2, yp, % are solutions of 


Ologo, 00 , dlogo, 06 _ 
Sudo | Oo Out Ou dv 


By means of (49) the point equation of § is reducible to 
0°6 11)’ 06 22)' 00 
du ao”? 


* Bianchi, Vol. II, p. 327; German translation, p. 377; Eisenhart, p. 265. 
t Darboux, IV, p. 95. In the subsequent pages Darboux determines all the surfaces of the group 
represented in Fig. 2, when S is a sphere. 
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where < is +1 according as the curvature of S is positive or negative. Hence 
o} is given by the quadratures 
log 22)' dloge, 
= = 68 
We have shown elsewhere* that when the condition (51) is satisfied, the 
surface Sp is given by the quadratures 


where, according as¢is +1, & is of positive or negative curvature, and u is 
determined by 


0 log 11 22 0] 22 11 

the Christoffel symbols being formed with respect to the linear element of S. 
If K denotes the total curvature of S and 9 is defined by 


p 
it is possible to derive from (68) and (69) the relation 
uo, = F?, (70) 


where 6, Y, G have the same significance as in (48). Hence the determination 
of S, carries with it that of oj. Likewise, when ) is known, the corresponding 
function o, is found directly from (11), (13) and 


In the next place o, must be found, and from (32) it follows that this problem 
reduces to the quadratures 


doz 26, doz 
Ologo,_ du dus PD (71) 
Ou” of—o, ’ 


The condition of integrability of these equations is reducible to 


do, doz, , 


* Mathematische Annalen, Vol. LXII (1906), pp. 507, 520. 
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Moreover, it is readily shown that when this condition is satisfied, the function 
o, given by (71) is a solution of equation (1). The solution of our problem 
depends therefore upon the determination of the surfaces S whose asymptotic 
lines satisfy the condition (51). As we have been unable to get the general 
solution of this problem,* we cannot determine the conditions under which 
S and Sj}, coincide. It should be remarked that from TuEorEm VII it follows 
that if the conditions of the problem were satisfied the surfaces S;, S,. and S’ 
also would satisfy the condition (51). 

The problem of the coincidence of S) and Sz is similar to the preceding one, 
the difference being that equation (70) must be replaced by 


=p 


Having thus considered the possibilities of S, conciding with other surfaces 
_ of the group (41), it is unnecessary to go any further. For, the only other type 
is §, and its polar reciprocal S; is of the same type as S). 


PRINCETON, April 20, 1909. 


* Mathematische Annalen, Vol. LXII (1906), pp. 534-536. Here we have shown that minimal surfaces 


and pseudospherical surfaces of revolution satisfy the condition (51). 
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On the Problem of the Spherical Representation and the 
Characteristic Equations of Certain Classes of Surfaces.* 


By ArcHer Everett Youna. 


§1. Introduction. 


If systems of lines on the Gauss sphere cutting at right angles are given, 
the determination of the most general class of surfaces having these as the 
spherical representation of their lines of curvature requires the integration of a 
Laplace equation. The problem of determining those systems of lines on the 
sphere for which the complete systems of surfaces corresponding can be obtained 
has been discussed by Darboux.t Treating the problem from a purely analytical 
standpoint, he reduces it to the determination of those Laplace equations having 
equal invariants which permit of particular solutions of modulus one, and which 
moreover can be integrated. { 

Considering the equations of this class, for which the sequence formed 
according to the method of Laplace terminates, and employing the analytic 
theory developed by Moutard,§ Darboux shows that, from the solution of any 
one equation, can be obtained the solutions of all the others by simple 
quadratures. || From a purely analytical point of view, this treatment of the 
problem is most direct. The results, however, are not in such a form as to be 
easily incorporated with the other results of differential geometry, since the 
tangential coordinates alone are found, and since none of the functions appearing 
in the three fundamental forms for a surface are employed. Moreover, if one 
wishes to consider the isothermic surfaces which are solutions of the problem, 
it is impossible to do so from his treatment. J 


* Read before the Amer. Math. Society, Chicago Section, April 18, 1908. 

+ Théorie des Surfaces, Vol. IV, p. 169. 

t Loc. cit., p. 178. 

§ Loc. cit., p. 181. 

|| Loe. cit., p. 184. 

§] Darboux realizes this fact, for he is obliged to use an entirely different treatment in determining the 
isothermic surfaces having one set of their lines of curvature plane. (See Vol. IV, Chapter X.) 
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We have considered the same problem in this paper from more of a geometric 
standpoint, taking as our point of departure the Gauss and Codazzi equations 
written in a form first used by Bonnet.* The functions involved are those 
which appear in the first and third form for a surface, together with two others 
which are closely related to them. Particular cases can be treated with great 
facility, and the characteristic forms for the linear elements may be written out 
immediately.t The systems of isothermic surfaces which are solutions of the 
problem, following this method, are easily treated by themselves. 

We begin in §2 by explaining the meaning of the expression ‘‘characteristic 
equation’”’ as used in this paper. In §3, we consider analytically the general 
class of surfaces which are solutions of the problem of the spherical represen- 
tation. We have made use of the general theory as developed by Darboux { 
in order to show the relation between the systems of surfaces corresponding to 
particular solutions of the general characterizing equation. 

In §4, we have called attention to a large class of surfaces belonging to the 
problem of the spherical representation which have their linear elements in a 
particular form. 

The isothermic surfaces have been treated in §5, where it is shown that 
the general class may be obtained by simple algebraic processes combined with 
the integration of equations which are linear in a function of u and a function 
of v. In particular, we have pointed out that all isothermic surfaces having 
one set of their lines of curvature spherical can be obtained in this way from 
isothermic surfaces having one set of their lines of curvature plane. 

In §6 and §7, we have considered the surfaces characterized respectively 
by two equations which play an important rdle in the general discussion. 
Among these, are the general class having one set of their lines of curvature 
plane or spherical. An important fact which we have noted in the first of these 
two articles — namely, that all isothermic surfaces, having one set of their lines 
of curvature plane, must have the same spherical representation of their lines of 
curvature as the Bonnet surfaces — makes unnecessary the discussion of these 
surfaces, to which Darboux has devoted the tenth chapter of volume four of the 


Théorie des Surfaces. 


* See reference to Bonnet’s work given below. 
+ See §6 and §7. 
¢t See previous references. 
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§ 2. Characteristic Equations of Certain Classes of Surfaces. 


The Gauss and Codazzi equations for a surface referred to lines of curvature 
may be written as follows: 


OM ON 
oP 
where 
1 OWE _ 1 WG 
and where the first and third forms for the surfaces are respectively 
ds* = Edu? + Gdv’, (I) 
= P*du? + Qdv’. (IIT) 


In the system (1) are three equations involving four functions. If a fourth 
equation involving one or more of these functions is added, a certain system of 
lines on the Gauss sphere, in general, will be determined. We shall say that 
the equation added defines the lines on the sphere, and moreover, since only certain 
surfaces may have these as the spherical representation of their lines of curvature, 
we shall say that it is characteristic of these surfaces. 

1°, For example, let us take with the system (1) the equation 


EE = 0. (3) 
The linear element on the Gauss sphere takes the form 
da? = du? + 9 (u, v) de’, 
where the form of the function @ is easily determined. Hence the lines 


v = const. are geodesics or great circles. We say that equation (3) defines 
on the sphere all systems composed of great circles and their orthogonal trajectories. 


Moreover, the first form for the corresponding surfaces may be written 
= du? + (u, v) 


* Bonnet’s form for these equations. Darboux sometimes uses them in this form, but not in the problem 
of the spherical representation. 
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where y has a certain form. Hence the lines v = const. on these are geodesics. 
We say therefore that (3) is characteristic of those surfaces which have one set of their 
lines of curvature geodesics. Geodesic lines of curvature are of course plane lines. 


2°. Ifthe equation 
M+N=0 (4) 
is used with the system (1), a very general system of lines is defined on the 


Gauss sphere. The first and third forms for the surfaces characterized by this 
equation may be written thus:* 


(I) 
(III) 


where ¢ and W are functions of uw and v which must be chosen so as to satisfy 
the Gauss and Codazzi equations. 
Belonging to this very general class of surfaces, we shall in a later article, 
§4, call attention to a large system which is a solution of the problem of the 
spherical representation. 
3°. The equation 
OM , ON 
5 
used with (1), defines upon the Gauss sphere those systems of lines which permit 
of isothermic surfaces having them as the spherical representation of their lines of 
curvature. For the linear element of any isothermic surface, if the parameters 
be properly chosen, may be written thus: 


ds? = a(du? + dv’), 


and from (2) it appears then that (5) is satisfied. The equation (5) plays an 
important réle in the discussion of the isothermic surfaces which are solutions 
of the problem of the spherical representation. + 


| 
| 
| 
| 
| 
| dst = du? + dy’ 
| Ou + Ov 
| 
do? = du? + dv’ 
j 
E_ 0G 
* For OF _ OG. See §5. 
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§3. The Problem of the Spherical Representation. 


Of the defining equations noted in the preceding article, only the first, 
M= 0, enables one to obtain the general solution of the systems of equations 
(1) and (2). There are, however, infinitely many equations which permit of 
this, as we may see as follows. 

Combining the last two equations of (1) and solving the second for Q, we 
have, in the place of this system, 


OM ON 
7 
oP 
_ 
=— 
The system (2), likewise, may be replaced by 
C/E dlgMdVE 
OVE (7) 


The second equation in (6) is a Laplace equation in P. If M and N have such 
values that this equation can be solved, the corresponding solution of the system, 
as we shall see, can be obtained. Such a solution determines the lines on the 
Gauss sphere, and the linear element of the general class of surfaces having these 
as the spherical representation of their lines of curvature, can be obtained at 
once from (7).* 

The whole problem then hinges upon the solution of a Laplace equation, 
the general solution of which, excluding a few particular cases, can be obtained 
when, and only when, one or both of the sequences, formed for it according to 
the method of Laplace, terminates; that is, leads to an equation for which one 
of the invariants vanishes. } 


* The Laplace equations in (6) und (7) are of course the same, but the solution of (6) is conditioned by the 
Gauss equation, whereas that of (7) is unconditioned. 
+t Darboux, loc. cit., Vol. II, p. 23. 
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Calling the invariants of the Laplace equation in (6) and k,* we have: 
h =— MN, 


_ M 
k=— Oudv- 
log (Mk) 
Ou dv 
log (Mk k,) 


— MN, 


k= — _—hk, 


log (Mk... .k;) 
Oudv 


= — 
where &; is the principal invariant for the corresponding equation of the sequence 
formed for the original equation in the one way. 

The equation obtained by equating to zero any one of these invariants, 
taken with (6), defines a system of lines on the Gauss sphere, and characterizes the 
general class of surfaces having these as the spherical representation of their lines of 
curvature. 

Suppose we take as the defining equation 

Kiss 0, (8) 
where 7 is arbitrarily large. Assuming that J/ and N have such values that (8) 
is satisfied, we can obtain P and @ from the last two equations of (6) at once 
in terms of Mand N and arbitrary functions of integration. 

Substituting in the first of (6), we have an equation in Mand N which, 
used with (8), will determine them. 

The values of # and G, which may now be found directly from (7), make 
known the linear element of the general class of surfaces. It is quite clear, 
however, that the actual determination of the surfaces in this way for any large 
value of « would be a very difficult, if not impossible problem. We shall point 
out, therefore, a method for determining the general class of surfaces defined by (8) 
Jrom those characterized by M= 0. 


* Darboux, loc. cit., Vol. II, p. 30. 

t+ The problem of the spherical representation as we have considered it in this paper has to do with such 
surfaces only. 

t Similar to Darboux’s results as geometrically interpreted by him (sce loc. cit., Vol. IV, p. 181). 
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It is clear that the lines on the sphere defined by M=0* are included 
as a particular case in the class defined by k =0, and that those defined by the 
latter are included as a particular case in the class defined by 4; =0. In general, 
then, the lines defined by k,=0 are a part of the class defined by k,.,;=0, and hence 
the surfaces characterized by the former are included in the class characterized by the 
latter equation. 

It follows from Darboux’s work? that the lines defined by k,,;=0, which are 
not included in the class defined by k,= 0, are the spherical representation of the lines 
of curvature of the inverse with regard to a sphere of certain surfaces defined by the 
latter equation. Hence the surfaces characterized by k,,;=0, which are not 
included among those characterized by k, = 0, are the inverse of certain of these, 
or surfaces which have the same spherical representation of their lines of curvature 
as these surfaces obtained by inversion. To obtain, therefore, the general class of 
surfaces characterized by (8) we proceed as follows. 


Taking the inverse of the general class defined by M=0, we obtain by 
algebraic methods} a new set of values for P and Q, and hence of M and N 
by (2). This new set of values is the general solution of (6) and k,=0.§ 
The linear element of the most general class of surfaces characterized by k= 0 
is obtained directly by the integration of (7). Since the direction cosines of the 
normal to the surfaces (that is, the Cartesian coordinates X, Y, Z of a point on 
the Gauss sphere) are known, and since the principal radii of curvature 7, 7 
can be obtained by division, the Cartesian coordinates for the surfaces characterized 
by k=0 are given by the integration of the following equations: 


Ox _ OX Ox OX ete 
ou  "“du’ dv ‘dv’ 


Taking the inverse of the surfaces thus found and repeating the operation, we 
obtain the Cartesian coordinates of the general class characterized by k,= 0. 
Repetition, finally, leads to the surfaces characterized by (8) for any value of ¢. 


* The equation h =0 may be replaced by 1 = 0 without geometrical limitation, evidently. 
+ See previous references, and in particular Vol. IV, p. 181. 


¢ We are assuming that the Cartesian coordinates of the surfaces characterized by M=0 have been 
obtained. See also Darboux, loc. cit., Vol. II, p. 247. 


§ Must be, according to Darboux’s work. See references above. 
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§4. Surfaces of the Problem of the Spherical Representation Characterized 
by M+ N=0. 

In the preceding article we assumed that the Laplace equation in (6) was 
such that the sequence formed in the one way was finite. Had we assumed that 
both sequences were finite (that is, that Jf and WN had such values that, for some 
value of 1,4; —=k;=0), we would have found that the ratio of Mto N must be 
a function of wu over a function of v, or choosing parameters properly, 

M+N=0. 
Hence, writing — & in place of N in (6), we have as the defining equation 


to be used with it 
log (Mkk,....k;) / 
Ou dv 


where kk,....k; are defined as in § 3. 

We gave in $2 the general form which the linear element of the surfaces 
characterized by (8’) takes. The surfaces obtained by inversion from a given 
class of these do not in general belong to the general class defined by (8), but 
to the more general class characterized by (8). We can easily determine the 
necessary form* of the expression for the linear element of isothermic surfaces 


included here. For from §2 it appears that 
op 
Ou _ f(u) 
ov 


and hence, by a change of parameters, 


9 


_ 
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§ 5. Isothermic Surfaces. 


We found in § 2 that if the lines on the Gauss sphere are to permit of 
isothermic surfaces, then for a proper choice of parameters MJ and N must 
satisfy the equation (5). The isothermic surfaces belonging to the problem of the 


* This form is not characteristic of these surfaces. The linear element for the quadrics comes under the 
same form. The quadrics, however, might be considered a solution of the problem, since the linear element 
for the general class of surfaces having the same spherical representation of their lines of curvature can be 
obtained, as the Laplace equation can be integrated, though not by the method of Laplace. 
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spherical representation can be determined easily by algebraic operations and simple 
integration from those characterized by M=0. To prove this, let us note first that 
all isothermic surfaces belonging to the class characterized by k,,,;=0, which do not 
at the same time belong to the class of surfaces characterized by k,=0, must have 
the same spherical representation of their lines of curvature as the inverse of some 
isothermic surface* belonging to k,=0. For all lines defined by 4,,;=0, which 
do not also belong to 4;= 0, are the spherical representation of the lines of 
curvature of some surface belonging to the class characterized by the latter; 
and for any surface other than an isothermic surface this would require that a 
function @ already uniquely determined as follows: 


6= [(x—a) + (y—BY + 
where z, y, z and a, (,y are respectively the coordinates of a point on the 


surface which is to be inverted, and of the pole of inversion, should necessarily 
be a solution of the equation f 


G 
a(o 
dv E du du ov 
where # and G are the functions in the expression for the linear element of the 
original surfaces. f 

Hence, to obtain the isothermic surfaces included in the class characterized 
by &,,;=0, we begin with the isothermic surfaces included in the general class 
of surfaces Z=0. These are surfaces of revolution and certain developable 
surfaces. 

Taking their inverse with regard to a sphere, we have the ‘‘Bonnet sur- 
faces”’,§ which of course belong to the class characterized by k=0. If we let 
the linear element of all other isothermic surfaces belonging to this class be 
written in the form 


* The inverse of an isothermic surface is of course an isothermic surface, and hence the corresponding 
lines on the sphere are defined by (5) and permit of such. 

t+ See equation (5) and latter part of § 2. 

t Of course it is possible that such a relation does exist in a very particular case; but it is easily shown 
that it does not exist for any known surfaces, and it is quite probable that there is no exception to the rule. 
If #=G, as is the case for isothermic surfaces, then (9) vanishes identically, irrespective of the values of the 
functions. 

§ A name given to these surfaces because they were first determined by Bonnet. (Journal de V’ Ecole Poly- 
technique, Vol. XLII, pp. 182-151.) 
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dv? 
det = 1 + 


where / is a function of u and v to be determined, it follows that 


where M and N are formed for the Bonnet surfaces and hence are known. The 
condition for integrability gives 

an equation which is linear in U and J, and hence can in general be integrated.* 
The values of these functions being thus determined, the function 4 is obtained 
immediately by quadrature. 

As the direction cosines of the normal for the Bonnet surfaces are known, 
and as the principal radii of curvature 7, and r, are obtained by division from 
the functions found, it follows that the Cartesian coordinates for the isothermic 
surfaces characterized by k=0 are given at once by quadrature.+ Beginning 
with the class of surfaces just determined and proceeding exactly as before, we 
obtain the isothermic surfaces} characterized by k,=0, and from these those 
characterized by /,=0, and so on, till finally we come to those characterized 
by 4,,,;==0 whatever the value of ¢. 

This general method for determining the isothermic surfaces connected with 
the problem of the spherical representation has not, I believe, been pointed out 
before. The only difficulty to be met with is in the integration of (10) for the 
different values of Mand N. An immediate application of the theory § would 
be in the determination of all isothermic surfaces which have one set of their 
lines of curvature spherical. These, as is easily shown (see §6 and §7), have 
the same spherical representation of their lines of curvature as the inverse of the 
isothermic surfaces having one set of their lines of curvature plane. 


* We have already determined these surfaces by this method in a paper ‘¢On a Certain Class of Isothermic 
Surfaces”’ (Transactions of the Amer. Math. Society, Vol. X, pp. 79-94). 

+ See latter part of §3. 

¢ These include as a particular case all isothermic surfaces having one set of their lines of curvature 
spherical. 

§ This theory will apply whether the isothermic surfaces are connected with the problem of the spherical 
representation proper or not. For suppose we have given any class of isothermic surfaces. The integration 
of (10) will give all isothermic surfaces having the same spherical representation, and inversion gives a new 


class with new lines on the sphere. The integration of (10) again applied to the new class would in general 


lead to'a still more general class, etc. 
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§6. Surfaces Characterized by k= 0. 

As we have already pointed out, all surfuces characterized by the equation 

+ UN = (11) 


have the same spherical representation of their lines of curvature as the surfaces 
characterized by M=0, and the inverse of these. Integrating, we find, from (6) 
and (7),* that the first and third forms for these surfaces may be written thus: 


de +4 (ar +7) (III) 


where in (I) M% and hence the lines on the sphere, are entirely independent of 
the arbitrary functions} of integration f(u) and $(v), but in (III) M is a 
solution of an equation (the Gauss equation) in which the functions U and V 


al 


appear. 

‘ The lines v = const. on the surfaces Z=0 (see § 2) are plane lines, and the 
system of planes in which the lines lie cuts the surfaces at right angles.{ The 
lines v= const. on the inverse of these surfaces, therefore, will be, in general, 
spherical lines, and, moreover, lines which have constant geodesic curvature, 
since the systems of planes will invert into systems of spheres cutting the 
surfaces at the original angle; that is, at right angles. 

The necessary and sufficient condition that the lines on the surfaces corresponding 
to (1) shall have constant geodesic curvature along the lines v =const. is, that the func- 
tion f(u) shall vanish.§ The value of this function, however, does not affect the lines 
on the sphere, as we have already noted ;|| and hence, as we would expect 
from the general theory, all the surfaces characterized by (11) have the same 
spherical representation of their lines of curvature as those having constant geodesic 
curvature sii the lines v = const. 


* Assuming that M and W satisfy (11). 
+t These are the functions appearing in the general integral of the Laplace equation in (7). 


} A line of curvature having constant geodesic curvature, not zero, is the intersection of the surface and 
a sphere cutting at right angles. If the curvature is zero, the line is a geodesic line and the sphere is a plane. 


M 
§ For YE must equal a function of v. (See Bianchi, Vol. I, p. 210.) 


|| See second note to §3. This is merely an arbitrary function of the integral of the Laplace equation 
in (7). 
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It does not follow by any means that all the surfaces having constant 
geodesic curvature along the lines y =const. are obtained by inversion from 
those characterized by M=0, but merely that they all have the same spherical 
representation of their lines of curvature as these. 

Now, it is easily shown* that all surfaces having one set of the lines of 
curvature plane are included in the class (11); and since the lines on the sphere 
which are the spherical representation of the lines of curvature must also be 
plane, it appears that in (III), for this particular class, U must vanish,+ and 
hence the form (I), as written, and (III), with U=0, are characteristic of these 
surfaces. 

We can now state the theorem, that all isothermic surfaces having one set of 
their lines of curvature plane must have the same spherical representation of their 
lines of curvature as the Bonnet surfaces. We have already proved this theorem, 
as we showed above that all isothermic surfaces characterized by (11) have the 
same spherical representation of their lines of curvature as the Bonnet surfaces, ¢ 
and as we have now just pointed out that all surfaces having one set of the lines 
of curvature plane are included in the system (11). This theorem reduces to 
one of a very elementary nature, the problem of determining all isothermic surfaces 
having one set of the lines of curvature plane, a problem which was solved in its 
most general form by Darboux,§ a particular case being solved later by P. Adam. || 
As we shall show (§7) that all isothermic surfaces having one set of their lines 
of curvature spherical can be obtained from the isothermic surfaces having one 
set plane, the determination of these latter surfaces has been made a somewhat 


easier problem. 


* Expressing the fact that the lines on the Gauss sphere must have constant geodesic curvature, we find 
that HM and NM must satisfy (11). 


+ For 7 must equal a function of ». 


¢ We might prove this directly as follows. Differentiating the equation formed by expressing the fact 
that the expression (I) corresponds to isothermic surfaces and holding count of the fact at the same time that 
M, and hence the lines on the sphere, must be independent of the function f(u), we find that, choosing 


, using (11), But the only lines on the 


parameters properly, = — and V= \ 
sphere corresponding to these values of M and XW are those which are the spherical representation of the lines 
of curvature of the Bonnet surfaces. (See Bonnet, loc. cit., p. 182.) 

§ Loc. cit., Vol. IV, Chapter X. 

|] Annales scientifiques de l’ Ecole Normale supérieure, 3° série, t. X, p. 319, 1893. 


q{ This follows almost directly from the relation shown between surfaces having plane and spherical lines 


and from the work of §5. 
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Before closing this article, let us note that the only surfaces having one set 
of their lines of curvature spherical, belonging to (11), are those which have 
constant geodesic curvature along them. 


§7. Surfaces Characterized by hk, = 0. 


The surfaces characterized by (11) may be divided into three classes as 
follows: 

1°. Those having one set of their lines of curvature plane (corresponding 

o (11), when U= 0). 

2°, Those having constant geodesic curvature along one set of the lines of 
curvature (corresponding to (11), when /(w) =0 and 

3°. Surfaces having the same spherical representation of their lines of 
curvature as those in 2° (corresponding to (11), when f(u) $0 and U+ 0). 

We shall now consider the surfaces obtained by inversion from these three 
classes, and the other surfaces which have the same spherical representation of 
their lines of curvature as these. As a whole, they would be characterized by 
the equation k,=0, or 


0” log (Mk) _ 
(12) 
4 log M 
where k = — Fy ay TEN. Their first and third forms by (6) and (7), 


holding account of (12), may be written thus: 


ds* = M? | ae + + fae’ 


where, as before, Mf and also & are independent of the functions appearing in (1), 
but dependent upon those appearing in (III), since the latter appear in an equation 
which M and & must satisfy. The surfaces obtained by inversion from the class 1° 
will, in general, have the lines y= const. spherical. These belong to the class 
7 


4 
are 
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characterized by (12),* when £0. The surfaces which are the inverse of 2° 
all belong to the class characterized by (11), for either they must have the lines 
v = const. plane and hence belong to the class (11) or else they have constant 
geodesic curvature and belong to the same. 

It appears, therefore, that the only surfaces characterized by (12), when k+ 0, 
which have one set of their lines of curvature spherical are the inverse of 1°, together 
with certain surfaces having the same spherical representation of their lines of 
curvature.t We can easily show to what form (I) and (III) reduce for surfaces 
having one set of their lines of curvature spherical. For Bianchit has shown 
that the necessary and sufficient condition that the lines v= const. shall be 
spherical is that the principal radius of curvature r, shall be defined as follows: 


%=at+ 

where a and @ are functions of v. Applying this condition to the expression 
for 7,§ obtained from (I) and (III), we can easily show by differentiation that 
both the functions /(u) and U must vanish. Hence (III), with U=0, corre- 
sponds to lines on the sphere which permit of surfaces having the lines 
v=const. spherical. Moreover, this is the linear element on the sphere for all 
surfaces having one set of their lines of curvature spherical, since the equation k, = 0 
characterizes no surfaces having spherical lines (unless k, = 0). 

It follows, therefore, that all surfaces having one set of their lines of curvature 
spherical have the same spherical representation of their lines of curvature as the 
inverse of the general class having one set of their lines of curvature plane. This is 
a theorem which has been proved before in an entirely different way. || 

Collecting results, we see that the surfaces characterized by (12) and corre- 
sponding to (I) and (III) may be classified as follows: 

1°. Surfaces having the lines » = const. spherical (corresponding to the 


case where f(u) = U=0). 


* Having spherical lines, they would not belong to (11), for they could not have constant geodesic curva- 
ture along them, since the spheres into which the planes invert would cut the surfaces at the original angle, 
which could not be 90° unless MU =0. 

+ Darboux has discussed surfaces having one set of their lines of curvature spherical (loc. cit., Vol. IV, 
Chapter XI), following his general treatment of the problem of the spherical representation. Our results, 
so far as they can be compared, are in full agreement with his. 

t Loc. cit., p. 304. 


| Darboux, loc. cit., Vol. IV, p. 252. 
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2°. Surfaces having the same spherical representation of their lines of 
curvature as those of the preceding class (corresponding to the case U=0 and 
f(u) #0). 

3°. Surfaces which are the inverse of the third class characterized by (11), 
and the others which have the same spherical representation of their lines of 
curvature as these (corresponding to the general case where /(u) #0, U$ 0). 

The inverse of class 1° would give no new surfaces, but the inverse of 2°, 
and of 3° in part, would lead to other surfaces characterized by k,=0. The 
general class of surfaces characterized by this equation is composed of these, 
of course, and the others having the same spherical representation of their lines 
of curvature. 

In closing this paper, we will call attention to the ease with which the 
question as to whether any known surfaces are solutions of the problem of the 
spherical representation can be settled. If either the first or third forms are 
known, the functions M and N can be formed immediately, and substitution in 
the equation /,,,;=0 settles the question. From Darboux’s treatment of the 
problem such a question could be answered only after the greatest difficulty. 
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The General Circulation of the Atmosphere. 


By Francis R. SHARPE. 


§1. Introduction. 


The difference in temperature between the equator and the poles of the 
earth tends to produce a movement of the atmosphere from the poles towards 
the equator at the earth’s surface, and thus set up a steady circulation. The 
problem has been investigated by Ferrel* and Oberbeck.}+ The former did not 
attempt to make a complete analytical solution. The latter assumed that the 
atmosphere was incompressible but that it satisfied Boyle’s law for a perfect gas, 
and he surrounded the atmosphere with a spherical boundary of undetermined 
height. In the present paper the known hydrodynamical equations for a viscous 
gas are first determined, using polar coordinates, by considering the flow of 
matter and momentum through a small volume. By finding the flow of energy 
another equation is obtained, which is used instead of the ordinary adiabatic 
assumption. This equation is equivalent to the equation of energy in the 
kinetic theory of gases but is here obtained independently of that theory. 
Making use of the fact that the height of the atmosphere is small compared with 
the earth’s radius, an approximation to the motion is found for a non-rotating 
earth. The effect of the earth’s rotation on the east and west motion is next 
considered, and then the resulting modification of the pressure gradient. Finally 
the solution which is obtained is compared with the observed facts. 


§ 2. Coordinates and Variables. 


In discussing the general circulation of the atmosphere on a spherical earth, 
it is convenient to use polar coordinates; namely: 7, the distance of any point 
of the atmosphere from the earth’s center; 6, the colatitude; and 9, the longi- 
tude. The variables which we wish to determine as functions of 7, 6, @, and ¢, 
the time, are: p,p, 7, the pressure, density, and absolute temperature; and 


u, v, w, the components of the velocity. 


* Ferrel: Recent Advances in Meteorology. 
¢ Oberbeck: Papers on the Mechanics of the Earth’s Atmosphere, translated by Cleveland Abbé. 
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The atmosphere is supposed to be a perfect gas, so that 
p= Ror, (1) 
where F# is a constant. Five other equations are necessary to determine the six 
variables p, p, T, u,v, w. They are derived in the next three sections by con- 
sidering the flow of matter, of momentum, and of energy. 


§3. The Flow of Matter. 


Consider the flow of matter through the six faces of a small volume 
dr.rd@.rsin§d@ bounded by the spheres r, 7+ dr, the cones 6, 6+ d6, and 
the planes ¢, +d. The rate of increase of the matter in this volume is 


(dr. sin = — (pu. sin dr 
(ver sin dr) d0— dr rd) dp. 
Dividing by dr.rd6.r sin@d@, we have the continuity equation: 
§4. The Flow of Momentum. 


Consider the flow of momentum through the same small volume. Momen- 
tum being a vector quantity it is necessary to take account of the changes in the 
direction of the components of the velocity as we consider the different faces of 
the polar element of volume. Thus w turns through the angle dé on the plane @ 
and through sin@d@ on the cone 6, while v and v+dv meet at the angle 
cos@d@ on the earth’s axis. 

The normal stresses on the faces P, Q, R, the tangential stresses S, 7, U, 
and the external force F also generate momentum; moreover the stresses 
change their directions as we consider different faces. The rate of increase of 
momentum in the direction of 7 is therefore 

(pu) dr. sin 6do = 


— T)r do dr} dp + (pv.v +Q)r sin dr. 
+ (pw.w+ &)rdédr sini dp + p sin 


4 
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Hence we have the equation of motion: 


(pu) P) + U) sin 6} 


r sin 600 
pv.v+ Yt+pw.w+k 


(pw.u+ 7) — —pF=0. (8) 


r sin dp 


Similarly, 


+ + 0) + (pv.v + @) sin 6} 


r sin 000 
pv .u+ U—(pw.w-+ cot 


r 


+ 


pw.v+8)— —pF,=0 (4) 


=. 
and 
v.w +S) sin 6} 
. T t 


Lr 


re) re) 
(Pt) + + T)r*} + 


+ (pw.w+ fh) =0. (5) 


rsindp 

If <© is eliminated by means of (2), these equations can easily be identified 


with the ordinary form of the equations of motion in polar coordinates. 


In Stokes’ theory of viscosity the stresses P, Q, R, S, 7, U are linear 
functions of the strains e, /, g, a, b,c; namely: 


P=p+ | 
Q=pt+ ud — 
R=pt+3ud— 2ug, | 
S = — ma, 
T= — 
U= — ue; 


J 


where the dilatation s=e+/+ 9; the three extensions are: 
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r sin dp 
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and the three shears: 


rsinddp r (8) 
_ du Ov v 


On substituting the values of the stresses in the equations of motion we 
could obtain them in the form which is generally used, but it is more convenient 
for our purpose to leave them in their present form. 


§5. The Flow of Energy. 


By considering the flow of matter and momentum we have obtained the 
equations of continuity and motion. In an exactly similar way the kinetic 
energy per unit of volume is $p(u* + v’ + uw”), and like p it is a scalar quantity. 
The energy in the form of heat is Cpt, where C is the capacity of the atmos- 
phere for heat. The rate of conduction of heat is —x grad 7, where x is the 
conductivity. The stresses P, Q, R, S, T, U, and the external force F also 
do work and thus contribute energy. Taking account of all these different forms 
of energy, we find for the rate of increase of energy in a small polar element 
of volume: 


(ut + + w%) + Cpr} dr.rdé.rsin6do = 


+ ut Cpru + Put Uo + Tw — x5" sin dr 
_ | bp (u? + vo? + + + Uu+ Qu + Sw—x | rsin dé 
06 L r 06 

+ v'+w’)w+ Corw + Tu + Sv + Rw 


+p(F.ut+ + F,w) drrdér sin 


Using (2) to eliminate = , substituting for the three components of F from (8), 


(4) and (5), and using (7) and (8), we find 


56 SHARPE: The General Circulation of the Atmosphere. 


+ Of+ Rg + Sat Tb+ Ue 


On substituting the values of the stresses from (6) this equation becomes 


2 — 2u(e +f? + 9%) — u(a? + +’) 


or Or Or 
= 0. 
Or rsin000\” 6) r sin 6 Op 
This result agrees with the equation of energy in the kinetic theory of gases, 


but is here derived independently. 
Replacing p and 6 by the use of (1), (2) and (7), we obtain the more 


convenient form 


d 


ov 


The conductivity and viscosity of the atmosphere are both small; hence, 
if the motion is so slow that we may neglect squares of velocities, (9) becomes 


Integrating, we find that 


which gives, from (1), 


the adiabatic law. 
Since # is about .4C, we have 
where m is a constant. 
§6. Adiabatic Equilibrium. 


When the temperature is a function of r only, the equations of motion 


become 


| dt dt 
pepe, 
(10) 
| 
Or 
| 
| 


or, from (10), 
dp 


1.4mp* 
r 


+ 9p = 0. 


Integrating, we have 
4 mo* + gr = constant ; 


that is, 
Rt + gr = constant. 


At the surface of the earth 7 is a and ¢ is 7%; therefore 
1.4 
R(t —%) + g(r —a) = 0. 


Hence zt is 0 when 


Rey. 
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(11) 


Substituting numerical values, we find that the height of the atmosphere is 


. a, which will be denoted by ah, where h = = 


220 220° 


If we now put r=a(1+A—v2), so that ax is the distance from the top 


of the atmosphere, then ¢ is a linear function of x which vanishes when x = 0 


and has the value t when «=A. 
Hence, we have 


and therefore, from (1) and (10), 


p =n(2) 


and 


A relation between the constants is furnished by (1) and (11); namely, 


(12) 


(13) 


(14) 
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§7. Circulation on a Non-Rotating Earth. 


Assume that the temperature of the atmosphere decreases symmetrically 
from the equator to the poles and diminishes uniformly from the surface upwards. 
Then, instead of (11), we have 


T =F (%—% cos” 6), (16) 


where 2 is small. 
T) 


To satisfy (1), and from the form of the equations of motion, we therefore 
take instead of (13) and (14): 


p= + roosts, 


= Po + cos*6, 


aG) 


Equilibrium is no longer possible, ee from (6) and (17), 


and (4) is therefore not satisfied. 


§8. Solution of the Continuity Equation. 


When the motion is steady and symmetrical, the continuity equation takes 


the form 


(pr'u) + — 


1630 (pv sin 6) = 0, 


or approximately, from (14), 


G =" + @sino)} — = 0. 


Ou 5 u _ 
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The solution of this equation, which corresponds to (17), is 


u = U(1 — 8 cos” 6), } 

v = Vsin6 cos 6, 19) 
where U and V are functions of x which satisfy 

dU 

(20) 


§9. Approximate Form of the Equations of Motion. 


Since x is a small ratio which lies between 0 and A (that is, between 0 and 
sdy), we see from (20) that U is small compared with V. Therefore, if we 
retain in the equations of motion only the most important terms, we find 


dp 

2 
ap 

> = 0. 22 


From (15), (17) and (19) these equations become 


Op, _ 7 Pope 
and 
OV 
2 —— 
¢ 


Since the viscosity varies as the .76 power of the absolute temperature, the latter 
equation may be written in the form 


ren =—2 32). 


§10. Solution of the Equations of Motion. 


Finding first p from (18) and (21), next V from (24), and then U from (20), 

we have 
U= Ax-? + Bu + Cx’? loga + Dai + Ez, (25) 
where A, B, D and £ are arbitrary constants, but C must be so chosen that (18) 
is satisfied. 


4 
eae 
(23) 
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§11. The Boundary Conditions. 


At the top of the atmosphere (where z is zero) it is assumed that u is zero 


and that the tangential stress WS is zero; hence A and D are zero. 
r 
At the surface of the earth u and v are both zero; hence 


Substituting this value of U in (18), we find 


896 a pT 19 


log — — x) 1 — 3 cos*6 


896 £627 


pu = po( (Lin +i , 
Gres cos" 6} 


§12. Hast and West Motion on a Rotating Earth. 


log — sin 6 cos 6, 


When the rotation of the earth is taken into account, it is convenient to 
denote by w the east and west velocity relative to the earth so that the actual 
velocity is w+ ersin@, ¢ being the earth’s angular velocity about its axis. 
Substituting this value in (5) and retaining only the most important terms, 
we have 


= —2epu sind —2epv cosd + 


hence, using (19), 


Ow 2a” x) 2 2 
sin 6(1 — 3 cos*@) + V sin cos* 6}. 


The term containing U is small, compared with the term containing V, except 
near the equator, where cos6@ is small. Substituting from (27) and (28) for U 
and V, integrating twice and remembering that at the top of the atmosphere 
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(where x is zero) the tangential stress PP is zero and that at the surface of the 


or 


earth (where x = h) w is zero, we find 


107217 hi L137 h 19.37? 171 
5588 |: 2 


19 17 53 17 4 19 15 361 17 . 
— — 989 7 +" — sin 6 cos | 


§ 18. Pressure Gradient Due to the East and West Motion. 


When the rotation of the earth is taken into account, the equations of 
motion (21) and (22) become 


gp + sin 4, (33) 
r 

Op Ov 
=— (u eo). (34) 


We must therefore replace (17) by 


= Po (Fy + p, cos’ + cos* 6, 


(35) 
p= + p, cos*6 + 7, cos* 6, 
in which, from the law of gases, as in (18), 
(36) 
2\i 36 
Again, (19) must be altered to 
u = U(1— 3 cos*6) + U,(3 cos? @ — 5 cos‘ 6), 
v = Vsin@ cos6 + V, sin 6 cos*6, 
where (from the continuity equation) 
ou, 5 
Ox (37) 
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From (34) we see that p, is of the same order as pw in x, while V, is of 
order two higher in x; and therefore, from (37), U, is of order three higher in «. 
Hence (33) becomes 


Using (36) and (15) we therefore find, on integration, 
Ps 

where P is an arbitrary constant which will be subsequently determined so that 
the boundary conditions are satisfied. 

Substituting in (34), we have 

0 = sin 6 cos*¢ + 2aepw + xi dv sin 6 cos? @. 
ahi Ox Ox 

Substituting the value of w from (32) and retaining only the second term 

in that equation, we have 


8584a*e’ po (19 2 653 4 861 
0=4P 070 11] fi? 25 hx if 
+ 9, 
ahi Ox Ox 


Integrating with the boundary condition that, when «x is zero, the tangential 


stress Pad is zero, we find 


Ox 
30845 


Dividing by x and ied with the boundary condition that, when x 
ish, V, is zero, we have 


32 3584 at Po is x 93559 
06 hh hit — hie 
4595 — 455176 52200.17°. 49° ahi 


Substituting the value of V, in (37), multiplying by x2, integrating with the 
boundary condition that U, is zero when ~ is zero, and, finally, putting 2 equal 
to h, we have, as the condition that U, is zero, the equation to determine P: 
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32 p( 4 _ 2) 30840" pop 19 4° 93559 = 4 
4 382 2888 4 87,822, 265 
652511 455175 29 52200.177.49°7j 
Hence 


_ 140.7 po pp th! 
107217 
and therefore 


x . 119 140.7 a‘ & p, 02 A} 
{1+ logs + = cos? + cost. (38) 


107217 us 
§14. Discussion of the Results Obtained. 


The vertical velocity vu, has a maximum value 
383 Po T. 
107217 uy 
when is about .55A. 
The southerly velocity v, has a maximum value 
1023 a py T, h® 
107217 uy T% 
when a is about .886/; and it changes to northerly when @ is .73A. 

It is seen from (32) that the velocity is easterly except near the equator, 
where, on account of the smallness of cos@, the second term is important and 
the velocity is westerly. 

The pressure p, has its maximum positive value, 

119 

99 ’ 
when «ish. It vanishes when z is .71/ and has its greatest negative value 
when = is .53h. 


§15. The Observed Facts in the Atmosphere. 


It is known that* the temperature at the surface of the earth is 


8.5 — 20.95 cos*6, 
or, in our notation, 


* Ferrel: Recent Advances in Meteorology, p. 452. 
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tT = 303 — 42 cos*6, 
= — T, cos” 


so that 2 is not very small. It is also known that* ‘ 
0 


p = 758 + 31 cos*@ — 61 cos‘ 6. i 
Putting =A in (38), the value obtained was oi 


119 2 140.7 af & py pp 4Q. 


hence our value for p, appears to be too large, although its value decreases 
very rapidly as we ascend vertically. As regards p,, if we substitute numerical 
values we find too large a value. The explanation is probably that, on account 
of the large amount of eddying motion in the atmosphere, the ordinary ex- 
perimental value for uw is smaller than its effective value in the atmosphere. 
Moreover the motion we are considering is unstable except for small values of 


72 and large values of u. There appears then to be only a qualitative and not 


0 
a quantitative confirmation of the solution obtained. 


As regards the velocities, it is agreed} that the velocity at the equator is 
westerly, and in the middle latitude easterly, and increasing with the altitude ; 
but there is no evidence of anortherly motion in the upper atmosphere as theory 
would lead us to expect. 


CORNELL UNIVERSITY, July, 1908. 


* Overbeck: loc. cit. 
+ Hildebrandson: Brit. Assoc. Report, 1903. 
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Generalizations of the Tetrahedral and Octahedral 
Groups. 


By G. A. MILLer. 


$1. Introduction. 


A generalization of these groups is included in an article entitled ‘‘General- 
ization of the Groups of Genus Zero.’”’* In the present paper many of the results 
of this article are greatly extended, and hence this paper may be regarded to be, 
in part, a generalization of a generalization of the tetrahedral and the octahedral 
groups. The fundamental importance of the groups of genus zero adds interest 
to these extensions, and the simple character of these extensions seems to justify 
the hope that they may find extensive applications. The present paper has close 
contact with a recent paper entitled ‘Finite Groups Which may be Defined by 
Two Operators Satisfying Two Conditions.” + 

In what follows, it is frequently necessary to speak of a group of order 24 
which does not include any subgroup of order 12. As there is only one such 
group, it is completely determined by stating its order and the fact that it does 
not involve a subgroup of order 12. To secure greater brevity we shall here- 
after refer to this group as the non-twelve G4, or the non-twelve group of 
order 24. In accord with this notation, the tetrahedral group may be character- 
ized as the non-six G,, and the icosahedral group could be distinguished by the 
fact that it is the non-invariant-five group of order 60, since the icosahedral 
group is the only group of order 60 which involves more than one subgroup 
of order 5. While this method of notation frequently leads to brevity of 
statement without any material loss in clearness, it is not to be inferred that 
it solves all the difficulties connected with distinguishing the different groups 
of the same order. 


* Transactions of the American Mathematical Society, Vol. VIII (1907), p. 1. 
+ AMERICAN JOURNAL OF MATHEMATICS, Vol. XXXI (1909), p. 167. 
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§ 2. Generalizations of the Tetrahedral Group. 


It is well known that the tetrahedral group may be defined by each of the 

following sets of three equations: 
$=1, =1; $= 1, 
Instead of the first of these sets, we shall consider the more general but closely 
related set of two equations: 
= 82, (81 8)” = 

By equating the second to unity there results a set of equations which were 
considered in the generalization mentioned above, while defining relations of 
the tetrahedral group are obtained when each of these two equations is made 
equal to unity. Hence these equations may be regarded as a double general- 
ization of defining relations of the tetrahedral group. 

From the equation (s, s,)” = (s,8,)” it is easy to derive the following four: 


(81 83)" = (82 82187" 82, = (8, "8, 
8)" == (82 82" (83.8,)" = (8; " 827. 
These equations are useful to simplify some of the relations given below. The 
group {8,, s.|=G, generated by s,, s,, involves s} and (s, invariantly, since 
each of these operators is commutative with both s, and s,. As s,8 and 8,8, 
have a common square, the product of one of these operators into the inverse of 
the other is transformed into its inverse by each of them.* This property will 
be used to find an upper limit for the orders of some of the operators in G, 
as follows: 
8; 8; 1851 = 85° 8, . 87 . = 8; ° (8, 8)” 85 | 8, 83 = 8; (8, 8g . 8, 
(8; 8 8; 827)” = 8,” (8; 82)* (8; 89)” 8 = 8,” (8; 82)”. 


As s;"(s,8,)° is both invariant under s,s, and is also transformed into its inverse 
by this operator, its order is either 2 or 1. 

Having found an upper limit for the order of s;1(s, s,)°, it is easy to prove 
that the order of 

= {87° (81 82)” 87. 81 8. 8. = 87° (82 "8, 83)", 81° 81° (8; 

divides 8 and that Q is invariant under G. The three given generators of Q 
form a complete set of conjugates under s,, and hence Q is invariant under s,. 
These generators have a common square, since the square of one is invariant 


* Archiv der Mathematik und Physik, Vol. 1X (1905), p. 6. 
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under G. The product of the last into the inverse of the second has been proved 
to be equal to the first. As it has also been proved that the order of the first 
divides 4, it results that the order of Q must divide 8. As the last two given 
generators of @ are transformed among themselves by s,, @ is invariant 
under s, as well as under s,; that is, Q@ is invariant under G. Moreover, 
Q involves the commutator subgroup of G, since it includes 
8; (8 8,)°. 84 (8; 82) = 8, 

Hence every subgroup of G which involves Q is invariant under G. 

When s,, 8 are commutative, the second relation (s, 8)* = (s.s,)? does not 
give any additional information, and hence G is any abelian group which may 
be generated by two operators having a common cube. That is, G may be any 
cyclic group, or the direct product of such a group and the group of order 8, 
whenever s,, s, are commutative. This disposes of the case when 5s, s, are 
commutative, and we shall therefore assume that these operators are non- 
commutative during the rest of the discussion relating to the equations 

= 8), (8, 89)” = (8 8))”. 

As s,, S are non-commutative, the order of Q cannot be less than 4, and 
hence @ is either the quaternion group or the four group as the order of 
8; (s,8,)° is 2 or 1. Since (s,5,)*s;* is of order 3, it results from the above 
that {Q, (s, s)* s;%| is the non-twelve group of order 24 or the tetrahedral 
group as the order of s;(s,s,)° is 2 or 1. It is also evident that @ is actually 
the commutator subgroup of G. This proves the theorem: Jf two non-commu- 
tative operators satisfy the two conditions s} = 83, (8,5)? = (8,8), they generate 
a group whose commutator subgroup is either the tetrahedral group or the non- 
twelve group of order 24. 

The abelian group j{s}, (s,;s,)”} and the commutator subgroup of G clearly 
generate G, and these two groups have only the identity in common when the 
commutator subgroup is the tetrahedral group, since this involves no invariant 
operator besides the identity. That is, when the commutator subgroup of @ is 
the tetrahedral group, G is the direct product of {s?, (s,s,)”| and Q, (s; 8)*s;*. 
When the commutator subgroup of @ is the non-twelve group of order 24, it has 
exactly two operators in common with {s?, (s,s). 

Although the conditions s? = 88, (s, s,)? = (s,s,)” are not sufficient to limit 
the order of G, they restrict G to a very elementary category of solvable groups. 
All of these groups are isomorphic to the tetrahedral group with respect to an 
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abelian invariant subgroup; viz., }s}, (s,s.)*|. In other words, the quotient 
group of G with respect to this abelian subgroup is the tetrahedral group. 
By assigning a finite value either for the order of s] or for the order of (s, s,)”, 
there results a finite number of possible groups. The possible groups for one 
such case, viz., when the order of (s,s,)* is 1, were considered in the article 
mentioned above with the heading, ‘“‘Generalization of the Groups of Genus 
Zero.”’ By employing the results given above, it would be an easy matter to 
determine all the possible groups in other cases. 

The second generalization of the tetrahedral group may be represented by 
the two equations 

= 83, (8 8)’ = 
Defining relations of the tetrahedral group may evidently be obtained by making 
each member of these equations equal to unity. To obtain an upper limit for the 
orders of some of the operators in G we may proceed as follows: 
8}, 8218182, 82" 8, 83 = 88, 82" 
are three operators of G, and they have a common square since sj is invariant 
under G. From 
8 + 8.8," = (82 83 = (81 8) 

it results that (s,s,)~°s}° is both invariant under sz!s,s, and is also transformed 
into its inverse by this operator. Hence (s,s,)~°si° is of order 2 or 1. 

The group 

(81 8} 8, (8; 8)~* = Q 
is invariant under s, since it is generated by a complete set of conjugates under 
&,, and it is also transformed into itself by s, because it is transformed into itself 
by each of the three operators (s,s,)~*s°, (s,s.)*, st. The last two of these 
operators are evidently invariant under G. As (s,s,)~*s} is transformed into its 
inverse by sy!s,s,, it must also be transformed into its inverse by (8,8,)~*s;18? 82. 
Moreover, the three given generators of Q have a common square, and it has 
been proved that the product of the second into the inverse of the third is equal 
to the first. Hence it results that Q is the quaternion group or the four group 
as the order of (s,s,)~°s}° is 2 or 1. It is also easy to see that Q is the commu- 
tator subgroup of G, since it includes 
(81 8)” 81°. (8; 8)~* 8} = 8,1 8218, 8, = (8; 8, 8} 

Since G is generated by Q, 8, (s,8,)*, it is isomorphic with the tetrahedral 

group with respect to the abelian subgroup /sj, (s,s,)*}. From what precedes 
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there results the following theorem: Jf two non-commutative operators satisfy 
the conditions s? = 83, (8, 2)° = (s,8,)°, they generate a group G whose commutator 
subgroup is either the quaternion group or the four group and whose central is 
\s2 (8, 82)*}. The quotient group of G with respect to its central 1s the tetrahedral 
group. 

In the case considered above when s}= 8, (8, 5)” = (s,8,)”, it was possible 
to prove that G involves a non-invariant operator of order 3 and hence such 
a G includes the tetrahedral group or the non-twelve group of order 24. In the 
present case it is not possible to prove the existence of such subgroups. In fact, 
it is not difficult to see that s,, s, may be so selected that the order of every 
non-invariant operator whose order is a power of 3 exceeds any finite number. 
If s,, s are any two operators which are commutative with ¢ and satisfy the 
relations sj = 83, (s,s) = (s,s,)*, the operators ¢*s,, ¢s, will also satisfy these 
relations, provided ¢?=¢**. By selecting ¢ in such a way that its order is an 
arbitrary odd number divisible by 3, the given relations may be satisfied, and 
hence it is possible to select ¢ so as to make the order of every operator of & 
which is not in the group generated by its central and its commutator subgroup 
exceed any finite number. 

Suppose that the order of s,s, is 3m, m being prime to 3. Since 
(s, 8)” = si®, the order of s,; must be prime to 3. As s, must be of even order 
when G@ is non-abelian, we may assume that the order of s, is 2% and hence 
the order of s, is 3%. Hence sf is a non-invariant operator of order 3 and 
{sf, Q| is either the tetrahedral group or the non-twelve group of order 24. 
This group is invariant under G, as it involves the commutator subgroup of G. 
It is evident that G is generated by the two groups js}, (s,s,)*} and }s¥, Q}, 
and that these groups have at most two common operators. If (s,s.)* is of odd 
order, the former of these groups must be of odd order, and hence @ is the 
direct product of these groups. Hence the theorem: Jf two non-commutative 
operators satisfy the relations sj = 83, (s,82)* = (s,8,)° and tf (8, 8)° is of an odd order 
prime to 3, then these operators generate a group which is the direct product of the 
cyclic group generated by sj} and either the tetrahedral group or the non-twelve group 
of order 24 as the order of (s,8,)~°s}° is 1 or 2. This includes the known theorem 
as regards the groups generated by two operators satisfying the relations 
= 1." 


* Transactions of the American Mathematical Society, Vol. VIII (1907), p. 4. 
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In what precedes, it was assumed that s,, s, are not commutative. If they 
are commutative, the relation (s, s,)* = (s,s)? does not imply any further re- 
striction and hence G is cyclic, being generated by two commutative operators 
which satisfy the relation st = s§, where a and @ are relatively prime. That is, 
if two commutative operators satisfy the relations sj = (s,8,)* = (s.s,)*, they 
generate a cyclic group and every cyclic group may be generated by two such 
operators. 


§3. Generalizations of the Octahedral Group. 


By assuming that each member of the equations 
= 82, (51 82)” = (8 84)” 


is equal to the identity, we arrive at well-known defining relations of the octa- 
hedral group. Hence these relations may be regarded as a double generalization 
of the octahedral group, and it is our first object to study the fundamental 
properties of the system of groups which may be generated by two non- 
commutative operators satisfying these general relations. As in the cases 
considered in the preceding section, we shall first find an upper limit for the 
orders of some operators contained in such a group G. 


The three operators 
83, 8281838, 82, 81 82 


constitute a complete set of conjugates under s,s,. As they have a common 
square, any two of them generate the generalized dihedral group. The product 
of the third into the inverse of the second is 
81 8381) 8; 182" 8, 8. = 8, 83 (828) 8 = (8; 82) 5, 828, 8, 8,8, 
= (51 (8; 83)? 83 = (8 52) 


As (s; 5.) 83° is both invariant under G and also transformed into its inverse 
by s,s3s;/, its order is 2 or 1, and (s,8.)* = 
The group 


(81 82) ~° 83°, 83° 81 (8; 81 83° 8; ' (8, 8) = Q 


is invariant under s,s, since it is generated by a complete set of conjugates 
under this operator. It is also invariant under s,, since s, transforms the first 
and last of its generators among themselves and these two operators generate Q, 
as the first has been proved equal to the product of the third into the inverse of 
the second. From the last fact it results also that Q is the quaternion group 
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or the four group as the order of (s,8,)-” 53 is 2 or 1. As Q is invariant under 
both s,s, and s,, it is invariant under G. 
From the fact that the non-invariant operator 


sp! (82 


is of order 3, it results that / Q, s3 (s,8,)~*| is either the tetrahedral group or the 
non-twelve group of order 24. We proceed to prove that this is the commutator 
subgroup of G. In fact, this results from the following product of operators 
contained in }Q, : 


83° 81) 83* (82 81)” = (82 8,)” = sz 8 8). 


As {Q, s3(s.8,)~*} is the commutator subgroup of G, it results that every other 
subgroup of G which involves this subgroup is invariant under G. In particular, 
the commutator subgroup and s}(s,s8,)~* generate an invariant subgroup of G 
whose order is twice the order of this commutator subgroup. This invariant 
subgroup is the symmetric group of order 24 if (s,s,)~”s3° is the identity. If 
this operator is of order 2, it is a known group of order 48 involving the non- 
twelve group of order 24. The central of G@ is evidently }s;, (s,s,)*}| and @ is 
generated by its central and the group (s.8)~*, Hence the 
theorem: Jf two non-commutative operators satisfy the conditions sj = s$, (8, 8.)*= 
(5, 8,)°, they generate a group whose commutator subgroup is either the tetrahedral 
group or the non-twelve group of order 24, and whose central is generated by 8}, 
(s, 8)°, The quotient group with respect to this central is the symmetric group of 
order 24, and the entire group is generated by its central and a growp whose order 
divides 48. 

As G is evidently generated by the abelian group }sj, (s,s.)°| and the group 
1Q, 83! (so 8,)~8, 53 (8, 8.) whose order divides 48, it results that G is the direct 
product of these groups whenever s,s, is of odd order. In this case {s%, (s,s,)*} 
is the cyclic group generated by s}, and hence it is easy to determine all the 
possible groups in which (s,s,)* has for its order a given odd number. The 
particular case when this order is unity has been considered, and the results 
constitute a special case of what has just been proved.* 

A second generalization of the octahedral group is given by the equations 


8] = 83, (8; = 


* Transactions of the American Mathematical Society, Vol. VIII (1907), p. 6. 
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In this case we shall consider the transforms of (s,s,)* with respect to s,. The 
complete set of these transforms is 
(81 8)", (837.8, 83)”. 
The product of the second into the inverse of the third is 
8 82 8, ' 8, 83" Sy = 8 8} 83 = (8; 82) 8, 8.8). 83 
= (8; 8)~* 8 83 8; 838} = (828) sp’. 
Since (8, 8,)~” sj? is both invariant under G and also transformed into its inverse 
by (8; 82)*, its order is 2 or 1. 
It will now be proved that the group 


1 (8281) 8°, (81 8)~° (82° 8, 83) = Q 


is invariant under G and that it is either the four group or the quaternion group. 
From the equations given above, it results directly that the product of the 
second generator of Q and the inverse of the third is the first, and hence Q is 
generated by any two of the given set. Since the first of these generators is 
transformed into its inverse by the second and since they have a common square, 
it results that Q is the quaternion group or the four group as (s, s,)~"sj° is of 
order 2or1. As Q is generated by a complete set of conjugates under s,, it is 
invariant under this operator. It is also invariant under s,, since s, transforms 
the first two generators among themselves. This completes the proofs of the 
facts that Q is invariant under G and that it is either the quaternion group or 
the four group. 

The operator (s,s,)~*s;° is a non-invariant operator of order 8, and hence 
Q, (82 is the tetrahedral group or the non-twelve group of order 24 
as (s.8,)~ 83° is of order lor 2. This is also the commutator subgroup (C) of G, 


since it includes 
(8; . (8; 83° = (8, 83° = 8, 8.8; 83! 


and C can clearly not be a subgroup of { Q, (s.8,)~°s3’}. Having proved that 
C= }Q, (52 5;)~* 83}, it results directly that this group is invariant under G. 
The quotient group of G with respect to its central {s7, (s,5,)*| is the symmetric 
group of order 24. In the preceding generalization of the octahedral group it 
was possible to prove that G involves a group of order 24 or of order 48, which 
has an (a,1) isomorphism with this quotient group. In the present generali- 
zation, on the contrary, it is not possible to prove the existence of any finite 
group in G@ having a (@, 1) isomorphism with the quotient group with respect to 
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the central, since there is no limit to the highest power of 2 that may occur in 
the order of every operator of G not contained in the group generated by its 
central and its commutator subgroup. 

It is evident that (s, (8 8,)~* = s.}, and that this is the group 
generated by the central and the commutator subgroup of G. If it is assumed 
that s? is of odd order, it results that sj* = s{°, & being an odd number, and hence 
sk (s, 8.) is an operator of order 2 which is not contained in {sj, s{. By ad- 
joining si (s,s,)-” to {Q, (s28)~*s3’} there results a group which has an (a, 1) 
isomorphism with the octahedral group, where a =2or1. In this case the 
abelian group {s°, (s,8,)*} is clearly of odd order, and @ is the direct product of 
this abelian group and the group } Q, (8, 5,)~* 83°, sf (s,;s.)-”}. Hence the theorem: 
If two non-commutative operators satisfy the equations sj = s3, (8; 8)* = (8, 8,)*, they 
generate a group whose commutator subgroup is either the tetrahedral group or the 
non-twelve group of order 24. If sj is of odd order, the group }s,, 82} is the direct 
product of an abelian group of odd order and a group whose order divides 48. 

The third generalization of the octahedral group is given by the equations 


8} = 83, (8 = (8 


« 


In the preceding section we deduced four useful formulas directly from the latter 
of these equations. These formulas will be used in what follows. Just as in 
the preceding two cases, we shall prove that the commutator subgroup of G 
is either the tetrahedral group or the non-twelve group of order 24. The steps 
towards this proof may be taken as follows: 


89”. 838] = ° (83 81)” 8, = (8, 83 18, = (8, 


Hence (s;* s;* s§ sj)” = s;*(s,s,)". As this operator is both invariant under G 
and also transformed into its inverse by s3, its order is 2 or 1. 
The group 


Q = (81 93°81, (8 82)" 8, 571, (8 


is generated by a complete set of conjugates under s,, and the product of the 
third generator and the inverse of the second has been proved equal to the first, 
since 8,s;*s;!= s8;*s;*s;. It is also evident that the second and the third of 
these generators transform the first into its inverse and that these three generators 
have a common square. Hence Q is the quaternion group or the four group as 
8; °° (s,8,)” is of order 2 or 1. Since Q is invariant under s, and also under s,5,, 
it must be invariant under G. 

10 
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As is a non-invariant operator of order 8, the group { Q, 
is either the tetrahedral group or the non-twelve group of order 24. It is also 
the commutator subgroup of G, since it includes 


(51 . 83* (8; = (8; 5)" 83” = 8, 8" 


and cannot be larger than the commutator subgroup. The central of G 
(8, and this commutator subgroup clearly generate {s,, As in the 
preceding case it is impossible to assign an upper limit for the minimum order 
of an operator of G which is not contained in this subgroup, since the condition 
s} = s$ implies that such an order may be divisible by an arbitrary power of 2. 

If we assumed that (8, s,)” is of odd order, it results that (s,s,)’* = (s, 5)", 
k being an odd number. Hence s;*8(s,s,)" is an operator of order 2 which is not 
found in }s,, 83}. The group {Q, sy“ (8, 82)°, sy*(s,s.)*} is invariant, and its order 
is twice that of the commutator subgroup of G. This group and the abelian group 
of odd order js‘, (s,s,)”} must generate G; and as the latter is composed of 
operators of odd order, G is the direct product of these two groups. Hence 
the theorem: Jf two non-commutative operators satisfy the equations s} = s}, 
(8; 52)” = (s,8,)", and tf the order of (8,8) ts odd, the group generated by these 
operators is the direct product of an abelian group of odd order }s‘, (8,82)°| and 
a group whose order divides 48. The latter has an (a,1) tsomorphism. with the 
octahedral group, where a=1or 2. Only a finite number of groups is possible 
whenever the order of one of the operators s,, 8, 88 is given. 

In what precedes, it-was assumed that s,, s, are non-commutative. If these 
operators are commutative, each of these three cases becomes very simple since 
the second equations do not imply any further restriction. Hence it results that 
two commutative operators which satisfy separately the three pairs of equations 


8] = 85, (8; = (8 8] = 83, (81 = = 8), (8; 82)” = (82 81) 
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generate in the first case either any cyclic group or the direct product of such a 
group and the group of order 2, while in each of the other two cases they can 


generate only cyclic groups. 
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The Theory of Degenerate Algebraical Curves and 
Surfaces. 


By O. E. Guenn. 

Chasles* arrived by geometrical intuition at the fundamentals of the theory 
of characteristics of plane curves. 

An important principle at the basis of this theory is the fact that a system 
of curves defined by definite conditions will in general contain degenerate curves 
which, though degenerate, still satisfy all of the defining conditions of the system. 
It was this fact that led Cayley} to emphasize the importance of the general 
question of the degeneracy of curves as an object of investigation. This he did in 
an article ‘Sur les courbes aplaites”’ in volume 74 of the Comptes Rendus, and 
subsequently in a few notes to be found in his Works. The subject has never- 
theless never been exhaustively investigated. A few important contributions 
have been published, and the question has been studied more or less incidentally 
in a number of places, but it would seem that much yet remains to be done. 

As an application of some of his researches on symmetric functions, Junker } 
studied in 1894 the decomposition of forms into linear factors. Hoéevar§ has 
treated the linear and quadratic factors of forms, and his work has been extended 
recently by O. Dorner.|| Other references to work in this field are the following: 

H. M. Taylor: ‘On the Decomposition of a Cubic Curve,” Proceedings 
London Mathematical Society, Vol. XXVIII. 

Meyer: ‘‘Zur Theorie der reduciblen ganzen Functionen von n Variablen,”’ 
Math. Annalen, Bd. XXX. 

Gordan: ‘Das Zerfallen der Curven in gerade Linien,’’? Math. Annalen, 
Bd. XLV. 


* Chasles: Comptes Rendus, t. 64, pp. 799, 1079. 

¢t Cayley: Comptes Rendus, t. 74, p. 708. 

t Junker: Math. Annalen, Bd. XLV, S. 1-84. 

§ Hocevar: Wiener Sitzungsberichte, 1904 and 1907. 

Dorner: ‘*Ueber Teiler von Formen,’’ Progr. Kénigsberg, 1908. 
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Brill: “Ueber die Zerfallung der Ternairformen in linearen Factoren,”’ 
Math. Annalen, Bd. L. 

Hadamard: “Sur les conditions de decomposition d’une forme ternaire,”’ 
Bordeaux, Proces- Verbaux, 1897. 

Most of the published articles treat the formal side of the question only. 
I have* in this paper sought to develop methods which would throw light on 
the geometrical phases of the theory, and to interpret various algebraical con- 
ditions which cause degeneracy. The analytical theory forming the first part of 
the paper is essentially a generalization of certain results of Junker in his 
memoir, previously quoted, on symmetric functions of several groups of 


variables. 
Cayley introduced the name “penultimate curve” for the locus whose 


equation contains certain infinitesimal coefficients the vanishing of which renders 
the equation factorable into an ultimate form 
....= 2. 


We shall also use the term “penultimate surface” for the locus of a degen- 


erating quaternary form. 
PART I. 


Tue Asymptotic Forms oF A GIveN Form. 


$1. A Class of Symmetric Functions. 
Let the m roots of 
(x) = + a, + + + Am 0 

be 2, %, -+++, %,- Let the totality of the sums of the roots taken in pairs, 
and of the products of the roots in pairs be respectively 

n; [t, 7 = 1, 2, ..-., §m(m— 1)]. 
The elementary symmetric functions of the &, and of the 7, can be evaluated 
in terms of the coefficients a of f(x). For 


= I, (2, ---- M), (2) 


where J and J are symmetric in the 2’s. 


* The reviewer who may wish a summary of the principal results of the paper may read those parts 
which have been printed in italics. 


Guenn: The Theory of Degenerate Algebraical Curves and Surfaces. 71 


In fact we have, using undetermined coefficients, 
= Aare... (a+ 2b+3ce+.... =h), 
Pit =X (a+ 28+ 3y+.... =k—1), 
and when the u coefficients are known, the coefficients 2 and thus 9, itself may 
be determined in the well-known manner by operating upon (1) as follows: 


This gives 
(m? — m — 2k + 2) Uapy.... at as ax 


+ (m— 2) 


whence the recurring relation for the 4’s 
(m? — 2k + 2) (a + 1) + (m—1) (8 +1) 
+ (m— 2) (y +1) (3) 
The number of these relations (number of uw’s) equals the number of sets of 
solutions in positive integers including zero of 


a+2B+3y+....=k—1, 
whereas the number of 4’s equals the (greater) number of solutions of 
a+2b+3c+....=h. 


Thus the equations (3) would be insufficient in number to determine the 2’s, 
but the deficiency is always easily made up since some of the 2’s can be found 
by inspection. Hence, starting with the known function 


$1 = (m— 1) aq, 
we can determine by (3) the other @, in succession. For example, 
= 4 (m— 1) (m— 2) aj + (m— 2)a,, 


and the recurring formula (3) gives, for k = 3, 


3M Aso + (mM — 1) = *) (m’? — m — 4), 
M Aro + (mM — 2) Aggy = (m — 2) (m? — m — 4). 


=("5°) 
2 


Also 
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The solution of these three equations determines 
Ps = Aso A Ano % Aon 


= af + (m — 2)? a, ay + (m — 4)az. 


Similarly, = a, a,a3 — aja, — a}(m< 5), ete. 

The functions , may be determined in the same manner or, within the 
limitations of the computed tables of symmetric functions,* these may be ad- 
vantageously employed. Thus y;=a,aj(m< 5), ete. 

A table of the functions ¢ and ¥ follows: 


| | 


| 


‘+(m—2) a, +(m— 2)? a, a, 

| + (m— 4) a, + 4(m—3)(m?—6m + 10) a? a, 
+ ("5 *)(m—3) a, 

+ — 10m + 20) a, a, 

+ (m — 3) (m — 4) a, a; 

+(m — 16) a; 


Wi: A 

aja,— 2a, a, + a3 — a, a; + 

Wy: Ay — Af — 3a, Ay + + a, — aja, + 2a,a, + 3a,a;— ay. 


§ 2. Nature of Functions 9, ¥. 


If the quadratic 
—ka—y 


divides f(x), then & and x are roots respectively of 


+ + + + Pim) (4) 


* Tables have been computed up to the weight 12 inclusive. See the Cayley-Hirsch tables in Salmon’s 


Modern Higher Algebra for weights 1 to 10 inclusive, and Rehorovsky : ‘‘Tafeln der sym. Functionen vom 
Gewichte 11 und 12,’’ Wiener Denkschriften, 1882. 


| 
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For illustration, if f(x) has rational coefficients and is resolvable into quadratic 
factors in the absolute field, it can be resolved by factoring $m) and a,,, trying 
the factors, as &, 7, in «*— x—~y and retaining those quadratics which are 
found to divide f(x). Any equation can be tested for this resolvability by a 
finite number of trials.* 


Generalization. 


Let the totality of sums of the roots of f(x) taken » in a sum, of the sums 
of products two at a time of the roots of each of these sums, of the sums of 
products three at a time of the roots of each of these original sums, and so on, 
be respectively represented by 


Then we have 
Ein =Ain (i, Le, Lm) = Pin (2), 


where J,, is symmetric in the a’s, and hence ¢,,(a) rational in the a’s. 
In order that 


a, =a 
y=1 
may be a divisor of f(x), &, must be a root of 
Pai ] + EC + wie + Pyc™ (5) 


and conversely. For example, when m=5, v= 4, h=1, 


Pu — 4a,, 

= 6aj + ap, 

dis = 4a} + 3a, a, 

Pu = aj + 3aja,— 2a,a; + aA, 


2 
= A, — Aj ag + A, a, — 


* Let f(z) Then divides a,a,a,—a?a,—-a2 =—1; £=+1, while 7 divides a, = 2; 
y =+1, +42. By trial we retain the pairs (¢, 7) =(—1, —1), (1, —2); f(z) = (2?+241) (2? — 242). 


q 
v 
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§3. Quadratic Factors of Forms. 


The decomposition of forms into linear factors has been studied by Junker, 
who gave a method of determining the component forms, and discovered relations 
which exist among the coefficients of the form when it is degenerate. Let us 
consider forms which are decomposable into quadratic factors. 

Let the ternary form 

Sam (x, Y; 1) = Dom + + + Ang + 
equal the product of the 4m quadratic forms 
try 
Then we have 
D> $18 - 894 ty = 


from which we get the following differential relations: 


G4... 


Without affecting the generality of we take u;= a), = 1, and write 


m 

f= 


t+ (xt w)y + (2° + 4247). 
Hence by § 2 


= 0, = 0, 
wherein the usual coefficients a, have been replaced by 
It follows that the coefficients ¢, and s, are respectively roots of the equations 


= 9; + + (= 1)™ Pim) = 0, (7) 


5 = 
= 
4 
i 
} 
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in which the usual coefficients a, (see § 2) are now replaced by a,,_,. Moreover 
the coefficients ¢, are rational in the elementary symmetric functions a of the 
groups of quantities 
Si, ty, UW, Wi, 

When these symmetric functions a are expressed in terms of the s;, ¢,, ...., 
and s, ¢ are replaced by s,, ¢;, respectively, for any value of y, ®_, and ¥_, 
vanish identically. When so expressed, we write them J(s,, .---), J(8,, ..--) 
respectively. Hence 

® (a, t)) = ----; 4) 

B (a, &) 8) 
Now in J let s;, ¢, be replaced respectively by s;-++ Av,, t; + Aw; (¢ by t + Aw). 
Then expand by Taylor’s theorem 


I(s, + avy, ...-; E+ Aw), 
and by equating coefficients we get 


But 
= (from (6)). 
Therefore we have for the determination of w,;(j = 1, 2,...-, g) 
By a similar expansion of (a, s) we get for the determination of v; 


Thus the factors 6; of fm are completely determined from (7), (8), (9), (10). 
Next let the quaternary form 


Sun (x, Y,%, 1) = y™ + [2 + As_1m—rr—s + + on—re—e) 


equal the product of the quadratic forms 


742+ 42+) 


(t= 1,2,....,g=$m). 
11 


j 
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Then we have, as in (6), 


do, 


4 


4 > U, + 2. dag = Agm—rr—s—i (s ‘); 


and also as in (7), (8) that the coefficients o, and n; are roots of the respective 


equations 
= — G01 + (— 1)! Gm =O, (12) 


= — 4 — . + (— 1) dim) = 0. (13) 


In these the usual coefficients a, [§2] are replaced by [7 = 1, 2, 
Now when the coefficients a,.,_,9 in these functions (12), (13) are expressed as 


elementary symmetric functions of the groups of variables 
Der Tes ey he, [$= 1,9,..--, g], 
we write them as 
respectively. From the expansion of 
L(n + Diy WAY, Ti, 


we get 


Hence we have for the determination of u,; 


— = 9. 
0 


Similarly from the expansion of 


J(n, + At, Pi; UrAY, Tig Why n+ At) 


| 
| 
| 
| 
ae i 
i 
H 
| 
| 
| al al ol, al 
| Lag t a9” 
| 
(14 
| 
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and the first equation of (11) there results 


Again the coefficients 7; are roots of the equation 
pom) = + (— 1) Vey) = 9, (16) 
wherein the usual a, [§2] are replaced by a,_,, [7 =1, ..--, m]. Hence, 


from the third equation of (11) we have, by expanding 
(a) =J(n,, Oi, Pi» qi ob 8; AU, ti, r+ Av), 


Jj 
Or; k m—Kk 


a formula for the determination of »;. 
Next let us write the form /,,, as a quantic in the three variables 2, y, w 
taking z=1. That is, let 


g 
Sam (x, Y; 1, w) (x, Y; 1, 2). (18) 


Then we have 


m r 


(¢=1,...-, 9). 
It follows that the u, determined by (14) satisfy the equation 
om = u™ — + — + (— 1) bm = 9, (19) 
wherein the usual a, [§ 2] are replaced by ay,,_,o = 1, ..--, m], and that we 


again get equation (13) for the determination of the n;. Also, on account of the 
relation (18), we have, as in (6) and (11), 


+ + 1) Agm—ro0 = 4s m—r1 - 1.2 | 


+ 8) + = m—r1 (s 0). 


Hence, by applying Taylor’s expansion as above we obtain for the determination 
of 8;, g; respectively 


8; - + p> Qom—-k1 0, (20) 
qi + p> m—k 1 0. (21) 
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The coefficient w, satisfies an equation analogous to (18). Hence equations (12), 
(13), (14), (15), (16), (17), (20), (21) completely determine the component factors ¢ 


of 
§5. Cubic Factors. 
If the ternary form 


m 
Som = Aon + = x” + Ar—1 m—r 
T= 


can be split into g=4m cubic factors 


GY t+ (Petty + (27+ 80+ + + 7,2? + ue +) 
i. 


its coefficients are connected with the coefficients of these cubics by the relations 


Also the coefficients p, 0, n satisfy the following equations respectively : 
Oo: = — PE + pF F—.... 4+ (— 1)% Picr = 0, 
= OF — Gy + —... (— or = 0, 
= nF — + — .... + (— dom = 0, 
wherein the coefficient a, of §2 are now replaced by a,,,_, [r= 1, 2,.... 
Hence by Taylor’s theorem and the first equation of (22) we get 
(26) 


(27) 
(28) 


Again writing /;,, a8 a homogeneous form in 2, y, z and then taking x = 1, 
we see that v, and w, satisfy the respective equations 


= 0, (29) 


On, 1 00, 1 1 m—rr “m—r—ir) 

ivr Op, 1 + On 1 m—rr m—r r—13 ( ) 
| k m—kk 
8; IDs, oy + >. OD», Am—k—-1k = 0, 
1 n; k An—kk 

| 
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wherein the a, of §2 are replaced by aym_, [r=1,2,..--, m]. Hence by 
Taylor’s theorem and the third equation of (22) we get for the determination 
of the remaining coefficients %; 


+ > 3 m—k = 0. (30) 


The cubic factors of frm, are completely determined by formulas (23)... -(30). 


§6. Asymptotic Forms of a Given Form. 
Using a well-known notation let us write 
m 
(x, Z) = Um + Um—-1 a + Um—2 + + Uo 2” = 


Let the expressions 


be any set of real factors of u,, which are algebraically prime to each other. 
Let wn_1/U%m be resolved into partial fractions, and suppose that the numerators 
corresponding respectively to the above denominators are 


Then 


where 

the (t,— 2)-ic & being arbitrary. The forms ¢;,, will be called asymptotic forms 
of Sym. The (m— 2)-ic u,_2 will be called the satellite form of f,,. Both uns 
and the satellite forms ¢ are affected as to form by the choice of R,,_. 
= v). 

Now if the v,,, are the real factors of u,, of lowest degree prime to each 
other, assuming for the present that there are no repeated quadratic factors and 
no linear factor of multiplicity exceeding two, we have t;=1 or 2. We first 
show that tf by small variations of its coefficients a form fn, decomposes into a form 
of degree (m —k) and a factor of degree k (= 1, 2), then this factor is identical with 
one Of asymptotic forms . 

Take &,,,.=0, and place z=1 in (31). Then we have 


% => Um + Um-1 + Jm—2 — ham (x, Y; 1). 


This form h;,, is thus degenerate and formulas (7), (8), (9), (10), §3,* apply for 
the determination of its factors Z;,,. And since these formulas involve only the 


* To these add Junker’s formulas for the determination of linear factors, Mathem. Annalen, Bd. 45, 8. 39. 


k | 
‘ 
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coefficients of u,,, u%,-,;, which are common to h,,, and /;,,, it follows that the 
asymptotic forms of /;,, are formally identical with its component forms o, when 
it is degenerate, which proves the statement. * 

Let us investigate the analogous properties of quaternary forms. Let [§ 4] 


m 
Jum (2, Y; w) = 2 w'. 
{= 


Assume that the ternary form u,, may be decomposed into linear factors 


Um + 8&2). 
k=1 


Then it is not difficult to show that the necessary and sufficient condition that it 
be possible to resolve u,,_;/%, into the partial fractions 


m 


Um + 5,2 


is the vanishing of each determinant of the matrix 


1 1 1 1 
Xoo *Xm—10 » Xo -Xm-21 
2 2 2 2 


Xo 
A A 
Xm—10 Xo 


m 
Xm-21 


m m 
Xm—10 


* An interesting theorem on partial fractions results from the fact that the ¢; 7, may be determined both 
by the partial fraction method and the differential formulas of the preceding sections: 


u m—1 


(x — TT (2* +E. ry 


j=0 
When this is reduced to partial fractions, the numerator of that fraction which has z?+ & ry + 77? for a 
denominator may be obtained by differentiation. Itis 


(m) 
x 
where = and is the Aronhold operator 


Oa 
re) 
An—10 + Am—21 + + a m—1 ° 


An—-11 


i 
M™ 32 
| m m n m 
mw 
Let 
m—1 
m 
(m) 
y=v 
| 
| 
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where y’%, is the elementary symmetric function of the m—1 groups of variables 
P,. (rx, 8) [4 = 1, 2,.---,A—1,A+1, ...., m], each term of which involves 
and If in this matrix the two groups P, 8), Ps 6) are 
interchanged, the only effect will be to interchange the xth and Ath rows of 
the matrix. Consequently: Every determinant of the matrix M\") is an alternating 
function of the variables r,s. More generally, the condition that u,_;/u, be 


resolvable as follows: 


is the vanishing of a determinate matrix M{?. This is a matrix of 4m(m— 1) 
columns and 4(3m—k+2) rows, the elements being functions of the coefficients 
of w,,-, and of the factors of w,, 
When w,, can be thus resolved into & linear and /= 4(m — k) quadratic 

factors, and U{"” = 0, then /,,, can be thrown into the form 

Fim = S11, Our, = 9, (33) 
where 

the v;,, being the factors of w,,, while v;,,_; is the numerator of the partial fraction 
having v,,, for a denominator. As before, # is arbitrary. We now have, placing 


R,,-2 0, 1, 
= Uy +> Um—-1 + ham (a, Y; Z, 1). 


Hence [§ 4, (12) to (21)], to summarize these results: The necessary and sufficient 
m 

conditions that a quaternary form = Up_;w' may possess a set of asymptotic forms 
i=0 

of degree vy (= 1, 2) are that u,, may be factorable into linear and quadratic factors, 

and that Mj? =0. As the form is altered by small variations of its coefficients, 

the necessary condition that it degenerate into k linear and I quadratic factors is 

My =0. And in its degenerate form the component factors coincide with the 

asymptotic forms ¢. 


$7. Summary of Geometrical Results. 


The effect of the differential formulas of §3, when applied to any form /, 
is to put in evidence the asymptotic forms of that form. That is, by these 


* Thus if m =3, =1,8, + 7,8, (see Junker, loc. cit., p. 4). Also yA, =1[A=1,2,...., 
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formulas we reduce the given form to the type (81) or (33). Ifthe form proves 
to be degenerate, “»-, vanishes identically, so that our formulas determine the 
component factors. The necessary and sufficient conditions that the form / 
represent a penultimate curve (surface), penultimate to a set of lines and conics 
(planes and conicoids), are that the coefficients of the terms of the satellite be 
all infinitesimal. Jf by small variations of its coefficients the locus f =0 degenerates 
into a set of lines and conics (planes and conicoids), these lines and conics (planes 
and conicoids) are the curves (surfaces) which the asymptotic curves (surfaces) of /, 
Ge, = 0 [i =1,2,...., v], approach as limiting curves (surfaces) during that 
variation. The functional member of the equation of any penultimate curve 
(surface) can be expressed as the sum of a product of a set of asymptotic forms 
and a satellite function having infinitesimal coefficients. 


PART II. 
On PENULTIMATE CURVES AND SURFACES. 
§1. Conditions for Degeneracy. 


It has been proved that the coefficients of a degenerate ternary form /;,, 


are connected by exactly 
= 4 (m’ — 


independent relations, 7,, r2, .... being the respective orders of the component 
factors. If 7,=1,s=4m(m—1). Hence, since the number of coefficients in the 
satellite ttm. 1s precisely 4m(m—1), these equated to zero are the necessary and 
sufficient conditions that f;,, degenerate into m straight lines. We proceed to deter- 
mine the satellite u,,» for this case r,=1, of the forms fy, fas - 

Let 


1) = a+ +e¢,+ d, 
d=d), 
Cy = Cy + 
= by xi + + 25, 
= (x — Xp) — Xp) — 73%) [ay = 1]. 
By the method of §5 we get the linear satellite of /,,, 
D wy, = (73 — 71) (Tz — — D) x, + (73 —7;) (72 —1s) 73— D] Xe 
— br, + oD] = 0 = H, x, + H, x, + H; (say), (34) 


i 
4 
i 
| 
q 
1h! 
Ih 
| 
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89 


where D is the discriminant of the form a2, and the summation S includes the 
terms obtained from the given term by the permutations of the cyclic group 
S = $1, (71727), (7173 72) 
11, %2) 73, and so we can express them in terms of the coefficients a, [7 = 1, 2, 3]. 
When this is done, the satellite Du, takes the form given on the following page. 
The three independent conditions that fxg degenerate into three straight lines are 


accordingly 


and 


A, 


4 Ay Ay Az 
322 
— az 


| — 
8a, bj 


— 
+ 3a, 63 


ab 


A, = 0, = 0, 

— H, 

as 
— 8a, a3 

+ aj as bj 
— 3a,a, 83 

+ 

— 4a, a, 

90;83 
+ 9 a5 by 


+ 6 a, a3 by by 
— 2a3b,b, 
+ a, a3 by b, 
+ 3 a2 a3 by b, 
— by}, 
+ a, a, b, 
— 9a; 5, b, 
— a arty 

— 18 A, A, a3 Cy 
+ 4a3c, 

+ 4a} asc 
+ 27 


fa. (ar, tw, 1) (a=1), 


— A; Ay dz by 
+ 2 aj as by bp 
— 6 dy dz by be 
+ 4a} b, 
— 8a,a,6, 
— aja, b, b, 
+ ec, 

+ 18 a, a, a3¢, 
— 

— 4a3a;c, 

— 27 


H,= 0. 


aj by 
Ay bg bj 
+ aj by 
— 2a, by b3 
— a, az 
+ a3 
— 2a, bp 
+ 3a; 6, 
— Gy Ay by by 6, 
— a,b} 
— a, 6, 
+ az bj be 
+ 
+ aj az dy 


+ 18 a,a,a,d; 
— 4aid, 
| — 


— 27 


By the same methods we derive the satellite conic of f,. Let 


a= (%— 17 (2, — Tz (x, — 13 Lp) 


The coefficients H,; are symmetric in the roots 


| || 
| 
| 
| 
| 
= 
| 
| 
| 
| 
13 
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Then we get 
D tz = [S, 55, (71 — 13) (71 — 14) — (72 — 74) (73 — 74)? + D) x 
+ (73—11) 72-74) + 14) +¢,D] x, x, 
+ (71 — (71 — 74) (72 — 78) (72 — 14) (73 — 74)? 3 
+ [S, 57, 57, (71 — 74) (74 — 72) — 73) + 2, 
+ (% — 71) (7 — 72) (7% — 75) DY 
+ br, + & D] = 0 
= Lat a+ 0. J 
Each summation S, includes the six terms obtained from the given leading term 
by operating the three powers of the permutation (7, 7, 73), and these same three 
powers preceded by the transposition (7, 7,). Each summation 8, includes all 
terms obtained from the given leading term by the permutations of the cyclic 
group S, = {1, (71727374), (7178) (7274), (717% 73 The coefficients J are 
Expressing them in terms of the coefficients of at we 


symmetric in the 7’s. 


have the satellite* conic. The six independent conditions that fy, degenerate into 


four straight lines are I, = 0 [7 = 1, 2, 8, 4, 5, 6]. 
It is now evident that the degree (in the coefficients of f,,,) of the satellite 
Dttm—2 of the form /3,, is just one greater than the degree of the discriminant of 


Hence the degree} of each of the 4m(m—1) conditions that the general ternary 


m-ic fam = 0 degenerate into m straight lines is exactly 2m—1. 
We derive next the conditions that f4.=0 degenerate into a straight line 


and a conic. 
Bet = ray) [+ (rt + (P+ + 
where 7 is real. For the satellite line we get, after multiplying by 


(377 + 2a,r + a,)*f, 
Ji x, + Jz x, + J3 = 0, 


= (bor? + + by) + (2a, 7 + (a,b) —b,)] 
— (¢)— Ry) (87° + 2a,r + a,)’, 


J, = (bor? + + 7° + (a, b,—2b,) r+ (a, b; — a, b, — a3 by) | 
—(ce, +7 Ry) (37° +2a,7r + a,)’, 


Jy = (37° + 2ayr + ay) + 5,7 + Ry— (37° + 2a,7 + ay) dp]. 


* The satellite of the ternary quartic 1, has also been computed. The six coefficients J; are each about 
equal in size to the eighth-degree invariant (J,) of the quintic. These will be published later. 


+ An important application is the result that a pencil of curves f,,,+Ad¢.,, contains at most 2m—1 


degenerate members consisting of m straight lines. This maximum can be reached. Cf. Hadamard, loc. cit. 


t This cannot vanish, since a, has no multiple roots, by hypothesis. 


il 
Hi 
| 
| 
ii 
| 
| 
| 
j 
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Elimination of Ry from Jj [i =1, 2, 8] gives the two conditions for the 
degeneracy of fz; into a straight line and a conic. There are four cases, corre- 
sponding to the four ways in which J;=0 can be satisfied. 

CasE1]. +),r+6,=0, d=0, Ry =0. The conditions are 
Cy) =¢, = 0, and the vanishing of the resultant of 0?, a3. This is 


ay by — 4, As by — bz ag bo 0 
0 a, b5—b, 
2, dy=0, Ry=c. Here b,=0, c.=0, so that the desired con- 


ditions are J, =0, ce? — b,c, =0. 


3. d,=0, =0, The two conditions are the vanishing 
of the resultants of a? and the two equations (in r) Jj =0, J; = 0, viz.: 
1 ay Ay ag 0 
0 1 ay As a3 
ay by by 2 a, by be As by by 0 0 
— 6 —2a;b, 
+hb, —2b,6 —B 
— a, bj + + 3a, a3 C% 
+ 
— acy 
0 a, by b, 2 a; by bp Ay by be 0 
dy = — = 0, 
+ bp —2bb, —b; 
— Ay + + 3a, a3 
— 
0 0 a; by by 2 a; by be Ay by be 
— —2a;b 
—Bb; 
— a, + + 
+300 
— 


by 
b, 
b, 
12* 
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1 ay (ls as 0 
0 1 ay As 


A, bo be 2 Ay by by b, by 0 
—a3;b, —2a3bb, 
—6,6 —28 — apc, 
— + + 3a, 
+ 3a,c¢,; + 
— a3 bj 
a, by by 2 ay by be 
— ag 
— b, 
— ajc, 


+ 


2 dz by by ay by be 
— 2a;b,b6, —a,65 
— 265 — 
+ + 34,43 ¢, 
—a,a,¢, + 
— ag bj 


CasE 4. d,+0. By asimple real translation of the y-axis this case is 


reduced back to one of the first three cases. 
We consider next the algebraical conditions for degenerate surfaces. Let 


where 


m a 4 
j= 


m—1 
br (59 m—i-1 b, mt-1% m—i—1 ast y 


Suppose that /,,, is degenerate, the component forms being x linear and 
A= 4(m—x) quadratic forms. Then the n, conditions for the decomposition of 
the form a” into x linear and 4 quadratic ternary forms must be fulfilled, each 


{ 

! : 

it 

| 0 

= 0. 

Cy 

— A, + az by b, 

ii 2 

0 0 ay bo 

— 6b, 

9 

+ 
it 

4 
. 

i=0 

| i| 
Tt 
q | 
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determinant of the matrix %”" vanishes, and each separate coefficient of the 
satellite in 

vanishes. The number n, of independent determinants of the matrix M™ is 
(m?— 2m +x); and the number of coefficients of the quaternary form 
is n3 = $m(m—1)(m+1). Hence, the number of independent conditions 
in toto obtainable from these three classes of conditions is 


Ny + = 4(m?—2m +x) + 
= m(m— 1)(m+7)—(m—x). 


But this is the well-known total number of conditions in order that /,,, degenerate 
into x linear and 2 quadratic factors. Hence: 

The totality of independent conditions that the general m-ic surface f,,=0 
degenerate into x planes and A conicoids consists in the conditions that az’ decompose 
into x linear and A quadratic ternary factors, the vanishing of any complete set of 
independent determinants of the matrix MS”, and the vanishing of each coefficient 
of the satellite Up— of the form fy - 

The explicit forms of these conditions will now be derived for the two cases 
40; and w= 3, Let 


Az = + + 5, Lg) + 12 + Hp). 
Then we have 
= 12, Uy = + Ay = 71 + Ay 8, 
Ms = ba, (72 So) + by (8 5) + bo 
= bi, — bo, by (7; + 72) + — 1)’. 


Hence, the three conditions necessary for the degeneracy of the general conicoid fi.—= 0 
into two planes are, say, x,—0 (t= 1, 2, 3), where 
Hy = 4. Ay + — — Agy — Ago , 
Hq = Age py + — Ayy by, + Cog — 4 Coo 
Next let 
= + 8; Xs) (ay + We + Xs) (x, + 73 + 85 3). 
Then 
Ag = = Aggy = Ay = 
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Let D,, D, represent the discriminants of 7° + a3 77 + dog7 + agg and 
8° + + a5 + respectively. Also = by 7? + bn, = bys? 
— bys + by. Then we get for the satellite u, of fi 


1 
4 = D. [86,7 C2, (73—1) Coy D,] 
1 
+ D. [S6? (73—711) 13—CyD, Xe 


] 9 9 1 9 9 
+ D. [S'yi, Y 83 — v3 — D. + dy D,.| = 0, 


where the summation S includes the three terms obtained from the given leading 
term by the substitutions of the cyclic group S = {1, (123), (1382)}. Comparing 
this with equation (34), we may at once state the following conclusions: Let the 
three conditions that a3 break into three linear ternary factors be L,, L., Ls, 
the four conditions obtained by equating the above coefficients of the satellite yu, 
to zero be L;(i= 4, 5, 6,7), and the three independent determinants of the matrix 
M3 be L,, L,, Ly. Then LZ, is given at once from H; (i = 1, 2, 3) by operating 
upon the latter the substitution neg Oe % dy i The first two and the last 
Ay 
coefficient of mw, are obtainable from H, (i = 1, 2,3) by the substitution 
« De % “ay and the coefficient of x; is given by operating upon H, the 
Cy Ago 


substitution Thus Z,(t = 1,...-, 7) are known explicitly. 
Po2—K Cor—1 
It remains to determine L,, Z,, Ly. The matrix belonging to this case is 


bog ba boo by 
8 + 8 8283 83 13 82 
8 + 8 883 1183 + 13 5 


Ug = 


Hence, we may select for our three matrix conditions 

| X20 = 9, | Yio Hin | be Kio Xn = 9, 
as [,;(t= 8, 9,10) respectively. Each determinant is an alternating function of 
the groups P,, P,, P; and hence can be expressed in terms* of square roots of 
rational functions of the coefficients a. The explicit forms of these three con- 
ditions are as follows: * 


* These computations are carried out with the aid of tables of symmetric functions of two groups of 
variables; namely, Junker: ‘‘Die symmetrischen Functionen der gemeinschaftlichen Variabelnpaare ternirer 
Formen: Tafeln der symmetrischen Functionen vom Gewicht 1 bis 6,’’ Wiener Denkschriften, 1897. 


bos bie 

=0 
1 +73 


Guenn: The Theory of Degenerate Algebraical Curves and Surfaces. 95 


L, = boy + 18 cys — 4 — 4 Ag; — 27 + (12 — 3 
— 4 + 4 Agy Ayo — 4 + (— 14 ag, + 14 a3; Ayp—14 Aog 
52 Ais Aq) — 14 ais + 11 4 + 14 — 28 Aig 
— 18 ays — 44 — 4 + 12 Ayo Azz + 42 Ayg Ay Ags + 22 Mog 
+ 42 ys + 52 Ayg Gog yy — 33 Ad, — 36 + Do — 2 Agg Coo 
3 — 2 Ais 1 + 2 — 2 yg yg Ogg — 2 Ayg Ain + 8 
— Aly — 2 yg Ay — 2 Agy Ay Azz — 2 Aqy + 2 — 2 yy 
2 — 4 > 7373.8, = 0. 
The determinant Z, is given by operating upon Z, the substitution 
Dy Bog bo, 
= (12443 49, —3 4 Ags + 4.043 — 4. + by (—64 aq, 
+ 4 ais — 68 + 132 ays — 44 — 4 dys + 12 
— 408 Agg 22 + 102 Ayo — 33 Ady + 82 Ayy — 36 
+ 157 dy (— 14 dog + 14 — 14 Aig dq, + 52 — 14 ah ai, 
H 4 11 ais + 14 — 28 apy — 18 — 44 Aes 
— 4 dg, ig 12 + 42 + 22 Ay + 42 Ay Ay, — 33 a}, 
+ 52 — 36 Ay + (— 64 ab, dos + 64 a3, — 64 a2, a7, Ay 
+ 252 ab Ao, — 49 Aj, — 26 Ayg Ap, Ayo + 11 + 4 AB, doy — 68 
+ 132 Ay) — 44 dog — 4 Ag, + 12 Ayo — 408 og + 22 Ay) 
102 — 33 Aj, + 8 2 — 36 + 15~* (— 14. jg + 14 ais 
— 14 Ang + 52 Aig — 14 + 4 yg + 11 + 140% ay 
— 28 ais — 18 — 44 — 4 Ain + 12 Ay + 42 Age 
22 Ang Ag + 42 Ay3 Ayo — 33 + 5 2 Ayg Ay, — 36 ++ 3! (— 36 85 82 
— 36% 6§ — 86 & 83 + (— 4 + 4 Age — 4 — 10 Ag, 
+ Age)” — 36 (Aq + — 3 Aqy Ay, Agg))* = O. 


§ 2. Degenerate and Penultimate Loci. 


The coefficients of the satellite function u»_, in 
+ = 9 
are rational functions of the coefficients of /, and linear functions of the 
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> —1) arbitrary coefficients of ¢,,,. The set of equations obtained by 
equating up. identically to zero can sometimes be satisfied in only a finite 
number of ways, in which event the curve (surface) f=0 has only a finite number 
of degenerate forms. 
For example, the cubic 
+ 
reduced to the form (31) is 


R] =0. 

Hence, there are two degenerate forms of the curve corresponding to the two cases 

(0) B(=2(1—apy)— 22 Be 


(b) R=0, 1)’. 
They are respectively * 


When the general cubic curve /;,,=0 is treated in this manner, we find six 
degenerate forms, three consisting of triads of lines, and three of a line and 


a conic. 
It is to be observed that each degenerate (ultimate) form of a curve or 


suface has corresponding to it a large number of penultimate forms. That is, 
a locus can pass over into any degenerate form in a number of different ways; 
and it is possible to enumerate all the penultimate curves which correspond to 
any determined degenerate form of a curve. Thus the penultimate quartic curve 


G4 + = 0 =0) 
crosses its asymptotes ¢, at those points in which the latter are cut by the 
satellite conic u,=0, and in no other points. Let this conic be chosen such that 
it encloses all six vertices of the quadrilateral formed by the asymptotes. Then 


G1 = — 


* Cf. Taylor, loc. cit. 


| 
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Hence, for points of the curve approximating to the segment ab, (2, 3, % are 
negative, u, positive; so that the curve is on the side of a6 opposite from the 
origin. In this manner the curve may be traced completely. Its shape in the 
vicinity of the vertex c¢ should be noted particularly. 


Fia. 1. 


Now let the satellite conic vary in position, its perimeter approaching c 
and crossing it, while the relative positions of the conic, the origin and the other 


2. 


five vertices remain unaltered. When u,.=0 crosses c, the latter will be a double 
point of the penultimate curve ; and when c becomes exterior to the curve n.=0, 


the shape of the quartic near c is as shown in Fig. 2. Thus, by variation of the 


\ 
AAS 
= 
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position of the satellite conic three distinct cases are produced at each vertex, 
making 3° ways of drawing curves penultimate to four straight lines. Not all of 
these types are distinct as types. Also Pliicker’s laws must be satisfied. It is 
found, for example, that the number of distinct types of penultimate quartics 
with four rectilinear asymptotes, and having no point singularities at infinity, 
is 343. 

Consider also quartics having two asymptotic ellipses intersecting in four 
real points 

Cie See — = 0 (e = 0). 

If the conic “,=0 encloses all of these points, the quartic is the four-ovaled type 
(Fig. 3). Ifthe satellite encloses none of the points, the penultimate curve is the 
type having one nested oval. One of these types may be made to pass into the 
other by continuous variation, by small variations of the coefficients of the 
satellite u, = 0. 


Fig. 3. 


Analogously, along a line of intersection of a pair of asymptotic planes of 
any penultimate surface there are three possible cases of the relative positions 
of surface and planes. Consider the penultimate cubic surfaces having three 
asymptotic planes L, M, NW intersecting in the point C and lines CA, ‘CB, CD. 
Let the satellite plane intersect CA, CB, CD respectively in the points A, B, D 
Let the origin O be on the side of the satellite plane ABD opposite from C and 
inside the trihedral angle ABD—C. Then along the line CA from infinity up 
to A the cubic surface is in the dihedral angle which contains the origin, and its 
vertical. But from A to C the surface lies in the other pair of vertical dihedral 
angles. Similarly the surface may be traced along the other asymptotic planes. 
It hangs together at the points A, B, D and at no other points. By shifting the 


} 
if 
i 
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satellite plane into all typical positions with reference to the origin and the 
asymptotic planes, we get all the possible types of cubic surface penultimate to 
three planes. 


§3. Penultimate Class Loci. 


The case where, in /;,,, a3 has equal roots, excluded in most of the previous 
discussion, is best treated from the standpoint of the line equation. This subject 
we may introduce by the following quotation from Cayley:* ‘The system of 
tangents from an arbitrary point to the penultimate curve reduces (when the 
curve approaches degeneracy) to 1) the tangents to the several component curves; 
2) the lines through the singular points of these same curves respectively; 
3) the lines through the points of intersection of each two of the component 
curves; these points, each reckoned the proper number of times, are called 
‘fixed summits’; 4) the lines from the arbitrary point to certain determinate 
points called ‘free summits’ on the several component curves .... Thus a 
degenerate form of the n-ic curve .... may be regarded as consisting of the 
component curves, each its proper number of times, and the foregoing points 
called summits, and is consequently only inadequately represented by the ulti- 
mate form of the equation (¢),, +--+ = 0).” 

The line equation of f;,, = 0, say $3, = 0, can, by the methods of Part I, 
be thrown into the form 

Pan = Nu ey Vn—2 = 0. 
Keeping the restriction t;= 1 or 2, we have p,=1 or 2. Then the x, =0 
(p;=2) are the line equations of the asymptotic conics of the penultimate /,,, = 0. 
But the linear forms 7 can represent only points on the linear constituents of 
the penultimate /;,,=0. These points are in fact the before - mentioned 
“summits” of the curve. Thus the cubic 
Seg = + 23 + pay + V = (x, + — + + PR) 
+ (p— + (v— = + = 0 

degenerates when R = p =v into line and ellipse ¢1,¢..=0. The class equation 
of Sn = 0 is 


= Na = — Up + — th us) 
(4vui+ 4vuyu+ = 0, 


* Cayley, loc. cit. 
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and is the class equation of whereas yj, =0, 73, =0 are the points 
of intersection of ¢,,—=0 and ¢,.=0, the fixed summits, each counting double. 
Conditions similar to the above hold when 7; > 2. 

It is well-known that the class equation of a curve f=0 can be reduced 


to the form* 
Pife-+++ Pn =0, 


where the p, are the foci of the curve and a, w’ are the circular points at infinity. 
When the non-linear factors of the degenerate ¢;,, are each put in this form, 


we have 


Hence, when by small variations of tts coefficients the class locus $3, = 0 degenerates, 
it degenerates into those curves which its asymptotes approach as limiting curves, 
together with those points which its foci approach as limiting points, during the 
variation, the foci of the non-linear constituents being excepted. 

Whenever a penultimate curve /;,,—=0 possesses a proper class equation 
$3n = 0, the latter’s linear constituents represent only fixed summits (and double 
points). The function ¢;, vanishes identically only in case the penultimate /;,, 
has a multiple asymptote. Therefore free summits can exist only upon penultimate 
curves having multiple asymptotes. Since in this case the class equation is 
evanescent and the degree equation gives no evidence of the positions of the 
summits, the analytical determination of the free summits depends upon special 
methods. Cayley and Zeuthen have published tentative methods of finding the 
number of these summits. By using symbolical methods, the details of which are 
too long for the scope of this paper, I have developed a method of finding the 
multiplicities of the fixed summits. If n,(i=1, 2,....) represents the number 
of fixed summits of species 1, 2,.... and m;, the multiplicity of n,, also if q¢ 
is the number of free summits and the classes of the non-linear (and non- 
singular, say) constituents of $3, are respectively 7,, 72,-.--, we have of course 


a relation g=n—Smn,— 


Zeuthen has in certain special problems determined the equation of a curve 
which intersects the multiple asymptotes in the free summits, thus determining 
geometrically the positions of the latter. It should be noted that, in general, 
the intersections of the satellite Um—.—=90 with the multiple asymptotes of the penultt- 
mate curve f;,, = 0 are all free summits of the latter curve. 


* C, A. Scott, Modern Analytic Geometry, § 270. 
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The Reduction of Families of Bilinear Forms. 


By H. E. Hawkgs. 


Introduction 


The problem of determining the necessary and sufficient conditions that two 
families of non-singular bilinear forms are equivalent was first solved by 
Weierstrass in 1868. Since that time the subject has received considerable 
attention from various investigators, notably Frobenius, Kronecker, Weyr and 
Bromwich, but until recently a connected and clear account of this theory has 
been lacking. The work of Bromwich, and in greater measure Bocher’s Intro- 
duction to Higher Algebra, have served to supply the deficiency, so that the 
theory cannot now be called inaccessible. 

The present paper gives a direct and practically self-contained derivation of 
the necessary and sufficient condition that two non-singular families of bilinear 
forms are equivalent by a method that is not only simpler of application than the 
classical methods, but well adapted for purposes of exposition. The simplicity 
of the demonstration rests in referring the general question of equivalence of 
families back to that of the similarity of numerical matrices. The question of 
similarity is settled by the derivation of a normal form in which a complete 
system of invariants of a class of matrices is displayed. 


§ 1. 
Two families of bilinear forms in 2n variables, 
NA +A B= X(Nay + (1) 
By 


are equivalent when and only when linear transformations, 
— / 
[Au| £0, 


t 
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exist that will transform (1) into(2). In these families, the parameters 2’ and 2”, 
and the coefficients, are assumed to be real or complex numbers. This trans- 
formation may be expressed as follows in the notation of matrices: 


h(a’/a + A"b)k = Aa! + 20’, (3) 
where h, a, etc. symbolize the matrices whose determinants are |hy|, |a,|, ete. 
The necessary and sufficient conditions for the validity of (3) are that 

hak =a’; hbk (4) 

The sufficiency of these conditions follows immediately from the application 

of the distributive law in operations with matrices; their necessity, from the 
fact that (3) is valid for all values of 4’ and 4”. 

We proceed to find a method of determining the conditions under which 

h and k exist; that is, simple means of determining whether (1) and (2) are 

equivalent. Let us first consider the exceptional case when |a| =|b| =0; 

while |A’a + a”b|=|c|#0. For a certain pair of values of 4! and 2” for which 

the determinant |¢| does not vanish, let A’a’+ 2"b'=c’. Then if ¢ and ¢' are 


equivalent, 
hck=c’; and hak=a’. 
Consequently 
and 


= h(ac™’)h’; (5) 


thus if ¢ and ¢’ are equivalent, the matrix a’c’ is similar* to the matrix ac’. 
The converse is also true. For from (5), letting k=c'h'¢, we obtain 


immediately a’= hak: c —hck 


This criterion also holds in the unexceptional case where at least one of the 
determinants |a| and |b|, say |b|, does not vanish. In this case the condition 
(5) is replaced by the condition 

a/b’ = h(ab™")h?. (6) 

The case where |4/a + 4”b|=0, which Kronecker has completely dis- 
cussed, will not be considered in this paper. 

The problem of determining the equivalence of families of bilinear forms 
(1) and (2) is, then, reduced to the problem of determining the similarity of the 
matrices a/c’! and ac-’. It should be observed that the determinant of these 
matrices may be zero. 


or 


*Frobenius defines the matrices g and pf to be similar (ahnlich) when a matrix ] exists such that 
a=Ibl-. See Crelle, 84, p. 21. 


= 
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§ 2. 

We may, if we choose, think of all the matrices that are similar to each 
other as forming a class of matrices. If we can determine a complete system 
of invariants for a class of matrices, we shall be in a position to settle the ques- 
tion of the equivalence of bilinear forms that was stated in the last section. As 
a matter of fact, we shall prove that the following constitute such a system for 
a class of matrices under the transformations of similarity: 

I. The rank of any matrix, a, of the class. 
II. The characteristic equation of a. 

III. The degrees of the elementary divisors of the matrix 4 — a. 

The proof of the first two parts of this statement is very simple and familiar, 
but will be given for the sake of completeness. 

Invariant I. Given a matrix a of order n and rank & Let b= hah”. 
Then since the rank of the product of determinants cannot exceed the lowest 
rank of the factors, the rank of b cannot be greater than that of a. Similarly, 
since a= h’bh, and the rank of a cannot exceed that of b. Hence the rank is 
invariant. 

Invariant II. By the characteristic equation of a matrix 


Ay; Up Ag Ain | 

| 

|| Age Agn | 
a= 

| Ani Ane Ang: 


is meant the equation of the nth degree in 4 that one obtains by developing the 
determinant in the equation 


= 3 Gq, | == 0. 
Any Ang A— Ann 


Suppose this equation has the form 

(A) =A" + + aA"? = 0. 
The theorem is well-known that the matrix a satisfies this equation identically, 
that is, ¢(a)=0. From this it follows that the characteristic equation is an 
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invariant of the class of similar matrices. For it is only necessary to show that 
the equation ¢(A) = 0 is satisfied identically when hah™ is substituted for 2. 


This fact appears immediately, for 


o(hah~™) = ....+ a, 
=ha"h™ + = 0.* 


Invariant III, We now proceed to define the elementary divisors of the 
A-matrix 7 —a. As we have seen, the determinant of this matrix is a rational 
integral equation in A, and is consequently factorable into n linear factors, 
(A — Ay)"(A — — A,)*, where 
Suppose that (4 — ”,)" is the highest power of A — A, that is contained in all the 
first minors of the determinant |A—a|, that li’ is the highest exponent of this same 
factor that is found in all the second minors, and that, continuing in the same 
way, (7 is the highest exponent of A—A, that is found in all the rth minors of the 
determinant. Similarly, we may obtain sets of exponents bearing the same 
relation to the other factors of the original determinant, such as 

Now the first differences of these exponents, 

are called the cxponents of the elementary divisors of the matrix. The expres- 
sions (A—A,)", (A—A,)%, .---, (A—A,)” are called the elementary divisors of the 
matrix A— a, corresponding to the factor 7 —A,. We can obtain the complete 
set of elementary divisors of the matrix by considering the other factors of the 
characteristic equation. 

We shall, however, be interested chiefly in the exponents ¢,, &, €, ...-. It 
appears that if the roots of the characteristic equation and these e’s, together 
with their distribution over the various factors, are known, we then know all the 
elementary divisors of the matrix. If, then, we prove that the elementary 
divisors are invariants of a class of A-matrices, the only actual addition to our 
two invariants [ and II are these e’s and their distribution on the various factors 
of the characteristic equation. 

The proof that the elementary divisors of a matrix are invariants of the 
matrix follows from the theorem that the rth minors of the product of two 


* Of course this same demonstration would show that any equation satisfied by a is an invariant of the 


class of matrices. 
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determinants are linear in each of the rth minors of the factors. Hence the 
elementary divisors of the matrix ~—a, and of any matrix equivalent to it, 
as $(A—a)t=A-—D, are the same. 

Now if a and DB are similar, A— a and A—D are equivalent, and conversely. 

For suppose that a and b are similar. Then the matrices 2 — a and — 
are equivalent. For if then evidently since 
hah?=a. Conversely, if A—a and 4—b are equivalent, then a and b are 
similar. For, suppose that s(A—‘a)t=A4—Db. Since the distributive law holds 
in the operations with matrices, we have sAt— sat = 2 —D, or since this equa- 
tion is identically true, sat= A, that is, st—1, ort=s". Hence b=s 

Consequently in determining whether the matrices mentioned at the end 
of §1 are similar or not, it is only necessary to discuss the equivalence of the 
corresponding A-matrices. 


§ 3. 

This completes the demonstration that I, II and III are invariants of a class 
of matrices. It is a more serious matter to show that they form a complete 
system of invariants. Todo this, we shall show how to reduce the matrix a into 
a similar normal form which is completely characterized by the system of 
invariants I, II and III. 

Let the roots of |A—a|=0 be A, Ag, As,----, An, Of which suppose that 
the first 7 are distinct. Let the solutions of the r sets of n linear equations in 


n variables 


be & EM £™....2™, Build, now, a matrix of the nth order of which the first 
r columns are these &’s, and of which the other elements are all zero excepting those 
in the principal diagonal, which is made up of 1’s in the places not filled with &’s. 
Call this matrix t. Build alsot, and carry out the multiplication tat. The 
result of this process by which we pass from a to a similar matrix changes the 
form of the matrix materially. In fact, in the new form we have all the ele- 
ments of the first r columns zero except the elements of the principal diagonal, 
which are 4, As, Az,----, A,- In the transformed matrix consider the (n — r)- 
rowed determinant that is common to the last m—7r rows and columns. Proceed 
with this exactly as was done with the original matrix, only in the matrix that 
corresponds to t let the elements in the first r columns all be zero except those 
in the principal diagonal that fall in those columns, which we place equal to 1. 
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Continue this process till there are no non-zero elements below the principal 
diagonal, and the principal diagonal consists of the roots of the characteristic 


equation. 
Numerical Example. Let us reduce to normal form the matrix 


of which the characteristic equation is 
at— 523+ 9a? — 70 4+2=0. 


By taking the derivative of this equation it appears that 1 is a triple root, and 
that 2 is the other root. 

We will first simplify the matrix by bringing 2 to the leading place, and 1 
to the next place in the principal diagonal, making all the other elements of the 
first two columns zero. To this end we get as solutions of the equations 


— 2+ w= 2z, 
6x — 3y + 40 = 2y, 
16x 38y— 42+ 8w= 2z, 
+ 4y — 1382 + 10w = 2w 


the values x=1, y= 2, 2=3,w=1. We must also solve the equations that 
we obtain from these by replacing the right-hand members, viz., 2a, 2y, 2z, 2w, 
by a, y,z,w. The solution of these equations is x=0, y=—1, z=—1, 
w=—1. Now compute the product where 


and we obtain 


2—2.1 
8 
| 28 4—18 10 | 
i @] 1 0 0 0 
;}2—1 0 OF 
0 1) = 
| 2 0 1 1 
l-o-1 
a=| 
|0 O—6 8 
19 7 
| 
j 
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Now solving the equations 


— 3y=—2, 
—12%+ Ty=y, 
we find thatz=1, y= 2. Now compute ty'at,, where 
1 0 (0) 0 
1 
& 
and we obtain 
2 0 1 1 


0 o 1] 


From the results that we shall obtain in the next paragraphs it appears that we 
may replace the last two elements in the first row, and the last element in the 
second row, by 0 without further transformation. The —2 and the 3 may be 
replaced by 1, and we have the result 


© 


Now if a non-zero element, say a, occurs in the intersection of the ith row, 
and the A#th column, and if the roots a; and a, are distinct, this element 
may be replaced by zero without otherwise disturbing the matrix. For 
build the matrices h and h™ each of which have all the elements in their 
principal diagonal equal to 1, and which have all the other elements equal to 
zero except that in the 7th row and the &th column, where the values A and —h 

Dix 
— An 
change the elements of any row above or below the zth, and only the element a,, 
in that row, which it replaces by 0. 

Consequently, since we can always find a transformation that will replace 
such elements a,,, (A; 4,) by zero without disturbing the rest of the matrix, 
there is no necessity of going through the transformation at all, but the elements 
may be replaced by zero as soon as the previous transformations are completed. 


respectively occur, where h = The transformation h~'ah does not 


| 
2 0 0 | 
1 0 || | 
0 0 | 1 

0 O 1 
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We may now, by an interchange of rows and columns, which in the present 
form of matrix is equivalent to passing to a similar matrix, bring into juxta- 
position along the principal diagonal all the roots that are equal to each other. 
We have then a matrix of the form 


(7) 


where a; represents a submatrix all of whose roots are equal, and in which all 
the elements below the principal diagonal are zero. 


§ 4. 
We may then for the further reduction of the matrix confine ourselves to 


the consideration of a matrix all of whose roots are equal, and which is in the 


form 


where 4 is taken to represent any one of the distinct roots 2), 22, ...-, Ax. We 
now seek a method of further reducing matrices of this type. To effect this 
reduction we may use transformations of three types. 

First, we may effect an interchange of the subscripts 7 and 7; that is, we may 
carry out the substitution (7) on the subscripts by transforming a, by the matrix 
hin which hj; =hy = 1=h,,, (4 £i,7), and all the other elements are zero. 
Since the transformation is known always to exist, of course the indices may be 
interchanged without actually going through the transformation. 

Second, if a, + 0, and at the same time a,_,, 0, we may transform a, by 
h, where h,,,= 1 and all the other elements are zero excepting h,_,, which has 
the value a,/a;_,;._ This transformation has the effect of replacing a, by zero, 
but not affecting the remainder of the matrix excepting certain elements in the 
first 1 rows. 

Third, if and at the same time a,;_,,—0, but we may 
transform the matrix a, by a transformation of the first type so that a,,; falls in 


| 
a=|| 0 O |, 
A Ag Qn | 
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the place that was occupied by a, 4, and is, as a consequence, directly over a 
zero element. Now transform the matrix by a transformation h such that 
hy, = 1 and all the other elements are zero excepting h;.::;, which has the 
value —a,,,,;/a;. The effect of this transformation is to replace a;;,, by zero, 
and to leave all the other elements in the matrix unchanged with the exception 
of certain elements that occur in the first 1 — 1 rows. 

By the use of these transformations we are able to start with the last row, 
and gradually replace all the elements by zero, excepting certain elements that 
we can always put in the place of the elements a,,,,, and which constitute what 
we will call the over-principal diagonal. By a simple transformation these 
elements may all be replaced by unity, so that our matrix a, assumes a form in 
which every element is zero excepting the elements of the principal diagonal, 
which are all equal to 4, and the elements of the over-principal diagonal, which 
are all either 1 or 0. This isthe normal form for which we were seeking. It 
appears that any matrix can be brought to this form by properly chosen trans- 
formations, and consequently that every matrix is similar to some matrix which 
is in normal form. It is observed that the matrices that we have considered 
need not necessarily have the rank n, but the characteristic equation may have 
zero roots without affecting the method in the least. 

The transformation employed in obtaining the form (7) assumed that 
the characteristic equation had been solved. If this equation is irreducible 
in the domain of rational numbers, this process is an irrational one. Since the 
objection to the irrational process is partly a practical one, it is worth while to 
observe how serious these irrational operations are, practically. In the first 
place, if there are no multiple roots in the characteristic equation, the fact is 
determined rationally, and in such a case no reduction is ever necessary, as each 
of the subdeterminants a, in (7) reduces to a single element, and the equiva- 
lence hinges on the identity of the characteristic equations themselves, which 
is surely determined by a rational process. For the case n = 3 there can be no 
irrational multiple root. In the case n = 4, the only possibility of having an 
irrational multiple root is when the characteristic equation is a perfect square; 
that is, when there are two pairs of conjugate quadratic surd or complex roots. 
No irrationalities of the third order will be encountered in the reduction of any 
matrix of lower order than the ninth, and then only when the characteristic 
equation is a perfect cube; and a matrix of order twenty-five would be the first 
that would involve non-algebraic irrationalities. 

15 
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The submatrices in the previous numerical example that correspond to equal 
roots of the characteristic equation are so simple that it is worth while to give 
another numerical example of a rather more complicated character. In con- 
sidering the following matrix of order six, with six equal roots, it is to be noted 
that the value of 4 is assumed to be 1. 

1 5 —7 | 
1 2 —5 

0 1 —1 
0 1 —1 
0 1 0 
0 4 


| 


Transforming by h where all the elements of h are zero except those in the 
principal diagonal, and the element h,,, all of which have the value 1, we obtain 


1 

0 O 

0 

0 0 0 1/ 

This is a transformation of the third type. 
Interchanging, now, the elements that should be moved when the subscripts 

5 and 6 are interchanged, we have 

1 


0 


Transforming this matrix by h where all the elements of h are zero except- 
ing those in the principal diagonal, and the element hy, all of which have the 
value 1, we obtain 


—7 —2| 
0—5 —3 | 
0 0 | 
0 1 
0 0 0 


This and the following transformation are of the second type. 


| 
_|0 O 1 0-1 
0 0 0 1-1 Of: 

0 0 0 0 1 

lm 0 0 0 0 a| 
| 
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Transforming this matrix by h, where all the elements of h are zero ex- 
cepting those in the principal diagonal, which have the value 1, and A, which 
has the value 5, we obtain 


1 1 —2) 
| 0 tt @ 
lo 0 0 0 1 | 


Interchanging the elements corresponding to an interchange of the sub- 
scripts 4 and 6, followed by the interchange of 5 and 6, we obtain 
1 1 1 —2 3 —7 
@& 
0 0 
0 
0 


1 
0 1—!1 | 
| 0 0 0 0 1] 


Transforming this matrix by h, where the principal diagonal consists of 1’s 
and h,, = 4, we get 


2 
lo 1 0-8 0 
0 1 0 0 0 
%=/9 0 0 1 0 0 
10 0 0 1—1 
/o 0 0 0 0 1 


This is a transformation of the third type. 

From the nature of the transformations employed it is clear that we may 
get rid of elements without disturbing the rest of the matrix, so that the normal 
form of the matrix is finally 


1 1 0 Of 
1 0 0 of 
0 0 1 0 
10 0 0 0 1 1) 
0 0 0 0 1] 


It is easy to see that the necessary and sufficient condition that two matrices 


| 
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are similar is that they are reducible to the same normal form. Furthermore, it 
appears that if we know the rank ofa matrix and the roots of its characteristic 
equation, that is if we have the first two of the invariants mentioned in §2, we 
can fix exactly every feature of the normal form of that matrix excepting the 
arrangement of the 1’s along the over-principal diagonal. If, then, we can show 
that the way these group themselves is determined by the values of the 
exponents of the elementary divisors, we shall be able to pronounce the set of 
three invariants a complete system for the class of matrices. 
Let the matrix a, have the following form: 


where zeros fill the places left blank, and where the e’s represent the number of 
consecutive 1’s in the various groups of 1’s in the over-principal diagonal. 
Suppose that the order of subscripts is so chosen that e, >e >....>e,. Then 
we can show that these ¢’s are precisely the exponents of the elementary 
divisors that-constitute one of the three invariants mentioned. 

Since the matrix A — a, only differs from the matrix a, in having the ele- 
ments 4 replaced by the elements A—A, all along the principal diagonal, we may 
observe the relation between the elementary divisors and the way the 1’s are 
arranged as well from the matrix a, that we have just written as from the 
matrix A—a,. We wish to observe the highest common factor of the subdeter- 
minants of the various orders of a,. Consider the highest power of A— A, that 
occurs in all the non-vanishing first minors of A— a. Evidently the first minors 
with respect to the elements above the principal diagonal vanish, since all the 
elements below the principal diagonal of such a minor, and at least one element 
in the principal diagonal, are zero. The minor with respect to an element in the 


Al 
Al 
20 
Al 
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principal diagonal has the value (A — 4,)"~', where m is the order of a,. If in 
forming a first minor with respect to an element below the principal diagonal, 
one of the zeros that separate the sets of consecutive 1’s is inside the right angle 
formed by the row and column that are deleted to form the first minor in ques- 
tion, then that zero is introduced into the principal diagonal of the first minor, 
which, therefore, vanishes. Consequently, the only elements of a, whose minors 
do not vanish are those whose rows and columns contain only consecutive 1’s 
from the over-principal diagonal of a, inside the right angle formed by those 
rows andcolumns. Consequently the minimum degree of any non-vanishing first 
minor in A—A, is m—e,. Similarly the minimum degree of 4 —A, in the 2nd, 
3rd, ....minors is m—(e,+e,), Evidently the first difference 
of these numbers are ¢, @, ¢;,..--; that is, the e’s are the exponents of the 
elementary divisors with respect to the root 4,. In a precisely similar manner 
we could find corresponding numbers for the other roots of the characteristic 
equation of the original matrix a. The e’s of our normal form are, therefore, 
the exponents of the elementary divisors of the matrix. 
We have, as the result of the paper up to the present, the 
THEOREM. The necessary and sufficient condition that the two non-singular 
families of bilinear forms 
NA + 2B, (1) 
2B! (2) 


are equivalent, is that the matrices corresponding to the forms 


A'B' 


have, as their complete system of invariants under the similarity transformation, 
(I) their order, (II) the roots of their characteristic equations, (III) the expo- 
nents of their elementary divisors. 

These three invariants may be included in one invariant; namely, the 
elementary divisors of the matrices of these forms. 


§ 5. 
We proceed to show that the necessary and sufficient condition that the two 
non-singular families + and 4’A'+A"B’ are equivalent is that their 


own elementary divisors are identical. The necessity of this condition is shown 
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in the same way as the invariance of the elementary divisors of a matrix was 
shown at the end of § 2, and will not be repeated here.* 

It also appears immediately that if the matrices ab-' and a/b’ have 
identical elementary divisors, then (1) and (2) also have identical elementary 
divisors. For then ab™ and a/b’ are similar, hence (1) and (2) are equivalent, 
and have the same elementary divisors. It only remains to show that if (1) 
and (2) have equal elementary divisors, then ab™ and a’b’ also have equal 
elementary divisors. 

Let ab-'=n, and consider the family 4m + ”,. We assume that n is in 
normal form. This family is equivalent to (1) by the criterion derived in § 1. 

Now if the matrix of this family 2,n + A, is written out, it is observed that 
the principal] diagonal consists of elements of the form 2,2,+,, where the A, are 
roots of the characteristic equation of the matrix ab™, and the over-principal 
diagonal consists of unit elements or zeros, in the same order as they occur in 
the over-principal diagonal of the matrix n. That is to say, we have here a 
form of the matrix of the family of (1) that displays its elementary divisors in 
just the same way as the elementary divisors of ab“ are displayed inn. It is, 
in fact, a normal form for (1), and it appears that the exponents of the elementary 
divisors for n are the same as those for (1). Consequently, when we find the 
normal form for ab~!, we are simultaneously finding the normal form (1), and if 
(1) is known to have certain elementary divisors, we can write down without 
further discussion the elementary divisors of ab, for their exponents are 
identical. Consequently, if (1) and (2) have the same elementary divisors, ab~* 
and a‘b’’ also have the same elementary divisors, and (1) and (2) are therefore 
equivalent. This is Weierstrass’s great theorem. 

Practically to determine whether two families of bilinear forms of the types 
(1) and (2) are equivalent, we must build the matrices ab™ and a’b/"', and reduce 
both of these matrices to their normal form. If they have identical (I) rank, (II) 
characteristic equations, (III) exponents of their elementary divisors, then (1) 
and (2) are equivalent. It is to be observed that if invariants (1) or (II) of 
the two matrices differ, the fact is always noticed before any reduction is made, 
and the fact of inequivalence is shown without the labor of reduction. 


YaLE UNIVERSITY, December 11, 1908. 


*For a detailed proof of this fact see Bécher, Introduction to Higher Algebra. 
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Basic Systems of Rational Norm-Curves. 


By J. R. Conner. 


INTRODUCTORY. 


§1. Basie Systems Defined. 


The base, or (n+ 2)-point in a space of n dimensions, derives its importance 
from the fact that it is the figure of the greatest number of independent points 
that is projectively equivalent to any other such set. The assumption of two 
ordered bases in two separate or superposed spaces gives a collineation between 
these spaces. 

We shall use the symbol S,, in referring to a flat space of n dimensions, and 
shall designate the rational norm-curve in m dimensions by the symbol R™. An 
R" has n?+2n—83 constants. It is n—1 conditions on a curve in n dimensions 
to pass through a given point, and hence #”’s on n+ 2 points have 


n® + 2n— 3—(n—1)(n+ 2) =n—1 


degrees of freedom. We shall call a system of 0" R”’s on n+2 points in 
n dimensions a basic system of rational norm-curves, and individual curves of such 
a system, basic &”’s. There is a unique &” on n+ 3 points, in general, and 
hence through the general point of the S, under consideration passes one and 
only one basic R”. 


§ 2. Contact of Basic R"’s with Spreads in S8,,. 


The following theorem is one of which use will be made throughout this 
paper. It is inserted here as a matter of convenience. 
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* Basic R"’s in S,, having p-point contact with an (n—1)-way spread 


(ax)" = 0, 
of order m, touch at poinis of an (n—p)-way spread of order 


m(m+1)(m +2)....(m+p—1), 


which is the complete intersection with a of (n—1)-way spreads of orders 


m+1, m-+ 2, m+p—l1. 

Proof: Take as base the n+1 points of the reference figure and the unit 
point. An F&” on these points and a point x is in general uniquely determined 
and may be given parametrically by 


¢=-— gives the points of reference, t= gives the unit point, and ¢=0 
gives the point ~. 


(1) may also be written 


OX; [1 —s, .. (— )"8 n, t”], (2) 


where s,, is the sum of products 7 at a time of all the x’s but x 


The R” (2) 
meets (ax)™=0 in the mn points given by 


[(ax) — (ax8,)t + (axs,)t?—.... (3) 
where 


(ax) + 


* Compare Fiimbert: «Sur un Complexe Remarquable de Coniques,”’ Journal de I’ Ecole Polytechnique 
Cah. 64 (1894), p. 125. 


4, 
Humbert’s argument that basic R’s touch an v-ic surface at points of a curve of 
order 2n? and osculate in 67? points is obviously incorrect. His equations (6) should be 


z,¢) = 0, 


which is the form given further on. 


n+1 
x; II (1 — x; t) 
j=1 
Cz, 
i—at 
or 
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Expanding (3) and arranging in ascending powers of t, we have 


—[(8) + 2 (2) 4) (a9) + m (x85) ] 
+ (a (a 81)" + (a (a2 82) + (2) (a x)" (a x8)” 
+2 (2) (ax)" (ax 8;)(a%83) + .... = 0. 
[f x is a point of (ax)"=0, ¢ is a factor of (4), and the remaining roots of (4) 
are the parameters of points of intersection of (2) with a. If we desire the 
basic R" on x tv touch the spread a at x, ¢? must be a factor of (4) and we 
must have 


r (4) 


(ax)" = 0, 
(a x)" (ax8,) = 0. 
If we desire p-point contact, ¢? must be a factor of (4); the coefficients of 
1, ¢, ¢?,...., (4) must vanish. But these represent (n —1)-way spreads 
of orders 
m+1, m+2, ....,. 
respectively. Hence the theorem. 
The coefficients of (4) may be modified by the identities 
(a x = (ax) — (a x’), 
(a x 82) = (a x) 6, — (a x’) 0, + (a x’), 
(a x 8) = (a x) — (a x”) + (ax*)o, — (a x‘), 


(5) 


where the o’s are symmetric functions of all the x’s, and 


(a x?) =a, x{ + 
Using the identities (5), we have from (4): 
The conditions for p-point contact of a basic R™ with (ax)"=0 at the point x are 


(a a)" = 0, 
(ax)"™ (aa*) = 0, 
(m —1)(aa)™~* (a + (aa*) = 0, 
(m — 1) (m —2) (a (a x)? + 6 (m— 1) (a a”) (a 
+ 6 (ax)"1(a:*) =0, 


(6) 


The forms (6) may be obtained more directly by substitution of the codrdinates 
of x as given by (1) in (ax)”, differentiating p—1 times as to ¢ and putting ¢=0 
16 
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in the resulting expressions.* The spreads (6) behave very much like the suc- 
cessive polar spreads of a, and the modifications of the theorem for the case 
where a has multiple spreads are obvious. A specially interesting case arises 
when basic #”’s cannot have p-point contact with a without lying entirely on it; 
we shall see several applications of the theorem in this connection. 

We have from (6): 

Basic R"’s have p-point contact with an S,_,, (ax) = 0, where 


(az) = (a2") = = .... =e") = 0. 


II. 
Basic Norm-Curves IN Two DIMENSIONS. 


§3. Applications of the Theorem of Part I. 


The base in a plane is a set of four points. The basic system of norm-curves 
is here the pencil of conics on the four points. These conics define an involution 
on every line of the plane. The double points of this involution are the points 
of contact of the two basic conics that touch the line. The points of contact 
of basic conics with a given line, (ax) = 0, are cut out by 

(aa) = 0. 

Basic conics touch an m-ic curve 
a =(ax)" =0 (1) 

in the m(m-+ 1) points cut out by 
(a x)" (a x?) = 0. (2) 
If (1) is on a base-point, (2) touches (1) there. If (1) is on a point of the diagonal 
triangle of the base, (2) passes through that point, but does not in general touch 
(1) there. More generally, if (1) has an 7-fold point at a base-point, (2) has an 
i-fold point there, with the same tangents. If (1) has an 2-fold point at a point 
of the diagonal triangle of the base, (2) has also an i-fold point there, but not 

with the same tangents in general. 
(2) vanishes if the conditions for a node of a are satisfied ; that is, if 


(¢=1, 2, 3). 


Hence (2) passes through all the nodes of a, and two is to be deducted from the 
number of actual contacts for each of the nodes. 


*Humbert, loc. cit. 


(7) 
| 
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If a have a cusp at x, we must have 


dq _ 9a _ da _ 0, 
Ox, On, Ox; 
and 


is a perfect square. This last expression, if a perfect square, is the square of 


Oa Oa _ 


the square roots being those definite roots determined by the conditions 


(3) equated to zero is the cusp tangent to a at x. Now the tangent to (2) at = is, 


dropping the terms in a 


Oa,’ 


(5), on account of the conditions (4), may be written 


Hence (2) passes through all cusps of (1) and touches the cusp-tangents at the 
cusps. We have, then, 

If an m-ic curve, not related to the base, have } nodes and x cusps, the number 
of basic conics having proper contact with it is 


N=m(m + 1)—26 — 3x, 


We can now find the order of the curve of contact of basic conics with a 
pencil of m-ics. An m-ic of the pencil can meet the curve only at its points of 
contact with basic conics, since there is only one m-ic of the pencil on a general 
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point of the plane, and at the base-points of the pencil of m-ics. We have, 
then, as the number of intersections of an m-ic with the curve, 
+ m(m+1)=m(2m + 1). 
This gives the theorem: 
* The curve of contact of a pencil of conics and a pencil of m-ics is a curve of 
order 2m-+ 1. 
If we have a pencil of m-ics 
(ax)™ + =0, 
the contacts of basic conics with the curves of this pencil are cut out by the 
corresponding curves of the pencil 
(a x)" (a + A(B x)" (8 x*) = 0. 
Eliminating ~ between these two equations, we have 
(aa*) (G x’) 
as the equation of the curve of contact. If (ax)” have a node at a point y, 
(a x)""1 (ax) passes through y, and y is a simple point of (6). Similarly, if 
(ax) have a p-fold point at y, y is a (p—1)-fold point of (6). (6) obviously 
passes through the base-points of the pencil of m-ics. It is also on the four 
points of the vase, and the three points of their diagonal triangle. 


§4. <A Rational Sextic Associated with the Base. 


Certain curves that arise in connection with systems of basic conics in a 
plane are of importance in the discussion of higher dimensional cases. We 
mention some of these here, though the discussion of the special cases of these 
curves that we shall meet later will be easier in the light of facts that have not 
yet been brought out. 

A sextic curve, >, is determined by the basic conics and a general conic, C, 
in the following manner: Through a point of intersection of a basic conic with C 
draw the tangent to C. The locus of the point where this tangent meets the basic 
conic again ts a rational sextic curve. 

For it obviously has nodes at each base-point, the double point being 
determined by the two basic conics on the two points of tangency of tangents 
from the base-point to C. Further, a basic conic, apart from intersections at 


* This is a special case of a more general theorem. See Pascal: ‘‘Rep. der Hoheren Math.,”’ II, p. 432. 


‘ 
{ 
ag 


ConnER: Basic Systems of Rational Norm-Curves. 121 


the base-points, can meet the curve only in the four points determined by its 
intersections with C, since there is one and only one basic conic through a point 
of the curve, and this must be its defining conic. We see, then, that a basic 
conic has 4+ 2.4 = 12 intersections with and hence it is of order 6, being 
met by a conic in twelve points. > is in one-one correspondence with C and 
hence must be rational. It must touch C at the six points of contact of basic 
conics with C. For these basic conics obviously touch = there. 

Four of the ten nodes of > are at the base-points. Since there is only one 
basic conic on a given point of the plane other than a base-point, the only way 
in which additional nodes can arise is for the pole as to C of a common chord 
of C and a basic conic @ to be on g. If this happens for a given common chord 
of C and ¢ it will happen for the opposite common chord. Hence: 

Six nodes of & lie by twos on three basic conics. The other four nodes are at 
the base-points. 

A rational sextic in a plane has seventeen constants. >, being determined 
by a conic and a base, has 5 + 8 = 13 constants. Three conditions on = are 
accounted for by the theorem as to the nodes. The additional condition seems 
to be the existence of a perspective conic, C.* 


§5. A Point-Sextic and a Line-Quartic Determined by Two Bases. 


The base in a plane determines a quadratic Cremona involution x, y such 
that « and y are apolar to all basic conics. The polar lines of x with regard to 
basic conics are on y. x and y are the points of contact of basic conics with the 
line xy. The base-points are fixed points of this transformation and the three 
points of the diagonal triangle are singular points. A line is carried by the 
transformation into a conic on the singular points. <A conic goes into a rational 
quartic with nodes at the singular points. 

There are four pairs of corresponding points on every conic of the plane, 


* Stahl: ‘Zur Erzeugung der ebenen rat. Curven,’’ Math. Ann., XXXVIII. Two rational curves, one 
given in lines and the other in points, are in perspective position when they are in one-one correspondence and 
corresponding lines and points are incident. This requires, in general, that the two curves shall touch, or 
that the point-curve shall have a cusp, at every common corresponding point. For, let us say that the line- 
curve A meets the point-curve Z at a common corresponding point a. Consider Z as generated by a point of 
a line of A, suitably fixed. This point approaches a as the point of tangency of the tangent to A approaches a, 
But a variable point on a tangent to acurve, at an ordinary point and in the neighborhood of the point of 
tangency, cannot cross the curve. Hence our statement. It is an easy inference from Stahl’s theory that a 
point-curve and a line-curve in perspective position must, in general, have m + n—2 common corresponding 
points, m and m being the order and class respectively of the two curves. 
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namely, the eight points in which the conic meets its correspondent quartic. 
Assuming the basic conics as given, a pencil of conics ® determines a curve of 
points x whose correspondent, y, as to the basic conics, lies on the same conic ® 
with x. 2 is subject to the condition that the points 2, y, determined by the 
basic conics, shall be apolar to the points a’, y’, the points of contact of conics ® 
with the line xy. The locus of 2, S say, is evidently on the base-points of ®, 
since the involution 2’, y’ is parabolic at these base-points. If x is a base-point 
of @, the point y determined by x will, then, satisfy the condition of apolarity 
to a/y'. Aconic® meets S in 8+4=12 points. Hence: 

The locus of a point, x, whose correspondent, y, in the Cremona involution 
determined by the basic conics, lies on a conic with x and four fixed points of the 
plane, ts a sextic curve S. 

This sextic is invariant under the quadratic involution, corresponding 
points on it being interchanged. It follows that it must have nodes at the 
diagonal points of the base. 

These facts may by reached analytically. Let us assume as base the points 
(1, +1, +1) with the reference points as diagonal points. The Cremona 
involution determined by basic conics is now simply 


(7) 


Suppose the pencil of conics, ®, to be 
= (ax) 0. (8) 
The points x whose corresponding points lie on the same conic ® with x must 
satisfy in addition, according to (7), 
(a/a)’ + = 0, (9) 


Eliminating 4 between (8) and (9), we have 
—| (az)? (Ba) |_ 
as the equation of our sextic. (a/x)? and (@/z)’ are rational quartics with nodes 
at the diagonal points of the base. The form of (10) gives us with regard to the 
sextic S: 
1) § is invariant under the involution (7). 
2) S has nodes at the diagonal points of the base. 
3) S is on the base-points of both pencils of conics. 


where 


atid 
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The locus of points of contact of basic conics with the lines of a pencil is a 
curve of order 2.1+ 1=3, as is otherwise known. This cubic is on the four 
base-points and the three diagonal points. It is evidently invariant under (7), 
points of contact on each line being interchanged. Every point of the plane 
determines a cubic of this sort; there are «* of them and they form a linear 
system. A cubic determined in this way by a point a meets S in 18—3.2—4=8 
points, apart from the seven. This says that through any point a of the plane 
there are four lines joining pairs of corresponding points on the sextic &. 
Hence: 

Lines joining corresponding points of the sextic S touch a curve of class four. 

The equation of this quartic may be written down at once by means of the 
Clebsch translation-principle. Given two pencils of binary quadratics 


(a2) +2 (Bx)? =0, 
(yx)? + (da? =0, 
the apolarity-condition of the Jacobians of the two pencils is 


la8| ly Clay] [68] + |ad| [8 y|] =9, 
lay|* — |ad|? [By |? =0, (11) 
|yd| = — |ad| |By|. 


The equation of our quartic is, from (11), 
lay |adé|? (12) 
this being the equation of the quartic determined by the two pencils of conics 
(ax) + 4 (Ba)? = 0, 
(yx) + (da) = 0. 
If (yx)? + u(da)? is the pencil of conics on the base (1, +1, +1), we have 


or 


since 


= Oy = = 
and (12) becomes, 
(a Bas — Bee) + 2% Gog — Bur) Es (£3 — 
+ [a1 — Bor) — (0455 — ] (13) 
+ 2% [25 — Bor) — Bos (33 — + 2 (O42 Biz Os) = 0. 
The terms not given may be obtained by cyclic permutation of the subscripts. 
The equation (13) shows that the quartic touches the six lines (1, +1, 0), 
(1, 0, +1), (0, 1, +1), the six lines joining the base-points two and two. By 
symmetry we infer that it also touches the six lines joining the base-point of ®. 
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It will be observed that two sextics are determined by the basic conics and 
the pencil ®, one, S, whose equation we have found above, and another, S’, the 
locus of pairs of corresponding points 2’, y’ which lie on basic conics. The 
equation of S’ may be obtained as we found that of §. It is, in determinant form, 


4, 4 
S'=| «3, =0, (14) 
Y2s 
where 


y= |aaB| (u2)(B2), (15) 


(15) being the Cremona involution determined by the conics ©. The quartic 
(13) is symmetrically related to both pencils of conics and to both sextics. Its 
lines meet the two sextics in harmonic pairs. 


ITI. 


Basic Norm-Curves IN THREE DIMENSIONS. 


§ 6. Introductory. 


The base in three dimensions is a set of five points. There is a system of 
oo? norm-curves (/*’s) on the five points, since an &* has twelve codrdinates, 
and it is ten conditions on a curve in space to pass through five given points. 
In addition we have a linear system of o* quadric surfaces on the five base- 
points, which we shall call basic quadrics. In our discussion of the subject we 
shall make use of the following known theorems: 


a) Basic quadrics meet any plane a in conics apolar to a definite conic C, in a.* 
b) Basic R*’s meet a in sets of three points apolar to C,.+ 


These sets of three points are very important in the consideration of the 
apparatus determined by basic R*’s ona plane. We shall use the symbol :§? in 
referring to such a set of points. In general, we shall use the symbol ¢” in 
referring to a set of r points of a basic R” on any flat under consideration. 

c) Basic R*’s tangent to a touch at points of C,.t 


* Compare Loria, &. Istituto Lombardo, April, 1884. 
+ Reye: ‘‘Geometrie der Lage,’ Part II, pp. 228, ff. 
t Reye: loc. cit. 
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d) Stix basic R*’s osculate a, the points of osculation being on C,.* 

e) Basic R*’s tangent to a meet a again in points of a rational sextic curve 
with nodes at the ten points of the Desargues configuration (configuration B) deter- 
mined on a by the five base-points.* 

f) Basic elliptic quartics (E*’s) meet a in sets of four points orthic to C,.+ 

By a set of four points orthic to C, we mean four points such that any conic 
on them taken in points is apolar to C, taken in lines. Dualistically we have 
sets of four lines orthic to C,. 

C, may be defined as the conic with regard to which the configuration B 
determined on a by the base is self-polar. We name the points of the base 
1, 2, 3, 4, 5, the ten lines joining two of these five points 12, etc., and the ten 
planes joining three of them 123, etc., and name the points and lines of the 
configuration B on a after the lines and planes of the base by which they are 
determined. 


§7. The Point-Sets 


Consider the whole set of basic R*’s as projected from a base-point, say 5. 
This gives us a pencil of quadric cones with vertex at 5 and on the four lines 
15, 25, 35, 45. On each of these cones there is a single infinity of basic R*’s, 
one #* through every point of the cone. A basic #® through a point a of one of 
these cones must lie entirely on the cone, since it has seven points in common 
with it, four at 1, 2,3, 4, two at 5, and one at a. 

This pencil of quadric cones meets a in a pencil of conics on 15, 25, 35, 45, 
all of which are apolar to C, by theorem a). 15, 25, 35, 45 are an orthic 4-point 
as to C,. A defining characteristic of such a set of points is that the pole of the 
join of any two is on the opposite line of the complete 4-point. A conic of this 
pencil, being apolar to C,, must contain a single infinity of 3-points apolar to C,. 
Since one point not a base-point and not on a base-line is sufficient to determine 
uniquely a basic #*, and since one point of a conic of the pencil is sufficient to 
determine uniquely a 3-point apolar to C,, we have the theorem: 

3-points tf on a are 3-points inscribed in conics of the pencil 15, 25, 35, 45, 
and apolar to C,, and conversely. 


* Sturm, Crelle’s Journal, Vol. LXXIX, p. 99. There are many points of contact between this paper of 
Sturm and the paper of Humbert cited earlier, on the one hand, and the present section of this paper on the 
other, but the point of view is somewhat different. 

+ This in an easy consequence of theorem a). 


17 


| 
= 
|| 


126 ConnER: Basic Systems of Rational Norm-Curves. 


In the configuration B there are five orthic 4-points, namely: 


15 25 85 45 (5) 
14 24 384 54 (4) 
18 23 48 68 (3) 
12 3832 42 62 (2) 


These may be called the sets 5, 4, 3, 2, 1 respectively. Two sets 71 andy have 
one point and only one in common—the point 77. ¢-conics and j-conics can, then, 
meet in only three variable points, and these sets of points are always :{’s. 
We have the theorem: 

The three points of a set 1? are on a conic with any orthic 4-point of B. 

A set of points .$ may be constructed when one of the three points is given 
by drawing the conic on 15, 25, 35, 45, and the given point. The other two 
points are the intersections with this conic of the polar line of the given point 
as to C,. This gives us at once theorem c) above, and the following: 

Basic R*’s osculatea at the six points of contact with C, of conics on 
15, 25, 35, 45. 

Conics of ull orthic pencils of B touch C, at the same six points.* 

The sextic of theorem e) is the locus of the point in which the tangent to C,, at a 
point of a conic of a given orthic pencil of B, meets this latter conic again. 


§8. The Sextic of Theorem e). 


Let us examine this sextic a little more closely. We saw in Part II that 
a sextic generated in this way has nodes at the base-points of the generating 
pencil, and touches C, at the six points of contact of conics of that pencil. Since 
the pole of each line of an orthic 4-point is on the opposite line, and a line taken 
with its opposite line is a degenerate conic of the pencil, the six remaining nodes 
of the sextic are at the poles of the lines of our orthic 4-point, and we have 
theorem e)., 

Considering 15, 25, 35, 45 as a base in a, the equation of this sextic may be 
obtained by demanding that the polar line of a point x as to C, touch the basic 


* This may be regarded as a geometrical determination of the five quartic involutions associated with a 
given sextic as Jacobian. Cf. Meyer, ‘‘Apolaritat,”’ pp. 305, ff. B is unique when the sextic is given. 


‘ 
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conic on w Choosing as reference points 15, 25, 35, with 45 as unit point 


a basic conic may be written : 


My Mz + Mz = 0, 
with the condition 
m, + m, + m; = 0. 
C,, must be of the form 
+ a, + + 24 + + = 0, 
the apolarity-condition of (1) and (3) being merely 
A (m, + Mo + Ms), 


which vanishes by (2). The point-equation of (3) is 


(cx)? = (a,a,;— A)ai + ..-. =0. 
The basic conic on z is, parametrically, 
(a 1, 2, 3). 


The polar line of x as to (cx)’=C is 


a0 _ 


Substituting (5) in (6), we have the quadratic in ¢, 


123 oC 
Oa, — x, t) (1 — 23 t) = 0, 
which, arranged in powers of ¢, is 
Ly Ue Sa, (SE + t+2C=0, 
since 
= 2702. 
1 
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(1) 
(2) 


(3) 


(4) 


(5) 


(6) 


(7) 


The condition that (6) touch (5) is the discriminant of (7). The equation 


of the rational sextic is, then, 
C dC , 


This is of the form 
8 x, 2, 2%,LC— = 0, 


(8) 


where /; is a cubic, and Z is the polar line of the unit point (45) as to C,, 


4 
| 
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a configuration line. (8) obviously touches C, at its intersections with /j. 
Hence f; is a cubic on the six points of osculation of basic R*’s with a. 
The four points 15, 25, 35, 45, and the conic C, are sufficient to determine 
the configuration Bona. The points of B are the four base-points and the 
poles as to C, of the six lines joining them. The lines of B are these six lines 
and the polar lines of the base-points. The codrdinates of the points of B are: 
25 (0, 1, 0), 24 (a, a2, a), 31 oe (a,— A), 0, as;— A], { (9) 
35 (0, 0, 1), 34 (A, A, Qs), 12 [a,—A, is (a,— A), 0], 
4h (1, 1, 1). 

We give in this table the names of the points in two-figure symbols. 

(8) shows that the cubic f, meets the lines x, 2, x3 Z at nodes of the sextic. 
This gives the theorem: 

The six points of contact of basic conics with C, or the six points of osculation 
of basic R*’s with a, and the six points 15, 25, 35, 12, 28, 31 are on a cubic curve. 


Js 18, 1n full, 


123 
$ fg =X ag (a, — A) aj + [6 A7— 2A (a, + + = 0. (10) 
(10) is, in terms of the cubic, 


(cx) (ca*) = 0, 
which, as we have found, cuts out the contacts of basic conics with C,, 
4 fg = + 22 + — (cx) (cx’). (11) 

The above theorem is immediately evident from (10) and (11) by actual sub- 
stitution of the codrdinates of the six points as given in the table (9). These 
81x points are the vertices of the 4-line of B, 235, 135, 125,123. This is the polar 
reciprocal as to C, of the orthic 4-point 4, and is an orthic 4-line as to C,. 

There can be but one sextic with nodes at the ten points of a configuration 
B; two would have forty points of intersection. Although our method of 
generation is unsymmetrical, the sextic is symmetrical with regard to the con- 
figuration and may equally well be generated by any one of the other four orthic 
pencils of B. Again, the whole figure is self-dual, and any theorem referring to 
the configuration carries with it its reciprocal theorem; polar reciprocation in C, 
is a sufficient proof for this statement. We have then: 

The six vertices of any orthic 4-line of B and the six points of contact with C, 
of conics of the range touching these lines, lie on a curve of order 3. 


i 

| 
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We have in this way five cubics. Any two of these cubics intersect only in 
the six points on C, and in the three points of a configuration line. Also: 

The six lines of any orthic 4-point of B and the six lines of contact with C,, of 
conics on the 4 points, touch a curve of class 3.* 

A metrically special, but projectively general, rational sextic with nodes at 
the ten points of a configuration B may easily be constructed by choosing 15, 25, 
as the circular points in the plane; 35, 45, are then inverse points in the director 
circle of C,, and the pencil of conics on 15, 25, 35, 45 is then a pencil of circles 
on two points. f 


§9. Applications of the Theorem of Part I. 
From Part I we have, the four reference points and the unit point being 


taken as base: 
Basic R*’s touch the surface 


at points of the curve of order m(m + 1) cut out of (ax)” by the surface 
(a (a 2*) = 0, (12) 
and osculate (ax) in the m(m+1)(m+-2) points of intersection of the three surfaces 
(a x)" = 0, 
(a =0, (13) 


(m— 1) (a + 2(a (a = 0. 

(12) is on all nodes of (ax)". Hence: 

The locus of points of contact of basic R®’s with an m-ic surface passes twice 
through all nodes of the m-ic. In particular, if the m-ic have a double curve, this 
curve factors twice out of the curve of contact. A cuspidal curve of the m-ic factors 
three times out of the curve of contact. 

The following is easily verified: 

If (ax)™ passes through a base-point, (12) touches (ax)” there, and the curve of 
contact has a node at the base-point. 


§10. The Basic R® Bisecant to a Given Line. 


The known theorem that there is one and only one basic R* which meets 
a given line 2 of space twice, is an immediate consequence of theorem b). If 


* This cubic may be regarded as the locus of the lines of the complete 4-point of a set of one of the 
involutions of quartics on Cy. 
¢ Salmon, ‘‘Conic Sections,” p. 341, Ex. 2. 
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we choose any plane a +48 of the pencil of planes containing 2, the R* on the 
base-points and the pole of 7 as to the conic C,,,, in this plane must meet x 
twice, since the set of points .§? determined by this pole on a+ is apolar to 
The locus of this pole, as a turns around may be shown 
independently to be a basic R®; we shall do this later. We shall call this 


basic R? the bisecant basic R* to 2. 


§11. Cubic Surface Determined by a Line. 


As the plane a +A turns around a the conic C,,,, generates a cubic 
surface on the five base-points, and containing z. Ifa plane is on a base-point, 
the configuration B on that plane is merely a complete 4-line taken with the 
six lines projecting its six points from the base-point, and the conic C, is in this 
case the lines £, &’ through the base-point which are partners in the Cremona 
line-involution determined by the range of conics on the four lines. It follows 
that the planes joining 7 to each of the base-points are triple tangent planes of 
the cubic surface. The degenerate conics C,,,, on these planes form the ten 
lines of the surface that meet 2. The conic C, on a plane a is cut out of the 


plane by the quadric 
(a x”) = 0.* 


The conic C,,,, on a plane of the pencil 

(az) + a(Bx)=0 (14) 
is cut out of the plane by the corresponding quadric 

(a + x") = 0. (15) 


Eliminating 4 from (14) and (15) we have as the locus of C,,,, the cubic surface 


(22), |= (e,—2) = 
fea), 


the cubic surface determined by the line 


ny = a, — a, 
and the base. 


* Humbert (loc, cit.) gives this form of 0,. It may also be inferred from Reye, ‘‘Geometrie der Lage,” 
II, p. 226. 


if 
‘ 
4 
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The combinations x, x;(x;— 2;) in (16) are significant. The basic 2? on = is 


Yi 1 x,t’ 
whence 
dy 
dt (1—a,t)’ 


t= 0 giving the point z. It follows that the basic R® on x passes through x 
with the tangent 

Py = (x, — 2%). (17) 
(16), then, appears as the condition that the tangent at x to the basic R’ on x 
shall meet the line 2. Hence: 

The cubic surface (16) is the locus of points x such that the tangent at x to the 
basic R*® on x meets a given line x. 

If ~ is a tangent to a basic F#*, the cubic surface (16) has a node at the point 
of tangency, and the six lines through the node are the line 7 and the lines to 
the five base-points. Since an #* is projected from any point on it by a quadric 
cone, we have Cremona’s theorem : 

The six lines through the node of a nodal cubic surface are generators of a 
quadric cone. 

§12. Degeneration of Basic R*’s. 

It is of importance to point out the way in which basic R*’s may degenerate, 
Any base-line 12 taken with a conic on 3, 4,5, and the point where 12 meets 345, 
is a degenerate basic R*®. A basic R* cannot meet 345, except at the points 
3, 4,5, without degenerating in this way. The section of the cubic surface (16) 
by 345 must, then, be the cubic curve of contact of conics of this pencil with 
lines of the pencil on the point where 1 meets 345. 


§13. A Ruled Cubic, and Its Connection with (16). 


Tf a point x of a basic R* run along a line p, the tangent at x to the variable R® 
generates a ruled cubic surface containing the line p as directrix. 

For the ruled surface thus generated is met by any plane a on the line in 
the line itself and in the two tangents to basic R*’s at the points where the line 
meets the conic C,. We indicate this ruled cubic surface determined by a line p 
by the symbol [ p]. 

The cubic surface (16) is general and contains twenty-seven lines. We 
have mentioned eleven of them, the line ~ and the ten lines meeting it. 
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Consider any one of the other sixteen, p say. All tangents to basic F*’s 
at points x of » meet ~. 2a must therefore be contained in the ruled cubic 
surface [p]. Consider a section of [p] by any plane a on a. The line w and 
the tangent to the basic B® on the point where p meets a@ are the only lines 
that can be included in this section. Hence the line 2 must count doubly. 
Again, a ruled cubic surface cannot contain more than two lines meeting all 
generators, and one of these must be the double line. If three skew lines meet 
all generators of a ruled surface the surface is a quadric. We have, therefore, 
the theorem: 

The line x determining the cubic surface (16) is the double line of any ruled 
cubic surface, [ p], determined by any line, p, of the surface skew to x. 


§14. Complex of Tangents to Basic R®’s. 


We see from (17) that the tangents to all basic R®’s depend on the variation 
of four homogeneous parameters; that is, they lie in a complex. We proceed 
to determine its order. Suppose the p,; to be the homogeneous codrdinates of a 
point in five dimensions. The lines of space are represented by points of the 


quadric spread 
= Pr Pu + Pis Pe + Pu Pos = 0. 


(17), considered as a locus of points in five dimensions, is evidently a 3-way 
spread contaiued entirely in Q. The four planes x, and the six x,—2; are the 
ten planes joining the base-points. ,; is the product of three planes on an edge 
of the tetrahedron of reference. All the p’s, considered as cubic surfaces, contain 
the five base-points and the ten points in which a base-line meets the opposite 
plane. Hence 


> ay py = 0 (18) 
is a cubic surface on these fifteen points. Now the order of a 3-way spread in 
five dimensions is the number of points in which it is met by an arbitrary plane, 
which may be represented analytically by three equations of the form (18). 
Three of the cubic surfaces (18) meet in 27-15 = 12 variable points. Hence 
our complex is represented by a 3-way spread of order 12, and the complex 
must be of order 6. We have then: 

The totality of tangents to basic R*’s are in a sextic complex.* 

(18) is a system of surfaces on fifteen points, but it is a 5-fold system, as we 
should expect. The fifteen points have the property that any cubic surface on 


* Sturm, loc. cit. 
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fourteen of them must be on the fifteenth, a fact easily verified by actually 
building up the equation of the cubic surface on fourteen of the points. (18) is 
merely the locus of points of tangency of basic #*’s with lines of the complex 
of tangents that lie in a given linear complex. (16) is obviously a special case, 
the linear complex being there the lines that meet a given line a. 

The equation of the complex of tangents to basic R*’s may be obtained by 
elimination of the z’s from (17), but it is more easily found indirectly. The 
form of equation (15) shows that 2, the axis of the pencil of planes a +28, 
is cut by C,,,, in pairs of an involution. This fact is also contained in theorem 
b), which shows that points of C,,,,0n 2 are apolar to the two points of inter- 
section with 2 of its bisecant basic R*; hence the bisecant R® meets zm in the 
double points of this involution. If the bisecant basic R* touches 2, the two 
double points of the involution on 7 coincide, and the equation of the complex 
of tangents to basic R*’s may therefore be obtained by imposing the condition 
that this involution be parabolic. Represent the pencil of planes on a by 
a-+4A(, and the range of points by a+b. The involution of points where 
the conics C,,,, meet 7 is cut out by 


(ax?) +A(Ga*) = 0. 


The double points of this involution are given by the Jacobian of the quadratics 


in 4, 
(a = (Ba) = 0, 
when a+ 6 is substituted for x The discriminant of this Jacobian is 
[(a (6 b*) — (a (8 
— 4 [(aa’) (Bab) — (GB a’) (a — (B.ab)(ad*)] = 0, 
and writing in this 
My = 4, py 


we have, as the equation of the complex, 
6 12 3 
> Pie Px — 2% Pr Pos Pu Pas + 2% Pie Pin (Pu Pw + Pis Pr) = 0. (19) 
§15. A Theorem of Sturm and Its Use. 


There being a double infinity of basic R*’s, if a single condition is imposed 
on a basic R* the R* will lie on a surface. A theorem of Sturm is important 
in this connection :* 


* Sturm, loc. cit. 


18 


st 
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Two loci of basic R*’s can meet only in basic R®’s and in parts of degenerate 
basic R®’s (in general, base-lines). 

We give Sturm’s proof of this, since it applies almost without change to 
higher cases. If 2 is a point of intersection of the two surfaces, the basic R*® 
on x must lie on both surfaces, since this R* is uniquely determined by 2, and 
since, each surface being a locus of basic R*’s, there must be a basic R*® in each 
surface through the point a. 

As an illustration of the practical application of this theorem, we prove 
that there are five basic R®s meeting two lines 2 and 2’ —a fact which Sturm 
reached in another way. Basic R*’s meeting a line 2 lie on a surface whose 
order is obviously the number of basic R*’s meeting two lines. Now the surface 
determined by 2 contains each of the ten base-lines singly; the basic R® of 
which 12 is a part is 12 taken with the conic on 3, 4,5 and the points where 12 
and 2 meet 345. Assume now that the two surfaces 2 and 7’ meet in n basic 
R*’s. We have, then, that the total curve of intersection is a curve of order n’, 
n being the order of each surface. In this intersection are the ten base-lines 
and n basic R*’s. This gives the equation 


or n=65. 


§16. The Locus of Basic R*’s Meeting a Line. 


We have, then, that basic R®s which meet a given line z lie on a quintic 
surface. The bisecant basic R* to x is obviously a double curve of this surface. 
The surface contains the ten base-lines and has triple points at the five base-points. 
It may be pointed out in passing that the surface is rational, and may be 
considered as mapped from a plane by quartic curves on the ten points of inter- 
section of five lines and on an eleventh point X.* The point K maps into the 
line x. The five lines in the plane map into the base-points, and their ten points 
of intersection into the ten base-lines. The two tangents from X to the conic 
on the five lines map into the basic #* bisecant to 2, points of these two lines 
which map into the same point of the surface being determined by tangents to 
the conic. 

This quintic surface is met by a general plane in a quintic curve with 
3 nodes. It is met by a plane a +4 on in the line w and a quartic curve 
with a node at the pole, /, of a as to C,,,,. It is clear from theorem b) that 


* Compare Clebsch, Math. Anz., I. 


a 
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the joins of corresponding points on this quartic (points lying on the same basic 
R*) are polar lines of points of 2 as to C,,,, and hence must pass through UV. 
Since an #? is projected from any point of it by a quadric cone, we have: 

This quartic is the locus of points on a+2 from which the five base-points 
and the point M are projected by sia lines of a quadric cone. 

It is the section by a+ of the Weddle quartic surface with nodes at the 
six points 1, 2, 3,4, 5, M, the section of a Weddle quartic by a plane through 
anode. It meets 7 in the two points of C,,,, and in the two points of inter- 
section with z of its bisecant basic #*, these four points forming harmonic pairs. 
Any point P of space determines with regard to an R* a point P’ such that P 
and P’ are apolar to all quadrics on the R®. PP’ is a bisecant line of the R*® 
and P and P’ are apolar to the points of intersection of the R*® with PP’. 
Since ~ may be considered as any bisecant line to the R* on 1, 2,3, 4,5, UY, 
we see from the above that the transformation PP! set up by the R#® on its six 
nodes leaves a Weddle surface unaltered.* 

The six points of tangency of tangents to the quartic in a+” are on 
C.4.8- These are the six tangents through UM to the complex curve of (19) on 
a+4A. The curve of this complex on any plane a is the polar reciprocal of 
the sextic of theorem e) in the conic C,. The cone of rays of the complex 
through any point &Y is the enveloping cone from M to the Weddle surface 
determined by the five base-points and M. The points of contact of basic R*’s 
are points of contact with the surface. 

We have made the statement that the locus of the pole of a Jine 7 as to the 
conic C,,,, on a plane a +A containing is a basic R® meeting twice. 
The order of the curve may be found by considering its points of intersection 
with a plane a+A. These points are the pole of 2 as to C,,,,, and such 
points of the curve as may fall on 2. Fora point of the locus to be on a, 
7m must touch a conic C,,,;. But this happens twice, since these conics meet 2 
in pairs of an involution. Hence the locus is an R*® meeting a twice. Itisa 
basic *, since the pole as to the degenerate conic on the plane joining 2 to 
a base-point is the node of this conic — the base-point itself. 


§17. Curves Determined on Surfaces by Basic R*’s. 


We have seen that basic *’s touch an m-ic surface at points of a curve, F, 
of order m(m-+1), cut out of the m-ic surface by an (m+ 1)-ic surface. We 


* Schoute, Niew Archief, (2), 4, (1899), p. 97. 
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ask for the order of the locus, G, of points in which basic R*’s tangent to an 
m-ic surface meet this surface again. This may be determined by finding in how 
many points G meets a base-plane. All points of intersection of G with a base- 
plane are determined by degenerate basic R*’s, since a basic R* cannot meet a 
base-plane except at a base-point without degenerating. Every base-plane meets 
the m-ic surface in an m-ic curve, and every base-line meets it in m points. 
There being m(m + 1) conics of a pencil that touch an m-ic curve we have m 
m(m + 1)-fold points of G on every base-line, and since there are three base-lines 
on every base-plane, this gives 3m*(m + 1) intersections with G. In addition 
we have on a base-plane the points in which conics of the pencil which are 
tangent to the m-ic curve meet this curve again. There are (2m— 2) m(m + 1) 
of these points. Hence the order of G@ is 
(m+ 1) +(2m— 2)m(m + 1) = m(m + 1) (5 m— 2). 

We have: 

Basic R*’s that touch a general m-tc surface meet the surface again in points 
of a curve, G, of order m(m+1)(5m— 2). G has 10m m(m+1)-fold points 
at the 10m points in which the base-lines meet the surface. 

The sextic of theorem e) is a special case of this theorem. 

G can meet F, or the (m + 1)-ic surface cutting out F, in only two ways: 

1) Ata point of contact of a basic R* osculating the m-ic surface ; 

2) Ata point of contact of a basic R* bitangent to the surface. 

It touches F in the first case; merely intersects in the second. The number 
of points of intersection of the second kind is 

m(m + 1)?(5m— 2)— 2m(m + 1)(m + 2) = m(m— 1)(m +1) (5m— 6). 

Hence: 

There are 4m(m* —1)(5m—6) basic R*’s bitangent to a general m-ic 
surface. 

The order of G may be obtained in another way. The locus of basic R*’s 
that meet a given line is a quintic surface containing the base-lines singly. 
We see from what we have said above that the base-lines are m(m + 1)-fold 
lines on the locus of basic R*’s tangent to an m-ic surface. These two loci can 
meet only in basic R*’s and in base-lines. We have, then, if x is the order of 
the locus of tangent basic R*’s, 


or x=5m(m-+ 1). 


Therefore: 
Basic R*’s tangent to an m-ic surface lie on a surface of order 5m(m + 1). 


é 
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This surface touches the m-ic along F' and cuts out the curve G. Hence 
the order of G is 


5m? (m + 1) — 2m(m + 1) = m(m + 1) (5 m— 2). 


§18. Ruled Surface Determined by a Curve. 


If a point x of a variable basic #* run along an m-ic curve, the tangent to 
this R® at x generates a ruled surface. The order of this surface is the number 
of generators met by an arbitrary line, x. Now the line a determines a cubic 
surface (16) which meets the m-ic curve in 3m points. The tangent at x to the 
R® on a point x of this surface meets w. Hence: 

The locus of the tangent at x to the basic R® on a point x of an m-ic curve is a 
ruled surface of order 3m. 

Since the curve of contact of basic R®’s with an m-ic surface is of order 
m(m-+ 1), it follows that: 

The tangents to basic R*’s tangent to an m-ic surface at points of contact with 
the surface lie on a ruled surface of order 3m(m + 1). 

If the m-ic surface is a quadric, this ruled surface of contact-tangents is of 
order 18. It meets the quadric in a curve of order 36. Out of this curve the 
curve F, of order 6, must factor twice, leaving a curve of order 24 to be accounted 
for. Nowa tangent to a tangent R® touches the quadric and can meet in no 
further point without lying entirely on it. It follows that the curve of inter- 
section of the quadric and ruled surface of contact-tangents is the curve F taken 
twice, and twenty-four lines. This is also obvious from another point of view. 
There must be twelve lines of each regulus on the quadric in the sextic complex 
of tangents to basic R®’s. 


§19. Degeneration of the Curve F. The Quintic Surface with Five Triple Points. 


If an m-ic surface contain base-lines or basic R*’s, these will appear in the 
curve fF. For instance, a Weddle surface with nodes at the base-points contains 
the ten base-lines and the #* on the six nodes. The curve F is in this case the 
ten base-lines, the R® on the nodes, and a curve of order 4.5—10—38=7. 
It is evident from what we have said that this septimic is the curve of tangency 
of the enveloping cone from the remaining node. 

If the m-ic is a quadric on the base-points, a basic R*® cannot touch the 
surface without lying entirely on it, as tangency requires seven points common 
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to the R’ and the quadric. It is easy to show that there is actually a curve F 


in this case. A basic quadric is 
> Hy = 0, 


where 
= 0. 


F is cut out by the cubic surface 
2; (x, + = O, 
which neither vanishes nor factors in general. The curve F can be nothing but 
basic R*’s. The order of F being 6, we have that there are two basic R®’s on a 
baste quadric, a theorem of Reye. Given a pencil of basic quadrics 
with the conditions 
> Qi; = > By = 0, 

the basic R*’s on quadrics of this pencil are cut out by 

ay (2; + By ay x; (x; + = 0. (21) 
Eliminating 4 from (20) and (21) we have as the locus of basic R*’s on quadrics 
of the pencil (20) the quintic surface 


12 
> (a2 Gis — Piz) (2 — (22) 


6 


This is, as we shall see, the general quintic surface with five triple points. It must 
contain the base-lines singly, since it can meet the locus of basic #*’s which 
meet a line in only five basic R*’s, — the #*’s on the five points where the line 
meets the surface, — and hence the ten base-lines must be contained in it to 
make up the total intersection of order 25 of the two surfaces. A basic R® 
cannot meet (22) without lying entirely on it; hence the fifteen intersections of 
basic R*’s with the surface must all be at base-points. The base-points are 
therefore triple points of (22). A quadric of the generating pencil meets the 
surface in the two basic R*’s on the quadric, and in a basic #*, the base-curve 
of the pencil. All of these facts might have been inferred from the equation 


of the surface. 


‘ 
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The locus of the sextic curve of contact of basic R*’s with quadrics of the | 


general pencil, 
(ax) + a(Ba)’ = 0, 


(23) is on the base-points (singly) and contains the E* defined by the pencil. 
It passes through each of the base-points with the same tangent plane as the 
quadric of the pencil containing that point. A basic R® meets (23) in fifteen 
points; five are at base-points, and the other ten points are the ten points of 
tangency of quadrics of the pencil with the R*. That there are just ten such 
points is evident from the fact that quadrics of the pencil cut out on the Ra 
binary sextic of the form 


is the quintic surface 


(at) 


and the discriminant of the binary sextic is of degree 10. 

The locus of basic #*’s meeting a line is a special case of (22); in this case 
the pencil of quadrics contains the line and its bisecant basic R®. We may 
obtain the equation of this surface in another form. A pencil of basic quadrics 
on the line joining the points a and } may be written: 


with the conditions 
> ay = 0, 
a,a; = 0, 
> ay 5, 6; = 0, 
> ay (a; 6; + a; 6;) = 0. 
The two basic #*’s on a quadric of the pencil are cut out by 
Eliminating a, from these six equations we have the quintic surface in the form 
of a 6-row determinant: 
|x;,2;, 1, aa, ab44a,5,| =0. (24) 
The argument which we have used to show that the order of the locus of 
basic R*’s tangent to an m-ic surface is 5m(m-+ 1) may be used to show that 


the order of the locus of basic R*’s meeting an m-ic curve is 5m. The same 
argument shows that the order of a locus of basic R*’s is completely determined 
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by the multiplicity of the base-lines in the surface. If the multiplicity of these 
lines is m, the order of the surface is 5m. If the m-ic above is on the base-points, 
the number of points apart from base-points in which it meets the base-planes 
is reduced by three, the multiplicity of the base-lines in the surface obtained is 
reduced by three, and the order of the surface is reduced by fifteen. The order 
of the locus of basic R*’s meeting a basic #* is therefore 5.4—15=5. Basic 
quadrics on the H* meet one of these #*’s in six points, and hence some quadric 
of the pencil must contain it entirely. An &? on a quadric meets an E* on the 
quadric in six points, the six points in which it meets the quadric cutting out 
the #*. Hence the theorem: 

The surface (22) may be considered as the locus of basic R*’s meeting a basic E*. 

The following theorem is also an easy inference from the argument of this 
section : 

If an m-ic curve have p;,-fold points at the base-points i, the locus of basic 
R*’s meeting the m-ic is a surface of order 5m — 3X p,, having the line 12 as 
(m — pz — — ps)-fold line, etc. 

Whence: 

The locus of basic R*’s meeting an R® on four of the five base-points is a 4-nodal 
cubic surface with nodes at four of the base-points and on the remaining base-point. 


§ 20. Plane Sections of the Quintic Surface with Five Triple Points. 


The section of the surface (22) by a plane a is a curve of interest. We 
approach this curve from another point of view. By theorem f) a basic EH‘ 
meets any plane a in a set of four points orthic to C,. Every conic of the 
pencil, ® say, on these four points is apolar to C,. These conics are the sections 
by a of basic quadrics on the basic Z*. There are two sets of three points .{? 
on each conic of the pencil, since there are two basic #*’s on a basic quadric. 
The locus of sets § on conics of the pencil @ is met by one of these conics in 
the base-points of the pencil and in the six points of the two sets .f,—ten points 
in all. This shows that the locus is a quintic curve, Q say. @ is on the ten 
points of the configuration Bina. For, consider the conic ® on 12. This conic 
being apolar to C, cuts 345, the polar line of 12 as to C,, in a pair of points apolar 
to C,. But 12 taken with any two points of 345 which are apolar to C, is a set 
Hence: 

Q is on the ten points of the configuration B in a. It meets a line of the con- 
figuration in the three configuration points and in two further points apolar to C,,. 


‘ 
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It may be pointed out in passing that these two further points form a 
2-point cs, as determined by the configuration B set up by the pencil ®. 

Since the 3-points .? are apolar to C,, we have the theorem: 

The lines joining 3-points 1? inscribed in conics of a pencil orthic to C,, touch a 
curve, K, of class 5. 

For K is the polar reciprocal of the quintic Q in the conic C,. This gives 
the further theorem: 

Lines bisecant to basic R*®’s which lie on quadrics of a basic pencil are in a 
quintic complex. 

‘For there are o of these lines; 0! R*’s and 7? lines bisecant to an R*. 
The lines enumerated in this way are all distinct, since there is only one basic R® 
bisecant to a given line. Hence they lie in a complex, and the fact that & is 
the complex-curve on the plane a gives us the above theorem. 

For Q to have a node, in general, would require the surface (22) to have a 
double curve, which is not true. Hence: 

The curves Q and K are quintics of genus 6. 

If the pencil ® is a line m taken with the pencil of lines on its pole, ¥, 
as to C,, the quintic Q reduces to m taken with a quartic with node at UM. This 
quartic, we have seen, is the section by a of the Weddle surface with nodes at 
1, 2,3,4,5, M. Similarly the curve / reduces to the point M and a line-quartic 
with m as a double line. 

Since X is the polar reciprocal of Q as to C,, we have: 

EK touches the polar lines of the base-points of ®. It also touches the lines of the 
configuration B. 

Calling the four base-points of ® a,b, c,d, a degenerate conic ab—cd must 
contain two 3-points §?. Hach line ad and cd must contain two points of a set, 
since every line has a unique bisecant basic R*®. Hence: 

EK touches the stx lines joining the base-points of ®. 

It follows that: 

Q passes through the six vertices of the 4-line which is the polar reciprocal as to 
C,, of the base 4-point of ®. 

We have mentioned the duality of figures associated with a configuration B. 
The 3-point . and the 3-line on these points are dual figures. These sets of 
three lines are determined by an orthic 4-line of B in exactly the dual of the way 
in which sets .® are determined by an orthic 4-point. There are two points 
determined on every line of the plane, — the two points of intersection of its 
19 
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bisecant basic R*. Dually, two lines are determined on every point of the 
plane,—the two lines to the other points of the set .§ determined by that point. 
These sets of points and lines are determined completely, and in dual ways, by 
the configuration B, without reference to the base in three dimensions. The 
two lines through a point a on a may be regarded as the two generators cut by a 
out of the quadric cone projecting 1, 2,8, 4,5 from a. 

The relation between Q and £ is, of course, completely dual. @ may be 
regarded as the locus of point-sets 1 inscribed in conics of a pencil orthic to C,, 
or as the locus of vertices of line-sets circumscribed about conics of a range 
orthic to C,. Similarly K may be regarded as the locus of line-sets inscribed 
in conics of a pencil orthic to C,, or as the locus of point-sets circumscribed about 
conics of an orthic range. The pencil and range are polar reciprocals, It is 
known that two 3-lines inscribed in a conic touch a conic, and dually. A conic 
of the pencil determines in this way a conic of the range, and vice versa. 
Incidentally we have the theorem: 

If a conic (in lines) is apolar to C,, there are just two line-sets .§ circumscribing 
wt. The conic on the vertices of these two 3-lines is apolur (in points) to C,. 

From what we have said we have: 

The curve Q meets tangents to the curve K in pairs of points apolar to C,, 
and dually. 

The following theorem is also evident : 

The bisecant basic R*® meets any line on a in the Jacobian pair of the points 
in which the line meets C, and the points in which it is touched by conics of an urthic 
pencil of B. For the points of the bisecant R*® are cut out by a conic of an 
orthic pencil. 

The base-points of ®, a 4-point orthic to C,, determine a second configura- 
tion, B’, ona. We may state the facts found above in another way: 

A second configuration B' with the same polarity Cas B determines two quintic 
curves, a point-quintic Q and a line-quintic K, polar reciprocals as to C,. Q contains 
the points of both configurations and cuts the lines of each configuration in a further 
pair of points apolar to C,,—in fact, sets .?) as determined by the other configuration. 

It will be noticed that the two configurations B and B’ bear exactly sym- 
metrical relations to the quintics @ and K. The quintics Q and @! determined 
by considering B or B’ as fundamental meet the lines of the two configurations 
in the same points, sixty points, and must therefore coincide. Similarly B and 
B’ play symmetrical réles with regard to K. 
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§ 21. Configurations on the Plane Section. 


Q, being entirely symmetrical with regard to both configurations, may 
equally well be generated by conics on any other orthic 4-point of the con- 
figuration B’. These two orthic 4-points determine two basic #*’s with a point 
in common, — the common point of the two 4-points. The first H* is on the 
surface (22). But the second must also lie on (22). For the new £* determines 
a quintic surface which meets a in the curve Q, since any two orthic 4-points 
of B' determine the same quintic curve Y. The two quintic surfaces have this 
curve in common, and hence must contain all basic R®’s meeting this curve; 
t.e., they must coincide. 


The fact that the new E* meets the old £* in a point on an arbitrary plane a 
indicates that there are an infinity of basic #*’s on the surface (22). We may 
see in another way that this is true. Any two basic R*’s lie on one and only 
one basic quadric. Choose any two basic f*’s on (22) that are not on a quadric 
of the generating pencil. These R*’s determine a basic quadric which meets 
(22) in the two #*’s and in a quartic curve, — basic since (22) has triple points 
at base-points. This quartic is a basic #*. For an £* on a quadric cuts the 
generators of both systems twice; an #* on a quadric cuts the generators of one 
system three times and of the other once. In fact, the unique quadric on an R* 
is the locus of lines trisecant to the curve. Now any generator of the quadric 
above meets (22) in five points. It meets the pair of R*’s in three points,—the 
points in which it meets the cubic surface cutting them out. Hence the residual 
quartic meets every generator of both systems of the cutting quadric twice and 
must be an #*. Hence: 


The surface (22) contains an infinity of basic E*’s. 


Again, any basic quadric on an E£* of (22) cuts out the #* and a sextic with 
five actual nodes. A sextic in space with five nodes projects from any one of 
these nodes into a plane quartic with four nodes; 7. e., it is projected from any 
one of its nodes by a pair of quadric cones. The sextic must, then, break up 
into two R*’s on the five nodes. We see therefore that any quadric on a basic 
E* of (22) cuts out a pair of basic R*’s. There are ©” quadrics on pairs of 
basic R*’s, and 1 quadrics on each basic E*. Hence: 


The system of basic E*’s on (22) is singly infinite. 


The following theorems are also obvious from what we have said: 
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(22) 2s the locus of basic R*’s on quadrics of the pencil on any basic E* of the 
surface, 

Two E*’s of the system on (22) have one and only one point in common, and 
there are two of these E*’s through every point of (22). 

On the plane a: 

There are «1 configurations B inscribed in Q and having the same polarity, C,. 

The locus of the lines of these configurations is the quintic K, the polar reciprocal 
of Q to C,. 

Any quintic surface with triple points at the five base-points is a locus of 
basic #*’s, since a basic R® meeting this surface in one point not a base-point 
has sixteen intersections with it and must lie on it. The argument used above 
applies throughout to such a surface, and we have: 

The surface (22) is the general quintic surface with five triple points. 

Let us apply the facts we have obtained to the special surface (24), the locus 
of basic R*’s meeting a line p. Basic quadrics meet the nodal curve of (24),— 
the bisecant #* to p,—in one point only apart from base-points. Basic quadrics 
on pairs of basic R*’s of the surface cut out of the surface a system of nodal 
quartics. The line p meets a quadric of this sort in the two points of the two 
R*’s on it, and hence these nodal quartics do not meet p. We have said that 
the quartic section of (24) by a plane on p is identical with a section of a Weddle 
surface through a node. The configurations inscribed in the section must be 
inscribed in the quartic, since the nodal quartic space-curves determining them 
do not meet p. Hence: 

The quartic section of a Weddle surface through a node admits «' inscribed 
configurations B all having the same polarity. This polarity is defined by the conic 
on the six points of tangency of tangents from the node.* 


§ 22. Further Loci Determined by Basic R*’s. 


We have seen that basic R*’s osculate an m-ic surface f in its 
m(m + 1)(m-+ 2) points of intersection with an (m-+1)-ic and an (m + 2)-ic 


* This is a degenerate case of a more complicated system of configurations; cf. Morley and Conner, 
‘sPlane Sections of a Weddle Surface,’”’ Am. Jour., July, 1909. 

The surface (22) may be regarded as the section by a space of the spread of bisecants to the elliptic quintic 
in four dimensions. Most of the facts brought out above are immediately evident from this point of view. 
Surfaces and curves obtainable in this way will be treated by the author in a future paper, of which an 
abstract will be found in Bull. Am. Math. Soc., March, 1909. 
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surface, say f’ and f” respectively. The locus of points of osculation of basic 
R*’s with surfaces of the net 


may be obtained by elimination of 4 and u from this equation and 
f' +uv =0, 
f" + A! ud! = 0. 


Its equation is 


q’, — 0, (25) 
f", 


a surface of order 3(m+ 1). Hence: 

Basic R*’s osculate surfaces of a net of m-ics in points of a surface of order 
3(m + 1). 

In particular: 


Points of osculation of basic R*’s with planes on a point lie on a sextic surfuce 
This surface evidently contains the point singly. This may be seen geomet- 
rically or from (25). 


A “higher null-system”’* in space has three characteristics: a, the number 
of null-planes on a point; @, the number of null-points on a plane; y, the 
number of times both null-point and null-plane are incident with a given line. 
Basic #*’s determine such a null-system; the null-points of a plane are points 
of osculation of basic R*’s with the plane; the null-plane of a point is the 
osculating plane at the point to the basic R* on the point. The characteristics 
of this null-system are : 

a=1, B=6, y=5. 
The value of y is evident from the fact that the locus of null-points of a sheaf 
' of planes is a surface of order a + y; we have found that this is 6. 


A more convenient form than (25) for the locus of points of osculation of 
basic #*’s with planes of a sheaf may be found. The basic #* on a is 


* Sturm, ‘‘Liniengeometrie,’’ Vol. I, p. 78. 
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whence dy, _ 
dt (1 —a,t)*’ 
dy, 
The osculating plane at x, (¢= 0), is: 
Hy (Lp — wg) (3 — — 2p), 
— Wg (3 — Hy) — — 2), (26) 
My Hy Wy (ey — — (Xz — 
= — Xz — We) (2 — wg) — 2). 
The locus of points of osculation of basic R*’s with planes of a sheaf on a 
point x is: 
where the &’s have the values given in (26). (27) has triple points at the bage- 
points and contains the ten base-lines singly. It also contains the fifteen 
lines like 
= % — 0. 
These are the fifteen lines of intersection of the ten base-planes besides the ten 
base-lines. They are parts of degenerate conics in pencils of conics which form 
parts of degenerate basic R*’s, and it is geometrically evident that they must 
lie on (27). 

Since some plane on a tangent to an #? is the osculating plane at the point 
of tangency, we have: 

(27) contains the septimic curve of contact of tangents from x to the Weddle 
surface with nodes at the base-points and x. 

Also: 

(27) touches this Weddle surface along this curve of contact. 

For it meets the Weddle surface in a curve of order 24. Out of this curve 
the ten base-lines factor. The remaining 14-ic curve must be the 7-ic taken 
twice, since the Weddle surface is the locus of points of intersection with lines 
on x of their bisecant basic R*’s, and no bisecant to an F#® except a tangent can 
carry an osculating plane. 

In a higher null-system with characteristics a, 3,, the locus of null-points 
on planes of a pencil is a curve of order 6 + y meeting the axis of the pencil 
y times. Hence: 


ee 
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Basic R*’s osculate planes of a pencil in points of a curve of order 11 meeting 
the axis, n, of the pencil five times. 


This 11-ic is the partial intersection of two sextic surfaces (27) determined 


by two points of 2. These surfaces meet besides in the twenty-five lines of inter- 


section of base-planes. The 11-ic lies on the cubic surface (16) determined by x. 
Any cubic surface determined by a line ~ on x meets (27) in the 11-ic deter- 
mined by z and in the 7-ic curve of contact of tangents from x to its Weddle 
surface. 


§ 23. A Quartic Complex Determined by a Quadric. 


If we require that the points of intersection of its bisecant basic R* with 

a line p,,—=7,, be apolar to a quadric surface 
(y x)’ = 0, 
the line will lie in a complex. Represent as before the pencil of planes on the 
line by a + 4@, and the range of points bya+ub. The points of intersection 
with p of its bisecant basic #* are given by the quadratic in u 
Ay Ay My by + Ay by) Me + by = O. 
The points of intersection with y are given by 
(ya) + 2(ya)(yb)u + =0. 
The apolarity-condition of these two quadratics is: 
5)? Me — (y 2) (y 5) (A by + Me + (y a)’ = Pye MHz = 0, 


or, by writing a,b,—a,;b,= py, 


6 
> Pes + Pu Pau — Pe + P13 + Yu Pu 
+ 03 Pao + 24 Pa) + Pos + Prs Pos) | Pre Me = (28) 


Hence: 
Lines met by their bisecant basic R*’s in a pair of points apolar to a given 


quadric, lie in a quartic complex. 


A special case of this complex is the complex of lines bisecant to basic R*’s 
and lying in a given space. We shall recur to this in Part IV of this paper. 
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IV. 
Basic Norm-Curves 1n Four DiMeEnsIons. 
§ 24. Introductory. 


The base in a space of four dimensions is a set of six points. Given the set 
of six points, we have the set of o% rational quartics on them. We shall call 
quadric spreads of the linear 8-fold system on the six points basic quadric spreads. 
The theorems a), b), c), of Part III, may be modified for the 4-dimensional case 
as follows: 

a’) Basic quadric spreads meet any space, a, in quadric surfaces apolar to a 
definite quadric, Q,, in a.* 

b’) Basic R*’s meet a in 4-points, apolar to Q,. 

c!) Basic R*‘’s tangent to a touch at points of Q,- 

The quadric Q, is the quadric with regard to which the (15,, 203) con- 
figuration, [ say, cut out of the complete 6-point by a, is self-polar. As in 
Part III we name the points of the base 1, 2, 3, 4, 5,6: we have then fifteen 
base-lines, 12, etc.; twenty base-planes, 123, etc.; fifteen base-spaces, 1234, etc. 
We name the points, planes, and lines of [' after the lines, spaces, and planes 
determining them. 

As before, an immediate consequence of theorem b’) is: 

There is one and only one basic R* which meets a given plane, 1, three times. 


This #* is the locus of the pole of 2 as to the quadrics Q,,,, on spaces of 
the pencil a +2 containing 2. We shall call it the basic R* trisecant to x. 

We shall make some use of degenerate basic R#*’s, and it will be well to 
point out how they may degenerate. Any base-line 12, taken with an #® on 
3,4,5,6, and 12/3456, the point where 12 meets 3456, is a degenerate basic R*. 
There are also pencils of conics that may be regarded as parts of degenerate 
basic R*’s. The two planes 123 and 456 have a point 123/456 in common. 
Any conic on 1], 2, 3, 123/456, taken with a conic on 4, 5, 6, 123/456, is a 
degenerate basic 

We shall say that an RF? is orthic to a quadric @ when every quadric on 
the R® is apolar to Q, or, which amounts to the same thing, when there is one 
4-point, and hence ’, inscribed in the R* and apolar to Q.t Given an R°® 


* Loria, loc. cit. + Reye: ‘‘Geometrie der Lage,” Part II, p. 226. 
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orthic to Q, one of these 4-points may be constructed by choosing any point, a, 
of the R* and taking with a the three points of intersection with the R*® of the 
polar plane of a as to Q. It is three conditions on an F® to be orthic to a 
quadric, since it is three conditions on the 3-point in the polar plane of a to be 
apolar to the section of this plane with Q. 


§ 25. The Point-Sets .{. 


Project the system of basic #*’s from a base-point, say 6. This gives a 
system of cubic cones (2-ways). In each of these cones there is a single infinity 
of basic #*’s, one through every point of the cone. For a basic R* cannot meet 
one of these cones in a point, a, without lying entirely on it, since projection 
from 1, 2, 3, 4,5, or a would give an #* with seven intersections with a quadric 
cone. It follows: 

‘There are «* such cubic cones projecting basic R*’s from a base-point, 6. 
These cones meet a in R*’s of a baste system on 16, 26, 36, 46, 56. 

If every quadric on five points is apolar to a quadric, Y, we may call the 
set of five points orthic to Q. A defining characteristic of such a set of five 
points is that the polar line as to Q of the line joining any two of the points 
is on the plane of the opposite three. Now the polar line of 16-26, or 126, as 
to Q,, by the well-known properties of T, is 345, which is on 86-46-56, or 
3456. 16, 26, 36, 46, 56 are, therefore, an orthic 5-point as to Q,, and every 
quadric on them is apolar to Q,. It follows that every R*® on them is orthic 
to Q,. We have from the above the theorem: 

4-points, u{?, in a are 4-puints inscribed in R*’s of the basic system on 16, 26, 
36, 46, 56, and apolar to Q,. 

An .{ may be constructed when one point, m, is given by drawing the R? 
on 16, 26, 36, 46, 56, m, and finding its three intersections with the polar plane 
of m as to QY,. Theorem c’) follows. Also: 

Basic R*’s osculate a in pvints of a sextic curve F, the curve of contact of R®’s 
on 16, 26, 36, 46, 56 with Q,. 

Basic R*’s hyperosculate a (have 4-point contact) in points of osculation of these 
basic R®’s with Q,. 

We shall call this set of twenty-four points the points H. 

R*’s on the six orthic bases of T define the same curve F, and the same twenty- 
four points of osculation. 
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For there are six orthic 5-points in I’, which we may call thesets 1,...., 6. 
Sets «{ may be considered as defined by any one of the six systems. 
If in S, we take as vertices of the pentahedron of reference the five points 
...-, 5, with 6 as the unit point, we have from Part I: 
Basic R‘’s touch an m-ic spread in points of its m(m-+1)-tc 2-way intersection 
with a spread of order m +1. 
Basic R*’s osculate an m-tc spread in points of a curve of order m(m + 1)- 
(m+ 2), tts curve of intersection with an (m +1)-tce and an (m+ 2)-ic spread. 
Basic R*’s hyperosculate an m-ic spread in its m(m + 1)(m-+ 2)(m +3) points 
of intersection with an (m+1)-ic, an (m+ 2)-ic and an (m+3)-te spread. 
In particular : 
Basic R*’s touch a space, a, in points of the quadric cut out by 


1 


(ax) =0, 


this being an analytical expression for the quadric Y,. 
Basic R*’s osculate a in the points of intersection of Q, with 
(a x’) = 0. 


This is a curve, F, of order 6, — the complete intersection of a quadric and a cubic 


surface in a.* 
Basic R*’s hyperosculate a in the twenty-four points, H, cut out of F by 
(a x*) = 0. 
The points H are the twenty-four pointe of intersection of a quadric, a cubic and a 
quartic surface in a. 


§ 26. Further Loci in a. 


Several loci in a besides those we have mentioned will be of use to us. 

A. We may ask for the locus of the remaining point of intersection with a 
of basic #*’s osculating a. 

B. We may ask for the locus of the points in which basic R‘’s bitangent 
toa toucha. This locus will lie on Q,. 

C. We may ask for the locus of the two further points of intersection 
with a of basic #*’s tangent to a. C will be a surface; A and B will be 
twisted curves in a. 


* The curve / is special, but of genus 4. For an account of the properties of such a curve see Pascal, 
‘cRep. der héheren Math.,’’ II, p. 276. 
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The order of A is easily determined by finding its intersections with a plane 
of the configuration fT. A basic R* cannot meet a base-space, and hence cannot 
meet a plane of [ without degenerating. The F*’s degenerating into conics 
cannot be made to osculate a. Consider the R*’s made up of the base-line 12 
and #*’s on 3, 4, 5, 6, 12/3456. There being six of these R*’s that osculate 
the plane 3456, the point 12 counts as a 6-fold point of A. Six points 12 are 
on every plane of [. Hence: 

The curve A is of order 36. 

A is of genus 4, since it is in one-one correspondence with F. It cannot 
meet Q, except at points where an f* hyperosculates, and hence it must 
osculate Q, at each of the twenty-four points H. 

The order of B may be determined in a similar way. Only those basic R*’s 
which degenerate into pairs of conics, say on 123 and 456, can be made to touch 
a twice and meet a plane of [. Each point of contact counts in two #*’s, and 
hence on each line of [ there are two nodes of B. There being four lines on 
each plane of I’, we have: 

The curve B is of order 16. 

We now show that B actually breaks down into two octavics. Considered ina, 
B is the locus of points of intersection with lines of Q. of their bisecant basic 
R*’s. The locus of points of intersection with lines of a regulus of their bisecant 
basic #*’s is an octavic on the regulus. For, calling the base in a 1, 2, 3, 4, 5, 
consider where this curve can meet the plane 123. 45 meets the regulus in two 
points, thus determining two lines on it. To each of the two points corresponds 
a point on its line in 123. There are besides, by the same argument, two points 
of the curve on each of 12, 23, 31. Hence the curve meets 123 in eight points, 
and is an octavic. It meets a tangent plane to the quadric in eight points: two 
on one generator and six on the other. It projects from a point of the quadric 
into a plane octavic curve with one 6-fold point and one double point. Hence 
it has sixteen apparent double points, and its genus is 5. 

B is therefore two octavics, the two curves determined by the two sets of 
generators on Q,. Consider the two octavics as projected from a point of Q,. 
The thirty-two apparent double points of the two curves, together with their 
sixty-four intersections, real or apparent, make up the necessary number of 
double points. There are 2.6.2 apparent intersections along the two generators 
through the point of Q,. The other forty intersections are real, two on each 
line of T. 
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B can meet (a*) only where it meets the sextic F, and this can be only in the 
twenty-four points H. Hence B touches (a2*) and therefore F at these points. 

Each of the two octavics of B: is in one-one correspondence with itself, 
the points of contact of one basic R* being considered as corresponding points. 
Suppose the 


1— x,t 


touches a at ¢=¢, and ¢=¢,. We must then have the following relations: 


2 2 
(1 — x; ( ) 
The coérdinates of any point on the line joining the two points of contact may 
be written: 


= 


1 — x,t, 


Ay A; X 
This vanishes for all values of 2 on account of the conditions (2). Hence: 

The lines joining corresponding points of the curve B lie entirely on the quadric 
Q., which is, as we have seen, obvious from geometrical considerations. 

Corresponding points of B coincide at points where basic R*’s hyperosculate. 
Since B touches F at these points, we have: 

The points H are points of F such that the tangents to F at these points are 
generators of Q.; that is, the twenty-four points of tangency of tangents to F that 
meet again.* 

We find the order of the surface C in a similar way, namely, by finding the 
order of the curve in which it meets a plane of I, say 1234. The *’s on five 
points in the space 1234 touch the plane 1234 along a conic, and cut again along 
a sextic curve which is on C. Further, the four lines 123, etc., count doubly, 
since any point on the line 123 is on a conic on 1, 2, 3, 123/456, which, taken 
with either of two conics on 4,5, 6, 123/456, satisfy our conditions. Hence: 

The surface C is of order 14. 

It touches Q, along the sextic F' and cuts out the curves B. 


Pascal, loc, cit. 


Now 

| | 
| 


ConNER: Basic Systems of Rational Norm-Curves. 


§ 27. Analytical Treatment of A, B, and C. 


The 14-ic C is analogous to the sextic of theorem e), Part III. We may 
find its equation referred to an orthic base of [ by a method similar to that used 
there in finding the equation of the sextic. Consider 16, 26, 36, 46,56 as base 
ina. Take as reference points 16, 26, 36, 46, with 56 as unit point. A basic 
quadric may be written 


> 0, (3) 
with the condition 
Qij | (4) 
The quadric QY, must be of the form 
Ya, + = 0, (5) 


the apolarity-condition of (3) and (5) being merely (4) multiplied by 4. (5) in 
points is 
v= — A? (ae + as + a) + Ay Az A, | xt 
— 234 (A— az) (A — ay) = 0. (6) 


If we find the condition that the polar plane of a point x as to Q touch the basic R® 
on x, we will evidently have the equation of C. The R* on‘z is, parametrically, 


1—2,t 


This meets the polar plane of x as to @ in the points given by the roots of the 
cubic in ¢ 


-+52)1—29 =0. 
(7) may be written 
2, Lt?—f,t? + fft—2Q=0, (8) 


where L is the polar plane of 56 as to Q, and f, and f, are a cubic and a quartic 
surface respectively. (8) gives the parameters along the R* on x of the other 
three points of the set .{ determined by x The parameter of x is 0. Hence 
we have: 

Basic R*’s touch a where Q = 0. 

Basic R*’s osculate a where Q = f; = 0, 
Basic R‘’s hyperosculate a where Y = f; =f, = 0. 
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In other words, /; is a cubic surface on the curve F, and /, is a quartic surface 
cutting out of F the points H. 
C is the discriminant of (8): 
C= 108 af ag agai + 42, — 36 x, 7,232%,LQ fs 
+ 8/30 =0. (9) 
C is of the form 

and hence touches Q along its intersection with f,. The further intersection 
with @ is the curve B. 8B is therefore cut out of Q by 

This form shows that B touches F at the points H; in fact ® touches f, all along 
the curve cut out by f,. The form of ® shows that B has nodes at its inter- 


sections with the planes of I. 
The curve A must lie on C. We can find from (8) a surface that will cut it 


out. If is a point of A, (8) must have three equal roots, and its Hessian must 
vanish identically. This Hessian is 
Pst? + + Ps 0, 


where 
ds = 3X, 13%, L fz — 


= 6/490— 


9, is the locus of point-sets :{ which are a self-apolar quartic on the basic R* 
(or basic #*) determining them.* The g; of this quartic is 

54 2, 2,2, LY — 
This is the Jocus of sets :{* that are harmonic pairs on the #* determining them. 
It osculates Q along the sextic F, as is evident geometrically. The above 
equation has the form 


— 309, = 0. 
Hence g; contains the curves common to ¢, and ¢,. 


A is the curve common to ¢$,, $,, and @,. , and @, meet in A and the 
curve F. @, has nodes at the points of the orthic 5-plane x,2,%;2,2,L, and 9, 
has triple points at these points. A, therefore, has 6-fold points at the points 


* See Part V, $36. 
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of [. , and @,; meet in A and the curve common to f, and f,. C is obviously, 
to within a factor, 

— = 0. 
9, then, touches C along the curves F and A. Indeed, the form of 9, shows 
that it touches Q, and hence C, along the curve F. 

C may also be put into the form 
%, Ld + = 0. 

This shows that f, meets C’ at its points of intersection with x,2,2%,2,L. These 
five planes form an orthic 5-plane of T. It may be easily verified that f, has 
nodes at the ten points of this 5-plane. Hence: 

The points H are on a 10-nodal quartic surface containing the ten lines of any 
orthic 5-plane of T and with nodes at the points of this 5-plane. There are six such 
quartic surfaces. 

‘The surface f, may easily be shown to be on the ten points of an orthic 
5-plane. Hence: 

The curve F' is on a cubic surface with the ten points of any orthic 5-plane of T. 


§ 28. A Cubic Spread Determined by a Plane in &. 


We see from (1) that quadrics Q,,,, on spaces of the pencil, 
(a2) + =0, 
are cut out by the quadric spreads 
=0. 


Eliminating ~ between these two equations we have, as the locus of quadrics 


(a x*), 
(ax), (G =) 
where 1, =a, 8;—a,@; are the codrdinates of the plane common to the spaces 
of the pencil. It is easy to show that the basic R* on x passes through xz with 
the tangent 


= x; (x; — = 0,* (10) 


Py = Xx; (x; — 
Hence we have : 
The locus of points of tangency with basic R*’s of tangent lines meeting a 
plane x is the cubic spread (10). 


* This seems to be the general cubic spread in S, which contains a plane. 
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In what follows we shall denote this spread by [z]. It contains the plane x 
singly. 

Consider two cubic spreads [x] and [7’], where the planes 2 and 7’ have 
a line, p, in common. They intersect in the quadric Q, on the space a con- 
taining 1 and 7’, and in a septimic 2-way [p], the locus of points of tangency 
with basic #*’s of tangents meeting the line p. Hence: 

The locus of points of tangency with basic R*’s of tangent lines that meet a given 
line, p, 1s a 7-ic 2-way, [p]. 

[p] is met by a space a on p in p and asextic curve on Q,. This sextic 
curve is easily defined by the basic R*’s ina. It is the intersection with Q, of 
the cubic surface (16), Part III, determined by the line p. It follows that the 
sextic curve meets p twice. 

Consider now a line, p, and a plane, 2, meeting it in a point, a. The 
spreads [p] and [7] meet in a 21-ic curve. Out of this curve the above sextic 
on the space ap factors. The residual 15-ic curve is the locus of points of 
tangency of basic #*’s with tangents passing through a. Hence: 

The locus of points of tangency with basic R*’s of tangents passing through a 
point, a, is a 15-ic curve [a]. 


[1] contains 2, [p] contains p, and [a] contains a, each singly. Each 


locus is basic. 


§ 29. The Congruence of Tangents to Basic R*’s. 


There are o! lines tangent to a basic and basic R,’s; lines in 
all. Hence these lines are in a congruence. The order of [a] shows that the 
order of this congruence is 14, since the congruence cone on any point a is the 
cone projecting [a] from a. Congruence lines in a space a are tangents to basic 
R*’s in a at points of a quadric Q,. Congruence lines meeting a line p are 
tangents to basic R*’s at points of a sextic curve on QY,. By a theorem of 
Part III, these lines lie on a ruled surface of order 6.3=18. Now the lines 
of an (m,n) congruence that meet a given line, p, lie on a ruled surface of order 
m-+-n. The class of our congruence is therefore 4. We have: 

There are four basic R*’s that touch a given plane, 1. 

Lines tangent to basic R*’s and in a space a are in a (14, 4) congruence. 

We next determine its rank. It is known that the lines of an (m,n, 7) 
congruence that meet a line p lie on a ruled surface of order m+n, with p as 
an m-fold line, and that this surface has an additional double curve of order 


t 
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n(n — 1) 
2 

of our congruence meeting a line, p, by a plane m ona. This gives an 18-ic 

curve on 2 which is in one-one correspondence with the sextic curve of contact 

of basic #*’s with the lines of our surface, and hence is of genus 4. This 18-ic 

has a 14-fold point and besides 


4.17.16 —4.14.13—4=41 


nodes. These are the points in which 2 meets the additional double curve of 
the surface, this curve being of order 6+~r7r. Hence: 


+r. Cut the 18-ic surface, on a space a and determined by the lines 


The rank of the congruence of lines tangent to basic R‘’s and on any space a, 
is 35. 

From what we have said we have the further theorem: 

The locus of tangents at points of a line p to basic R*’s meeting p is a cubic 
2-way having p for a directrix. 

For the line p meets a cubic spread [2] in three points, and these points 
determine the points in which 2 meets our 2-way. Also: 

The locus of tangents at points of a plane x to basic R*’s meeting x is a ruled 
spread of order 7. 

For 2 meets a 7-ic 2-way [ p] in seven points, and the tangents to basic R‘’s 
at these points determine the points in which p meets our spread. 


§30. Loci Determined by Systems of Spreads. 


The points of contact of basic R*’s with spreads of the pencil of m-ics, 


f+ap=o, 
are cut out by (m + 1)-ic spreads 
f'+aq' =0. 
Eliminating 2, we have the (2m + 1)-ic spread 
f, 


Hence: 

Points of contact of basic R*’s with spreads of a pencil of m-ics are on a spread 
of order 2m + 1. 

Similarly : 

Points of osculation of basic R‘’s with spreads of a net of m-ics, 
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are on a spread of order 3m + 3, of the form 


f, % 
V | =o. (11) 
9", ap! 
Let us apply this to a particular case. If f is a basic quadric spread, the curve 
of osculation of basic R*’s with f, ® say, is a curve of order 24. But a basic #*, 
having already six points in common with f, cannot osculate without lying 
entirely on f. ® must therefore be six basic R*’s. We have, then: 

There are six basic R*’s on a basic quadric spread. 

We should expect, by counting of constants, to find a finite number of basic 
R*’s on a basic quadric spread. For it is nine conditions on an F* to lie ona 
quadric spread, and the spread therefore contains 7° = 0” R*’s. These 
twelve remaining degrees of freedom are taken up by requiring the R‘’s to be 
on six specified points of the spread, since it is two conditions on a curve in a 
3-dimensional space (linear or not) to be on a point. This gives us at once: 

If f, >, and ) are basic quadric spreads, (11) is the locus of basic R*’s lying 
on spreads of the net f+A>+ upP=O0. (11) ts in this case of order 9. 

Let us further specialize by making f+Ap~+u~=0 the net of quadric 
spreads on a plane a and the six base-points. All spreads of the net must 
contain the basic #* trisecant to 7, since this R* meets any of these spreads 
in6+3=9 points. Now a quadric spread in S, containing a plane must have 
a node and contain two systems of planes on the node, and an #* on it meets 
all planes of one system three times and of the other system once. All R*’s on 
the spread (11), then, meet 2. Again, a basic R* meeting 7 must be contained 
in some quadric spread of the net, namely that particular quadric spread con- 
taining any two further points of it. Hence: 

The locus of basic R*’s meeting a plane x is a spread of order 9. It has the 
trisecant basic R‘ to x for a triple curve. Its equation is of the form (11). 

It follows that: 

There are nine basic R*’s meeting a plane and a line. 

Basic R‘’s meeting a line lie on a 2-way of order 9. 


§31. Some Enumerative Results. 


There being «* basic #*’s, there are in general a finite number satisfying 
a given 3-fold condition. We can, by means of the knowledge we have of the 
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curves A and B and the surface C, taken with the theorems just enunciated, 
find the number of basic #‘’s satisfying a variety of 3-fold conditions. We 
introduce the following symbolism. Denote by: 


P, the 18-fold condition that an FR‘ be basic, 

P the 3-fold condition that an &* be on a seventh point, 

v the 2-fold condition that an R* meet a given line, 

w the 1-fold condition that an &* meet a given plane, 

p the 3-fold condition that an R* touch a given plane, 

a, the 1-fold condition that an #* touch a given space, 

a3 the 2-fold condition that an R* osculate a given space, 

a, the 3-fold condition that an R‘ hyperosculate a given space. 
A basic R* subjected to a 4-fold condition ¢ has for locus a (4—A)-way spread 
which we shall denote by [7]. By the theorem of Sturm enunciated in Part III, 
two spreads [7] and [7’] can intersect only in basic R*’s and in parts of basic 
R*’s — base-planes, lines, or conics. In order to find the order of the spread of 
intersection of two of these spreads apart from base-lines, conics on base-planes, 
and base-planes, it is necessary to know the multiplicity of the base-lines, conics 
and planes in these spreads. The multiplicity of the base-points in a given 3-way 
is immediate from the fact that basic 2*’s cannot meet the spread except at base- 
points without lying entirely on it. The following table gives the multiplicities 
of base-lines, planes and conics in a number of these spreads. Accented letters 
are meant to indicate that the symbol repeated refers to a different element; 
indices, that the same element is repeated. 


pi. | Mul. | Mul. 
Spread. Base-Conics. Order. 
lines. | planes. 
2/1] 0 9 
| 3 | 8 1 0 9 
[a,] | 3 | 6 3 0 18 : 
| 2 | 6] 0 0 54 | 
[a3] | 2 0] O 2 double conics on each plane 32 | 
(w7] | 2) 1 0 1 conic on each plane 17 
[wu']| 2) 5 0 2 conics on each plane 61 
[au] | 2 | 10} © | 1 double conic and 2 single conics on each plane | 122 
[a,az]| 2 | 20} 0 4 double conics on each plane 244 
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We now verify the facts contained in this table. 

We have shown the order and dimension of [7] to be 9 and 2 respectively. 
It contains the base-lines singly, since the unique F* on say 1, 2, 8, 4, 56/1234, 
and the point where the line » meets 1234, taken with 56, lies in the spread. 

We have seen also that [u] is a 3-way of order 9. The plane uw meets a 
base-plane 123 a point, and the conic of the pencil on 123 on this point, taken 
with any conic of the pencil on 456, is a basic R* meeting u. A pencil of conics 
covers a plane singly (there is a unique conic on every point of the plane) and 
hence [u] contains the base-lines singly. [uw] and [7] must meet in nine hasic 
R*’s, the nine R*’s meeting andy. They meet in a curve of order 81. This 
leaves a curve of order 81— 36 = 45 to be accounted for by the fifteen base- 
lines. Hence [u] must contain the base-lines triply, since [7] contains them 
singly. 

[a,] is a 3-way of order 18, since [vy] meets Q, in eighteen points and the 
basic #*’s on these points determine eighteen points in which v meets [a,]. 
Two conics of the pencil on 123 touch a, and hence every conic of the pencil on 
456 counts doubly in this spread. [a,] and [v] meet in eighteen basic A*’s. 
They meet in a curve of order 162, in which the base-lines form a part of order 
162— 72=90. Hence [a,] contains the base-lines 6-fold. It follows: 


The points of the configuration T in a are sextuple points of the surface C. 


[a3] is a 2-way of order 54, since [u] meets the sextic F in a in fifty-four 
points. Six #*’s of the basic system in 1234 osculate a. Hence the base-lines 
are 6-fold. 

[a3] meets a in B taken twice. Its order is therefore 32. Two conics of 
each of the pencils 123 and 456 touch a and these must count doubly in [a3]. 

[u"] contains the base-lines singly, since there is a unique basic #* in 1234 
bisecant to the line in which uw meets 1234. It contains on each plane the conic 
on the point in which uw meets the plane. If x is its order, we have, by com- 
bination with [x], 

9%—15.3—20.2=42, whence x= 17. 


[uu'] contains the base-lines 5-fold, since five basic R*’s meet two lines. 
It contains the two conics on the points in which uw and uw’ meet a base-plane. 
If x is its order, we have, by combination with [x], 
9x—15.3.5—4.20=42, whence «= 61. 


| 
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[a,] contains the base-lines 10-fold, since ten basic Rs meet a line and 
touch a plane.* Two conics on 123 and two on 456 touch a. Hither of the 
tangent conics on 123 taken with the conic on 456 on the point in which u 
meets 456 is a basic R* satisfying the conditions. The latter counts doubly, 
the former singly. Combination with [u] gives the order. 

[a,a,] contains the base-lines 20-fold, since twenty basic #*’s touch two 
planes.* T'wo conics on each base-plane touch each space a and a’, and hence 
there are four double conics on each base-plane. Combination with [u] gives 
the order. 

The following table gives the number of basic #*’s satisfying various 3-fold 
conditions. Most of these may be obtained by combination of the appropriate 
spreads given in the foregoing table, together with the application of the theorem 
of Sturm. Others are added for the sake of completeness. 


PP= 1, Peavy = 18, Pae = 8332, 
= 1, = 54, = 64, 
Pop = 4, 108, Pyuu'u'= 61, Pragagas’ = 488. 


Poa, = 17, = 123, 

9, 34, Prasagu = 244, 
The fact that some of these results may be obtained in more than one way 
furnishes an easy check on the accuracy of the first table. 

We may add to the above the following extensions of theorems of Part III: 

Basic R*’s meeting a 2-way of order m lie on a 3-way of order 9m. 

Basic R*’s meeting a curve of order m lie on a 2-way of order 9m. 

Modifications of these theorems will be necessary if the director spread 
is related to the base. 


§32. Loci Determined on a Plane by Basic R*’s. 


Consider a pencil of spaces 
(ax) +A(Bx) =0, 
having a plane, S, as axis. The quadric spreads cutting out the quadrics Q, , x. 
on spaces of this pencil are 
(ax) + = 0. 


It follows that the quadrics Q,,,, cut out on S a pencil of conics, ® say. The 


* Sturm, loc. cit. 
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three points of intersection with S of its trisecant basic R* are apolar to all 
quadrics QY,,,,, by theorem ec’). They must therefore be apolar to all conics ®, 
and so must be the vertices of the diagonal triangle of the pencil ®. 

If a basic #* touches S it touches every space of the pencil on S. Hence: 

The four basic R*’s tangent to S touch at the base-points of the pencil ®. 

The base-planes and spaces meet S in a configuration, A say, made up of 
twenty points and fifteen lines, four points on a line, three lines on a point. 
A is, by the Veronese ‘‘Perspective Pyramid Theorem,” the figure of three 
triangles in continued perspective, taken with their axes of perspection, — these 
three axes meet in a point. Since the lines (on a space a +42) 123 and 456 
are polar lines in the quadric Q,,,,, it follows that the points 123 and 456 are 
apolar to every conic ®. These results easily give the following theorem : 

The six conics defined by the six configurations B of A are in a pencil ®, the 
base-points of which are the points of tangency of tangent basic R*‘’s to S. The 
vertices of the triangle apolar to ® are the points of intersection with S of its 
trisecant basic R*.* 

Basic #*’s meeting a line, p, lie on a 2-way, P, of order 9. Any space, a, 
on p meets P in a nonic curve, the line p and an octavic curve P’ ina. Any 
plane S on p and in a meets P’ in eight points. Now P’ meets p in two points, 
the two points on p in which basic R*’s touch a. Hence there are six basic f*’s 
that meet a line p on S and meet S at some other point not on p. Therefore: 

The locus of points of intersection with a plane, S, of its bisecant basic f*’s is 
a sextic curve, >. 

> has obviously three nodes, at the points of intersection with S of its 
trisecant basic #*. It can in general have no further nodes, since this would 
require two basic #*’s on a point of S. Its genus is therefore 7. It contains 
the twenty points of the configuration A, conics of the pencils on 123 and 456 
and on the points where S meets these planes, forming a basic #* bisecant to S. 
It also contains the base-points of the pencil ®, and touches at these points the 
tangents to basic #*’s through them. 

Consider the set of basic R*’s as projected from a base-line, 12 say. They 
are projected by quadric spreads with 12 as a nodal line, and project into 
conics on § on 123, 124, 125, 126. Points of intersection with S§ of bisecant 
basic #*’s must be on conics of this pencil. They must further be apolar to all 


conics ®. Hence: 


* Carver: Trans. Am. Math. Soc., Vol. VI, No. 4, p. 543. 
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Points of intersection with a plane, S, of tts bisecant basic R*‘’s are partners 
in the Cremona involution determined by the pencil ® associated with the configu- 
ration A on S. They are also on conics of fifteen pencils on 4-points of A lke 
123, 124, 125, 126. 

We saw in Part II that the locus of pairs of points determined in this way 
is a sextic curve. The involution determined by conics ® leaves this sextic 
unaltered. It carries the lines of A into conics on L, M, N, the diagonal 3-point 
of ®. It carries 123 into 456, etc., as we have seen, thus leaving the points 
of A, as a whole, unaltered. Hence: 

The points 123, 124, 125, 126, ZL, M, N are on a conic. 

This is the conic into which the basic &* trisecant to S is projected from 12. 
A determines in this way a configuration of conics with the same set of points 
and the same incidence conditions. 

We also proved in Part II that the locus of joins of corresponding points 
on the sextic = is a line-quartic, W say. W touches the six lines of both bases 
® and @’, the second generating pencil ®’ being conics on 128, 124, 125, 126. 
Since W is symmetrically related to A, it touches all the twenty lines of A. 
Since 123 and 456 are corresponding points of , W touches the ten lines 
123/456. It obviously touches the three lines of the diagonal triangle of ®. 
But it is more specially related to these lines, as we shall see. 

The configuration A, dual to A determines a range of conics ®,. Here we 
have a line-sextic >, and a point-quartic W,. The configuration A, may be 
considered as the section by a plane of the complete 6-point in three dimensions. 
Here W, is the section by S of the Weddle surface with nodes at the six points. 
The diagonal 3-point of the range ®, is the three points in which the R? on the 
six points in space meet the plane. The properties of the plane section of a 
Weddle quartic* may be here stated for the sextic } and the quartic W: 

The line-quartic W determined by basic R*’s on a plane S touches the three lines 
of the diagonal triangle of the pencil ® in three points on a line. The two tangents 
to W from a point of the diagonal 3-point, besides the two diagonal lines on the point, 
are apolar to these two lines. The configurution A is not unique on W, there being 
an infinity of such configurations whose lines touch W and whose points are on &. 

The first part of this theorem may be verified easily from the form of the 
equation given in Part II. The specialization here is that one of the conics 
(ax) +2 (Bx)? =0 


* Morley and Conner, loc. cit. 
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is on the reference 3-point. Let this be (ax)’. We have, then, 
= Ay = = 0, 
and equation (13), Part II, becomes 
from which the first part of the above theorem is an easy inference. 

Let us return for a moment to the system of quadrics on six points of space. 
It is three linear conditions on a quadric to touch a given plane at a given point. 
Hence one quadric on the six points touches a plane, S, at a given point. The 
two lines cut out of this quadric by S are partners in the Cremona line-involution 
determined by the range ®, on S. At a point, a, of the quartic W,, the quadric 
tangent to § is a cone with vertex at a. The two lines cut out of this cone by 8 
are lines of the sextic =,._ One quadric on the six points contains an arbitrarily 
chosen line of space. If we require this quadric to have a node, the line lies in 
a complex. We have, therefore: 

Generators of quadric cones on six points of space are i a sextic complex. 
The complex curve on any plane, S, ts the sextic S,. This complex contains the 
(1, 8) congruence of bisecants to the R* on the six points doubly.* 

The range ®, of the configuration A, determines a conjugate 3-fold system 
of conics to which all conics ®, are apolar. If the plane a is mapped by this 
scheme on a Steiner quartic surface, 0, the lines 123, 456, being conjugate lines 
in the range, will go by this mapping scheme into a tangent plane section of Q, 
touching at 123/456. We get in this way ten planes and fifteen points. If we 
indicate the points of A, by two-figure symbols, the incidence relations of these 
ten planes and fifteen points may be exhibited in the two diagrams: 

x 46 62 24 x x 

35 12 14 16 162 124 

51 32 34 36 362 324 

13 52 54 56 562 524. 
135 in the second diagram stands for 135/246, etc. A point in the left-hand 
diagram is incident with the planes in the right-hand diagram standing in its 
row and column, except the one in its position, and similarly for the planes. 
But this is exactly the scheme of nodes and tropes of a 15-nodal quartic surface. 


Therefore: 


* Sturm: ‘Die Lehre von den Geom, Verwandtschaften,”’ III, p. 409. 
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Conics apolar to the range ®, of A, map the plane into a Steiner quartic 
surface Q. The points of A, go into fifteen points of Q. The lines 123, 456, etc., 
go into ten tangent plane sections of Q. The points and planes thus obtained form 
the configuration of nodes and tropes of a 15-nodal quartic surface, fifteen points 
lying by sixes on ten conics. 


§33. Complex of Lines Bisecant to Basic R*’s. 


We proved at the beginning of Part IV that two points in which a basic R* 
meets a space a are points of an A® of a basic system in a and apolar to Q,. 
At the end of Part III we showed that the lines joining pairs of points thus 
determined are in a quartic complex. Hence: 

Lines bisecant to basic R*’s are in a quartic complex. 

It is obvious that these lines may also be defined as the lines met by 
quadrics Q,4,8+,, Of the net of spaces on them in pairs of an involution. This 
property makes the finding of the equation of the four-dimensional complex 
easy by methods similar to those employed in Part III. The following is 
also obvious: 

The complex curve on any plane, S, is the quartic W. 

We see from equation (28), Part III, that if p.= p3 = py =0, involving 
Nyy = Nig = Mg = 0, OF Pig = Pog = Py =O, involving the 
equation of the complex is satisfied. Hence the complex (28) contains every 
line on a base-point or on a base-plane. Since our complex is symmetrically 
related to the configuration [' in a, we have: 

The section by a space a of the complex of lines bisecant to basic R*’s contains 
singly every line on the planes of the configuration T in a, and every line on its points. 
This amounts to saying: The complex of bisecants to basic R*’s contains, in general 
singly, every line meeting a base-line, and every line lying on a base-space. 

This is also evident directly. A line on a base-space has a unique bisecant 
basic R? of the system in that space, and hence a degenerate bisecant basic FR‘. 
A line meeting 12 meets on 2? of the basic system on 3456, the #* on the point 
where it meets 3456, and hence has a degenerate bisecant basic R*. A similar 
argument shows that our quartic complex contains every line meeting opposite 
planes 123/456, etc. 

It was shown by Sturm that the complex of tangents to basic R*’s contains 
lines on base-points and base-planes doubly. The section of our complex with 

the sextic complex determined by 16, 26, 36, 46, 56, as base, leaving out of 
22 


’ 
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account the above-mentioned degenerate congruences, is a congruence of order 
6.4—5.2= 14, and of class 6.4—10.2=4. This is the (14, 4) congruence 
of tangents to basic R*’s. 


§34. An 11-te 2-way Determined by Seven Points. 


Consider any plane, S, and a space, a, on it. Basic R*’s bisecant to S 
meet a in two other points, and the lines joining these pairs of points form the 
complex cone on a of bisecants to basic #*’s through J, the pole of S as to Q,. 
The locus of these two extra points of intersection is a curve in S with a triple 
point at 1, since the trisecant basic R* to S counts as three bisecant R*’s, and 
this * passes through UY by theorem c’). This locus is met by a plane in a 
through Y in eight points on the cone proper, and in three points at Y. It is 
obviously the locus of points in a from which 1, 2, 3, 4, 5,6, M are projected 
into seven points of an #*, since an £‘ projects into an #* from any point on it. 
Hence: 

The locus of points in S, from which seven points project into seven points of an 
R? is a 2-way, ¥ of order 11, with triple points at each of the seven points. 

The surface # shows a close analogy with the Weddle surface in S;. Let 
us project it from one of its triple points, M say, into a space 3. Consider any 
point, x, of the surface. If we project 1, 2, 3, 4, 5,6 from x on a space y 
through ¥, the points ly, 2y, 8y, 4y, 5y, 6y* are on an R® with YU in y, 
and are projected from &M by six lines of a quadric cone, V, in y. Now the 
lines x1, x2, etc., project from M into @ into the lines x,1,, x,2,, etc. Since 
x1, x2, etc., meet y in points of the R? ly, ...., M, and hence in points of V, 
x,1, must meet @, in points of the conic V,. In other words, 1,, 2,, etc., 
project from x, on the plane @, into six points of a conic. Hence: 

The surface ¥ projects from any one of tts triple points into a Weddle surface 
taken twice. 

The 11-ic section of ¥ on our space through & projects into a plane section 
of this Weddle surface. We have, then: 

The section by a plane in a of the cone of the complex of bisecants to basic R‘’s 
may be regarded as a plane section of a Weddle surface, a theorem which we have 
met in another connection. 

The 11-ic curve which is the section of the surface ® by a space a on YU, 
is the section (in a) of the Weddle surface with nodes at 16, 26, 36, 46, 56, U/, 


*1y is meant to indicate the point into which 1 projects. 
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with the complex cone of bisecants to basic R‘’s. The complementary inter- 
section is the five lines M16, M26, M36, M46, M56. There are six such 
Weddle surfaces corresponding to the six orthic bases of I, all containing 
the curve. Two, WM, 16, 26, 36, 46, 56 and WU, 15, 25, 35, 45, 65, intersect in 
this curve and 156, 256, 356, 456, M756. 


We have said that # has triple points at each of its seven defining points, 
1, 2, 3, 4, 5, 6, 7, say. It contains the R* on the seven points, since this R* 
projects into an #? from any one of its points. It touches the osculating planes 
of this R*, since the Weddle surface into which it projects from any one of its 
seven triple points touches the osculating planes of the R*® on its six nodes,— 
the curve into which the F* projects. W contains the twenty-one lines 12, etc., 
since projected from a point of one of these lines the seven points become six, 
and an #* can be put on six points in an §;. ® contains the thirty-five lines 
where 123 meets 4567, etc., since 1, 2,8 project from one of these lines into 
three points on a line, and the conic on the four points into which 3, 4, 5, 6 
project and the point in which the line meets their plane, taken with the line, 
is a degenerate 


V. 
Basic Norm-CurvEs IN n DIMENSIONS. 
§ 35. General Notions. 


The theorems which we shall give in this part of our paper are mainly of 
an enumerative character, but their value in the treatment of higher cases is 
sufficiently obvious. 

We shall indicate by S,, a linear space or flat of m dimensions, and by C? 
a spread of m dimensions and of order p. If no ambiguity can result, spreads 
arising in the course of the discussion will frequently be referred to by the 
symbol C?, indicating their order and dimension. 

The base in S, is a set of n+2 points. We have as before the (m — 1)-fold 
system of basic R”’s, and the 4(n’-+ —4)-fold system of basic quadric spreads, 
C?_,’s. Theorems a), b), c), at the beginning of Part III, may here be stated: 

a!) Basic C2_,’s meet any S,_,, a, in C2_,’8 apolar to a definite C?_,, Q,, in a. 

b) Basic R”’s meet a in sets of n points, 1, apolar to Q,. 


ce”) Basic R”’s tangent to a touch at points of Q,. 
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Q, is the quadric spread in a with regard to which the configuration I”, 
cut out of the complete (x + 2)-point by a, is self-polar. Naming the base-points 
and the elements of this configuration as before, this means that 345... .(n-+ 2) 
is the polar S,,_, of 12 as to Q,, and so for the other points and S,,_,’s of I. 


The configuration contains e points, limes, 


Sin’8. Every S,, contains oa S,’s, and every S, is incident with iS, 


Sn’8, Where p< m.* 

We have from theorem b”), as before: 

There is one and only one basic R" meeting an S,_. n—1 times. 

We may add to this the following: 

The basic k" meeting an S,_. ~—1 times is common to the system of basic 
C2_,’s containing the S,,-». 

For the R” meets one of these C?_)’s in n+ 2+n—1=2n+1 points, 
and must therefore lie on it. 

We shall call an S, and an S, of the complete (n + 2)-point opposite if 
pt+q=n, and S, and S, have ro base-point in common. Opposite spaces have 
one point in common. Basic #"’s may degenerate into an #” in S, on the 
pt base-points in S, and the point in which S, meets its opposite S,, taken 
with a similarly determined R% in S,. Further degeneration may occur, but 
this is the simplest, and by far the most important for our purpose. We can 
have further degeneration only by the breaking up of #? or #4 in a similar way. 
From these facts we have the theorem: 

Every base S,, carries a basic system of R”’s on the p+ 1 base-points in 8, 
and the point in which S,, meets tts opposite S,. All these It’s are to be regarded 
as parts of degenerate basic R”’s, the complementary R*’s being the system of f*’s 
on the similarly determined base in the opposite S,. 


§36. The Point-Sets 1%. 


We shall say that an R” is orthic toa C7_,, Y, when every C7_, on the hk” 
is apolar to Q. This is equivalent to saying that there is one, and hence o', 
(n+ 1)-points inscribed in the R” and apolar to QY. One of these (nm +1)-points 


may be constructed by choosing a point, a, of R”, and taking with a the n points 


* Carver, loc. cit. 
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in which the Rk” meets the polar S,_, of a as to GQ. It is 2n-+1 linear con- 
ditions on a C?_, to contain a given Rk". There are then 


linearly independent C?_,’s on a given R”. It is, then, 4n(nm—1) conditions on 
the system of quadrics to be apolar to Q, and hence it is 4n(m—1) conditions 
on the &” to be orthic to Q. 

Basic R"’s are projected from a base-point by a system of o”* Cf-!’s, 
There are «! basic R”’s on each of these cones, one through every point of the 
cone. These C;'-’s meet a in a basic system of R"~!’s on an orthic base of ['”. 
We mean by an “orthic base” of I” a set of n+1 points of I such that every 
C?2_, on them is apolar to QY,. There are n+2 such orthic bases in [”. All 
points of !” whose names contain one symbol form an orthic base, as 12, 13, 14, 
«ahi Every &”~ on an orthic base is orthic to Q,. The following theorems 
are sufficiently evident from what we have said in discussing the 3- and 4- 
dimensional cases. 


Sets of points v\ in a are n-points apolar to Y,, and inscribed in R"’s of the 
basic system on any orthic base of T". [ 

All loci determined in a by basic R"’s are completely determined by Q, and an | 
orthic base of T". 


Choosing as reference points ina n points of an orthic base of ['”, with 
the (n+ 1)-st point as unit point, a basic &” on a point x may be given 
parametrically, 


y, = 1, ...+, #), (1) 


the point « having the parameter value #=0. We indicate the quadric Q, by 


The conditions on the coefficients of Q may easily be worked out. The polar 
S,,2 of x as to Q is 


sy = (2) 


(2) cuts out of the R""! (1) the n—1 points which, taken with x, form a set 1“ 
ina. The (n—1)-ic equation in ¢ giving the parameters of these n —1 points 
may be obtained by substitution of (1) in (2). It is 


| 
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h 


. 
Ox; 
L is the polar S,_, of the unit point as to Q. The spread 7,,, isa Cit} on the 
the locus of points of contact of basic R”’s having (i+ 1)-point contact 
with a. 
The vanishing of an invariant of (8) of degree ¢ and weight w evidently 


gives as the locus of the point x a C¥+**. Since 
w=hi(n—1), 
we have the theorem: 

The locus of points x ina such that the n—1 points besides x of the set 
determined by x are n—1 points on the basic R""! on x and an orthic base in TI", 
and, as points on this R""! as a binary support, have a vanishing invariant I,, 
isa C,_., of order 41(n + 8). 

The n points of a set {” considered as a set of the basic k” are projectively 
equivalent to the n points considered as points of the corresponding R”~', since 
the RF" is a projection of the R”, and these n points are self-corresponding. 
Hence (3) multiplied by ¢, 

— + ....=20, (4) 
represents to within a collineation on the #” the n points of intersection with a 
of the basic R” on x The vanishing of an invariant of (4) must, then, carry 
with it the vanishing of the corresponding invariant of the n points on the basic 
R". An invariant of (4) of degree 7 and weight w is of degree w +7 in the a’s. 
Since w= }nt, we have 

w+ti=ti(n+ 2). 

Hence: 

Basic R"’s meeting a in sets \ for which an invariant [, (on the R") vanishes 
meet a in points of a C,,_, of order $1 (n + 2). 


§37. A Cubic Spread. 


The C,,_.’8, on of a pencil, 


(ax) + =0, 


(a (8 
(ax), (Gx) 


lie on the C3_, 


= > my x, x; = 0, 


i 
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where 1 =a,8,—a,@, are the codrdinates of the S,_, common to a and £. 
Now the basic R” on x passes through x with the tangent py = 2, 2;(x,— 2). 
Hence: 

The locus of points of tangency with basic R”’s of tangents meeting an S,,_», 7, 
is the C3_, (5). 

This locus contains the S,_, singly. 

Consider two S,_,’s that have an S,_, incommon. The two C3_,’s deter- 
mined by the two S,_,’s meet in a C?_,, out of which the C?_, Q, on the S,_,, a, 
common to the two S,_.’s, factors. Hence: 

The locus of points of tangency with basic R"’s of tangents meeting an S,_5 
isa 

Consider an S,_, and an S,,_; which have an §,_,in common. There is an 
S,-1, ®, containing both S,_, and S,_;. Tangents to basic R”’s in a are 
tangents to basic #"~!’s on an orthic base in a at points of Q,. Lines tangent 
to basic R"’s and meeting S,_; in a are tangents to basic R"~!’s in a which 
meet S,_; and have their points of tangency on Q,. The locus of these points 
of tangency is the intersection of a C3_, with Q,, —a C8_;. The C3_, and the 
C;_, determined in S,, by S,_, and S,_; respectively intersect ina C#,, out of 
which the above C%_, factors. Hence: 

The locus of points of tangency with basic R"’s of tangents meeting an S,_, 
isa 

We can now deduce the general law. Call the order of the C,_,,, of 
points of tangency with basic #”’s of tangents meeting an S,_,, m,. Consider 
an S,,. and an S,_,,,; which have an S,_, in common. There is an S,_;, a, 
containing both S,_,,, and S,_,. For an S,_, containing n—r-+1 points of 
S,_,, one further point of S,_,,,, and r—2 further points of §,_,, contains 
both spaces, and is on m points, —enough to fix it. Lines tangent to basic R”’s, 
in a and meeting S,_,,,;, are lines tangent to basic k””’s in a and meeting 
S,-r41, and having their points of tangency on Q,. The locus of these points 
of tangency is the intersection of a C,_,,, of order m,_, with Q,,—a C,_,,,; of 
order 2m,_,.. The C3_, and the C,_,,. of order m,_, determined by S,_, and 
S,-r41 intersect in a C,_,,, of order 3m,_, out of which the above C,,_,,, of order 
2m,_, factors. This gives the recurrence formula 


n, = 3 — 2™M,_2, 


whence 


m, = 2" — 1. 


; 
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Hence : 

The locus of points of tangency with basic R"’s of tangents meeting an S,,_, 
isa Cy_r41, of order 2" —1. 

In particular we have: 

The locus of points of tangency with basic R"’s of tangents on a point (Sy) ts a 
C,, a curve of order 2"—1. 

This curve is projected from a point of it by a cone C, of order 2” —2. 


Hence: 
Lines tangent to basic R”’s and on a point lie on a C,-cone of order 2" — 2. 


§ 38. A Generalization of the Weddle Surface. 


The argument of § 34, Part IV, obviously holds in n dimensions. We have, 
then, that the locus, ¥", of points from which n+ 3 points in S, project into 
n-+- 3 points of an &"~ is a C, with these properties: 

1) It has (n—1)-fold points at the n + 3 points. 

2) It projects from one of these points into a ¥"~" taken twice. 

If m,, is the order of &", we have the recurrence formula 
m,=n—1+2m,_,, 
whence 
m, = 2°—n—1. 
Hence: 

The locus of points in §, from which n+ 3 points project into n+ 3 points of 
an RR" is a CJ", where m,, has the above value. 

This locus has properties closely analogous to those of the Weddle surface. 

We have also: 

Lines bisecant to basic R"’s and on a point, a, in S,, le on a C; of order m,,_;. 

The points of intersection with these lines of their bisecant basic h"’s are on the 


B". 


§39. Some Enumerative Theorems. 


We can find the order of the C,,_, in which basic R"’s tangent toa meet a 
again by finding the order of its C,_; of intersection with an S,_, of [". A basic 
R" cannot meet a base S,,_, without degenerating, and hence we need consider 
only the degenerate basic R”’s. And we evidently need consider only the basic 
R"’s degenerating into lines and #”'’s, and into conics and R”~*’s. Let us 
assume that the order of the C,,_, of further intersection with an S,_, of tangent 
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basic R”’s in S,_, is m,_,. Basic R"’s in the S,_, cutting out the S,_, from 
I” determine a C75" on S,_,. All S,_,’s on the S,_, in I” count doubly in C™,, 
since two conics of the pencil in the plane opposite to a base S,_, touch a, and 
either of these conics, taken with a basic R”~* on the opposite S,_,, is an R” 
satisfying our conditions. Since there are n S,_,’s on an S,_, of I’, we have 
the recurrence formula 
mn, = 2n + 

whence 

My = (n+ 3) (n — 2). 
This gives us the theorem : 

Basic R"’s tangent to an S,_,, a, meet a again ina 

This C,,_, is the discriminant of (4). It touches Q, along the C%_; of points 
of osculation of basic R"’s with a and cuts out of Q, the points of contact of 
bitangent basic R”’s. Hence: 

_ Points of contact with « of bitangent basic R”’s lie on a C2%+9 9), 

It may be proved as in Part IV that lines joining corresponding points of 
this C,,_, are lines of Q,. 

We now ask for the order of the C,_, in which basic R”’s having p-point 
contact with a meet a again. Call it m?. We can find the order of C,_, by 
finding the order of the C,_,,,, in which it meets an S,_, of f. The S,_,_;’s 
of [I count p!-fold in the locus, since they are cut out by base S,_,’s, and p! 
basic #?’s of the systems on the opposite S,’s have p-point contact with a. 


There are on an S,_, of There are on of I’, 


where 

n—p—ldmicn—2, 
spreads belonging to our locus, but their dimension is less than n — p— 1, and 
we need not take them into account. On the S,_, cutting out our S,_, we have 
a basic system of and these determine a Cj_, _, on S,_,, where ¢= 
Hence we have the recurrence formula 


whence = p! p— 1]. (6) 


Hence: 
Basic R"’s having p-point contact with a meet a again in a Ci_,, where 

t =m} as given in (6). 

23 
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It is n—t— 1 conditions on a curve in S, to meet an S,;. If the locus of 
basic R”’s meeting an S,_, is a C,_,,, of order x}, an S,_, meets this locus in 
x, points, and there are x; basic R"’s meeting an S,_, and an S,_, by the 
theorem of Sturm. Hence the locus of basic R”’s meeting an S,_, is met by 
an S,_, in x; points, and the order of the latter locus is x;. The locus of basic 
R”’s meeting a Ci_, is met by an S,_, in the ux} points defined on S,_, by the 
basic R”’s meeting S,_, and C#_,. The order of the locus of basic R”’s meeting 
Ci, is therefore ux}, provided the C*_, does not meet a base S; where i < p. 
We have seen that basic R"’s have p-point contact with a at points of a CP, 
and meet again in points of a C,_, of order m3. The CP!,, does not meet a base 
S; where i< p, since an F‘ cannot have p-point contact witha ifi< p. The 
locus of basic R”’s meeting CP, is a C,_,4,; which meets a in CP', taken 
p times and in the C,_, of order mj. Hence: 


= (7) 


n 
p 
p! 


Therefore : 
Basic R"’s meeting an S,_, le on a C,,_»4; of order x}. 
There are x”, basic R"’s that meet an S,,_, and an S,_,. 
Basic R"’s meeting an S,_, le on a C, of order x’. 
The identity involved in these theorems, 
xp %n—p+1 
is evident from the form of (7). 
The following theorems are easily verified by the methods of Part IV: 
Basic R"’s that touch a C7", meet tt again in a Ch.., where 


u=m(m+ +2) m — a]. 


Basic R"’s bitangent to a Ci", touch at points of a C;_,, where 


The multiplicity of a base S, in the C54, of basic R”’s meeting an S,_, 


(” 
is 

Pp 

By counting of constants we should expect to find a finite number of basic 
R's on a basic C?_,. An R” in S, is determined by (n+ 1)’— 4 constants. 
It is 2% +1 conditions on the &” to lie ona C?_,. It is n—2 conditions on a 
curve lying on a C,,_, to pass through a given point of the C,_,. Hence: 
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An R” on a in ts determined by 


points, — a base, — to within a finite number of positions. 

By a theorem of Part I, basic R”’s having (n —1)-point contact with a Cz_, 
touch at points ofa C”'. If the C?_, is basic, this Cf exists, but can be nothing 
but basic #"’s, since an #” having (n—1)-point contact with the C?., has 
n+2-+-n—1=2n +1 points in common with it, and must lie on it. Hence: 

There are (n—1)! basic R"’s on a basic C_,. 

Basic R”’s meeting an S,_, r times lie on a C,_,; let us assume that its 
order is t?. We obtain a formula for ¢? by looking for the C,_,_, in which the 
C,-, meets a base S,_,. The given S,, meets a base S,_, in an S,_3; basic 
R"-"’s on S,_, meeting S,_; 7 times lie on a C,_,_, of order r?~!. Consider a 
base S,_, and the opposite S;. S,_, meets S; in an S,,. One basic 2‘ meets 
times. S§,_, meets the base S,_, in an S,_,.. The basic R”-‘’s on 
S,-; meeting this S,_,. 1 times (enough to make S,_, meet R”~* taken 
with the #* in the opposite S, r times) lie on a C,_,, of order c?—},,. There 


are (.* ~ base S,_,’s on a base S,_,. This gives the formula 


by which ¢? may be calculated in any particular case. The following values of 
special v’s are in accordance with the facts: 


The following general formula for r%*! may be verified by induction from (8): 


rl (n +1) —(r +1) +2(-)" (rn 

Basic R”’s meeting r S,,_,’s lie on a C,_,; let us assume that its order is of. 
An argument similar to the above gives us a formula by means of which o? may 
be calculated. Let us examine the C,_,_, in which our C,,_, meets a base S,_,. 
The r S,_,’s meet S,_, in 7 S,_,’s, and these give a C,_,_, of order of’ which 
belongs to our locus. Consider a base S,_, and the opposite S,. +—1 S,_,’s 


* It is a remarkable fact that the number eet? is the genus of the curve of intersection of n—1 


C2 in 
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meet S, in t—1 S,_,’s. These can be chosen from the 7 S,_,’s in (,7,) ways. 
There are o/_,/i R'’s in S, meeting these S,_.’s. The remaining r—i+1 S,_,’s 
meet S,_,in r—i+1 S8,_,.’s. Basic on meeting these S,,_,_,’s lie 


n 
on a C,_,_, of order of=j,,. There being (, on a base S,_,, we have 


the formula 


The following values of special o’s are in accordance with the facts: 

It is easy to calculate any special ¢ or o from (8) or (9) taken with the table of 
special values. Suppose, for example, we require the value of o3. In the first 


place, 


From (9) we have 


We have also 
oj = i= + (2) ) 2| = 15, 


61, 
a number which we found in Part III. This gives 
of 4.61 


whence 


Jouns Hopxins University, March, 1909. 
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Surfaces Invariant under Infinite Discontinuous 
Birational Groups Defined by Line Congruences. 


By Vireit Snyper. 


A family of quadric surfaces containing one variable parameter will define 
a congruence of lines having the envelope for focal surface. When the parameter 
enters rationally to the power n, the congruence will be of order 2m and of class 
6n; the focal surface will be of order 4(n—1). Hach quadric will touch it along 
a space quartic of the first kind, defined as the limiting intersection of two 
quadrics which approach coincidence. 

1. When the two systems of generators are rationally separable, the con- 
gruence breaks up into two, of the form (n, 3n), having the same focal surface. 
These surfaces are interesting from the fact that the congruences will define 
upon them an infinite discontinuous group of birational transformations which 


leave the surface invariant.* 


Let 
m m 
> a; ym-t u' > C; qm-i 
i=0 i=0 (1) 


> b, qn-k d, u* 
k=0 k=0 


a,;, b,, ¢, a, being linear expressions in four homogeneous variables (x), be the 
equations of a line. As A:u and o take various values, this line will define a 
congruence which we shall call the o congruence. Similarly, by interchanging 
xc, Xb, a new congruence is defined. 

These two congruences are arranged on a system of quadrics, and have the 
same focal surface ¢. The cones contained in this family evidently belong to 
both congruences, and their vertices are singular points on @. Should a cone 
further break up into a pair of planes 7,, 1,, the corresponding lines of o would 


* Cf. ‘(Infinite Discontinuous Groups of Birational Transformations Which Leave Certain Surfaces 
Invariant,’ Transactions American Math. Society, Vol. XI (1910), pp. 15-24. 
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belong to two pencils (0,, 7), (0., 2), and the lines of 7 to the pencils 
(0,, 72), (02, 7%), Wherein 0,, 0, are two points on the line of intersection of the 
two planes. The points 0,, 0, are singular points on 9, and 7, 7, are double 
planes, touching ¢ along conics. 

Through any point P,;=(a,) on @ pass a line of o anda line of ¢ which 
touch the surface at that point. 

2. When the coordinates of P, are substituted in (1), the binary quartic 
in A: will have a double root which can be expressed rationally in terms of (z,). 
The corresponding 4,:, determines the single quadric Q@(4,) which touches @ 


at P,. The curve of contact ¢, is defined by Q(a,) = 0, a5 =0. A line of o 
1 


touching ¢ at P, will therefore touch it again at the second point of intersection 


with EY Since the coordinates of one point of intersection are given, those 


OA,’ 
of the other point P, = (x,) are expressed rationally in terms of (z,). Had we 
started with P,, we could express the coordinates of P, rationally in terms 
of 

The operation of interchanging the points of contact of any line of o with the 
focal surface @ 1s a birational transformation of order 2 which leaves } invariant. 

This property is true for a large category of congruences that cannot be 
expressed in ihe form (1), but is not true for those defined by a family of quadrics 
in which the two systems of generators are not rationally separable, for, corre- 
sponding to a point P, we have two points P,, one on each generator of the 
quadric passing through P,.* 

In the same way, the congruence ¢ will define a birational transformation 
of order 2. Let these be denoted by (), (T). 

3. The coordinates of a point on cq can be expressed in terms of elliptic 
functions in such a way that the parameters u of four points lying in a plane 
will have a sum conjugate to zero. A quadric can be passed through any c, and 
one bisecant. Let u,, u. be two points such that u,+u,= is not commen- 


* A congruence of this kind can be obtained from the cubic variety [ in space of four dimensions, which 
contains a plane, but cannot be generated by trilinear systems. Let a pencil of spaces have the plane for basis, 
Each space will cut I in a residual quadric, one passing through each point. If the quadrics be projected 
from a point on I into any space not passing through the center of projection, the result is a family of 
index 2, A2u+Ayuv+ u2w=0,. The apparent contour is the envelope of this system, and complete focal 
surface of the congruence. The surface 4uw— v* = 0 has eight double points, and is of class 20. The vertices 
of the cones contained in the family of quadrics are not in this case double points of the focal surface. 
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surable with the periods of the elliptic functions concerned. The planes passed 
through this line will contain a generator of the other system such that the sum 
of the two parameters will be conjugate to —%&. In particular, if wu, define P,, 
then P, is expressed by k—u,; from P, a generator of ¢ meets c, again in 
u,—2k. If the operation (=T) be repeated, the point P, can never be reached 
after a finite number of transformations, since & was chosen incommensurable 
with the periods. If the constants be so chosen for one value of 4, it insures 
that (}T) is of infinite order. 

4. The order of the discriminant is in general 2(m+n—1), but will 
contain as factor any letter common to the coefficient of A™*", Aw™*""!, and 
similarly for Au™*"", u™*". Thus the order of @ is in general of order a 
multiple of 4, but may be reduced by one unit if co. =0, b: =0, a,;=ay; by two 
units if d,=a,; and by three units if also b,=c,,=d,=0; hence: 

Surfaces o of any order except 5 can be constructed on which the operation (T) 
defines an infinite discontinuous group of birational transformations under which > 
remains invariant. 

5. Among the congruences expressible in the form (1) are the Cremona 
congruences, obtained by connecting corresponding points of two planes in 
(1, 1) correspondence. * 

The general theory will not be discussed further, but a few interesting 
applications will be made to well-known congruences. 


Congruences of Order 2. 
6. Given the three trilinear systems in space of four dimensions 4,, 


Uy + av + B ve + y v3 =0, aw, + B we + y wz = 0. 
They will generate the cubic variety [ defined by 
Us 
r=]| vs | = 0. 
Wz 
Without restricting the system, we may put: 
U = 7%, w, = b,x, + b,x, + = b, 
Ug = Vz = Hs, Wy = Cy Ly Cy = C, 


* T. A. Hirst: ‘‘On Cremonian Congruences,” Proc. London Math. Society, Vol. XIV (1883), pp. 259-301. 
The treatment is synthetic, and no transformations are discussed. 
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If now a general line of the system be projected from (0, 0,0, 0,1) into the 
space 2,0, its equations become 
Byd. 
By eliminating a the equation may be written 
(5 — — (ds — + dx,)By + (ax, = 0, (2) 
showing that the congruence can be arranged in a family of quadrics of index 2. 
The equation of the focal surface may be written in the form 
, = (ds x22, + b x3) + + = 0. 
The two systems of generators on the quadric (2) are rationally separable, 
and may be written 
bB—dmy _ _ 
B x2 + 
b = = ¢ 
Since the congruences are each of class 6, and the focal surface has a double 
plane z, = 0, they are of symbol (2,6),,. The double points of the focal surface 
consist of the eight points common to the quadrics 


bit —cx,=0, 
and the vertices of the four quadric cones of the family. Of the former, two 
have an exceptional function: one is the vertex of a quintic cone A, having a 
double edge passing through six of the basis points, and the other is the vertex 
of a plane pencil A, lying in the singular plane. The other six basis points are 
vertices of cubic cones. The vertices of the quadric cones contained in the 
family of quadrics are all in the singular plane x, = 0. 

In o, ¢ the two cones K,, K, are interchanged, each has a cubic cone at the 
other six basis points, but the cones are not the same for both. The quadric 
cones are common too and ¢. The equations of these cones can be determined 
by finding the envelope of the plane passing through the singular point. One 
equation of the line of the congruence is illusory, and the parameters in the 
other will satisfy a relation with constant coefficients. 

7. When the operation (=) is performed upon the focal surface, all the double 
points are principal elements. A, will go into the conic of contact lying in 
x,=0, each of the K, vertices goes into a space quartic having a double point at 
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the vertex, the A; each into a sextic having a triple point and K, into a curve 
of order 10, with a five-fold point at the vertex, and passing through the basis 
points. All these curves are rational. 

8. Given any plane section 2 of @. Consider the ruled surface formed by 
all the lines of o which touch ¢ along the quartic curve of section. Its order will 
be 4 plus the number of generators lying in w. Since the class of o is 6, there 
are six bitangents lying in 2, each counting as a double generator. Thus the 
order of the ruled surface is 16. Since its genus is 3, the residual double curve 
is of order 96, no part of which can consist of further double generators. The 
plane 7 cuts the curve c,,, image of K;, in 27 points, hence 27 generators of 
our ruled surface pass through K;. The surfaces ¢, and R,, intersect in a curve 
of order 64, consisting of c, in 2 counted twice, and a residual ¢,,, also counted 
twice. The latter will have 27 branches passing through every K;. The double 
curve Dy, on FR, meets ¢g, in all the vertices KH; and nowhere else. The plane 7 
will cut each cone KX; in a plane ¢; which touches c, in 27 points. The lines 
joining these points to the vertex A, will therefore be torsal generators, the 
pinch-point of each being at the vertex. The total intersection of Dy, and ¢, 
is therefore of the form 


9. If between the equations of a line of the congruence the parameter @ 
be eliminated, a family of ruled cubics of index 2 results, 
[bay cai] + ay [ds + b %3— 262,73 + Ax, Xe] 

= 0, 
which has @ for its envelope, with the extraneous factor 23. The double 
directrices are defined by 

%=0, + 
In this way we can obtain the properties first found by Stahl.* 
10. The equations 
bu — tAtyu 
cAatdu 
and the corresponding ones for 7 also define congruences of order 2 and class 6, 
but the focal surface has no double plane; hence the congruence is of the first 
kind (2,6),. The configuration of singular points and fundamental curves can 


* W. Stahl: ‘‘Ueber Strahlensysteme zweiter Ordnung,”’ Crelle’s Journal, Vol. XCV (1883), pp. 297-316. 
24 
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be found as before. The essential difference between the two forms is that in 
(2,6),, the vertices of the quadric cones belonging to the family of quadrics 
lie in a plane, while in (2,6), they do not. The present form can not be 
obtained from the cubic variety [ of &. 

11. Ifin the equation I the space 2, is of the form a,x, + a;%,, the entire 
plane a,=0, x, lieson I. There is no restriction in putting a=0, since the 
equation of any space through this plane is of the form ka,+la,=0. Hach 
space of this pencil will cut T' in a quadric whose generators belong to conjugate 
systems. Four double points of © lie in the plane, and are basis points of the 
pencil of conics cut from the quadrics by the plane x,= 0, 2;= 0. 

On eliminating a as before, the system 

cBtdy 

is seen to be a particular case of both the preceding forms. The planes x,=0, 
%3—=0 and x,=0 are double planes of the focal surface. 
From the equation of the system of quadrics 
(bx,— + By (b x3 — dy — dx) — ds x3 x, = 0 

it is seen that four of the eight basis points lie in the plane x;=0, and the other 
four lie in x,=0. Besides the four cones whose vertices are in x, = 0, the con- 
gruence has une other singular point. This is the general congruence (2, 5). 

12. If 6=0, the general congruence (2,4) results. The singular planes 
of the focal surface are x, = 0, 73 = 0, %=0,c=0. 

Finally, the (2,3) and (2, 2) congruences can be obtained from the equations 
given in a preceding paper.* 

In the case of the general (2, 2) congruence, the same focal surface exists 
for six families of congruences. The operations (>)(T) are now all commutative, 
and generate a group of order 32. In all the other cases enough undefined 
constants exist to make (=T) of infinite order, but for certain values of these 
constants they may be of finite order. 

Every congruence of order 2 not having focal curves and of class less than 7 
can be arranged on a family of quadric surfaces of index 2, whose envelope is the 
focal surface of order 4. For unrestricted coefficients these surfaces all have an 
infinite group of birational transformations except that of class 4. 


* Snyder: “Surfaces Derived from the Cubic Variety Having Nine Double Points in Four-Dimensional 
Space,’ Trans. Am. Math. Soc., Vol. X (1909), pp. 71-78. 
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Congruences of Order 3. 


13. If the variety [ which has no plane lying upon it be projected from a 
general point of S,, the resulting congruences of order 3 can not in general be 
arranged on quadrics. The two conjugate congruences of order 3 and class 6 
have the same focal surface of order 6. 

If, however, a= 0, and the system be projected from (00101) into 2, =0, 
an interesting case results. It will be more convenient to use a non-homogeneous 
parameter &. The projection of the first system gives 


dn thd 
k (x, k x2) 
from which 
(¢ xg d x2) + (dx, — ds x. + ca,— b 25) 
+ (ds x,— b — b3 k — bg = 
In the &-discriminant, a7 is a factor. 
Of the six quadric cones in this family of quadrics, three have their vertices 
in 2,=0, three in d;z,—d=0. The point (d,, —d,, 0, 0) is the vertex of a 
quartic cone having three cuspidal edges, belonging to C;. 
A second system is 
k(b—ke)+6;2, k(a,— ka) 
This one has the same three quadric cones with vertices in the plane 2,=0, 
cubic cones with vertices at the singular points in the plane d;a,—d=0, and 
a plane pencil in this plane with vertex at (d,, —d,, 0, 0). 
Finally, a third system is of the form 


x, (ds— 0,, 


ds— k) (ka,—c)  bs(d— kas) + (ds — (&a,—b) 

which has a pencil in the plane z,=0. It is like G, if the planes a,, d;x,—-d=0 
be interchanged. The other system of generators on the quadrics of C, is exactly 
C;. Hach of the operations (C;) is of order 2, and the product of any two is of 
infinite order. 

To obtain the equation of the cone of rays passing through the point 
(d,, —d,, 0, 0) and belonging to C,, substitute the coordinates of this point in C, 
and solve for t, & The first gives r=0; hence kd+d,%,=0, kag+a,=0. 
The k-eliminant is (d,2,— d)2,=0. The factor x, corresponds to k=0; hence 
the pencil d;x,— d =0, (d,, —d,, 0, 0) belongs to C,. 
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Similarly, in C, we have p=0, 2,=0 for the same point, and for C, the 
coordinates of the point satisfy one equation identically. The other gives 
o(d, + kd;)=6, 6 being d,b,—d,b,. On substituting this value of o in the 
second equation we have the equation of a plane always passing through the 
singular point. The envelope of this plane is a quartic cone having three 
cuspidal edges. In the same way the cones belonging to the other singular 
points are determined. 

The duals of all the congruences of order 2 discussed before can also be 
expressed in this way. 

14. Another case of considerable interest was mentioned by Roccella.* 
Let (0,, ;) (= 1, 2,3) represent three projective plane pencils. Lines joining 
corresponding lines will generate a quadric, and the quadrics thus defined 
will compose a congruence G. The directrices of the quadrics define another 
congruence D. The planes 7,, 1, will intersect in a line (7, 7) which is cut by 
the two pencils in projective ranges. Let P,,, Pj, be the self-corresponding 
points, and d;, d,; d;, d; the pairs of lines of the two pencils passing through 
them. Let 4,, be the line of (0,,, 7) corresponding to d;. The lines of the 
pencils (Pix, dm), (Pi, 5),) obviously belong to G. Let the plane (d;, d,) cut 
dm in D,. The pencil (D,,, d,d,) will also belong to G. The lines of the 
pencils d,d,) and (D, (Pix, likewise belong to D. 

The quadric cones belonging to the family of quadrics therefore break up 
into planes. The congruences G, D have twelve singular points, at each of 
which the singular lines form a plane pencil. 

The pencils (0;, belong to D, but not toG. If form any triad 
of corresponding lines, every line through 0, cutting /,, /,, will evidently belong 
to D. The lines which meet /,, /,, describe a quadratic complex. The complex 
cone having 0, as vertex will therefore belong to G. Similarly, all the lines of 
n, belonging to this complex will belong to G. From their method of generation 
both congruences are self-dual; hence: 

The congruence generated by the lines which meet corresponding lines of three 
projective pencils is of order and class 3; it contains fifteen singular points and fifteen 
singular planes. At twelve of these points the singular lines form plane pencils, and 
at the others, quadric cones. The three remaining planes contain conics passing 


* «Sagli enti geometrici dello spazio di rette generati dalle intersezioni de’ complessi corrispondenti in 
due o pit: fasci proiettivi di complessi lineari.’’? Piazza Armerina, 1882. See Art. 10. 
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through the vertices of the cones. The conjugate congruence is of order and class 3, 
and contains fifteen singular points, at each of which the singular lines form a plane 
pencil. 
15. Analytically we may write 
Ax, +%=0, for 7), 
Ay + %+a,+%,=0 for (03, 7), 
wherein a,=6;+Ac;, and are constants. 
The equations of a line of G now have the form 
(A? — 1) (ag — (42% +) _ 
Ay (X + AX, + 
The focal surface is the same for Gand D. It is of order and class 8 and 
has a cuspidal curve of order 12. In general the cycle (GD) is of infinite order. 
The surface is the self-dual surface of Kummer and Cayley.* 


CORNELL UNIVERSITY, July, 1909. 


* FE. E. Kummer: ‘Ueber diejenigen Flichen, welche mit ihren reciprok polaren Flichen von derselben 
Ordnung sind und die gleichen Singularititen besitzen,” Berliner Monatsberichte, 1878, pp. 25-37; Cayley: 
Sibi-Reciprocal Surfaces,’? same, pp. 309-313. 


The Apparent Size of a Closed Curve. 
By Artuur C. Lunn. 


1, The apparent size of a closed curve in space, or the solid angle subtended 
by it as seen from any point, is defined as the solid angle of a cone with vertex 
at the point of sight and with the curve as directrix. This is measured, according 
to the definition of Gauss, by the area cut by the cone from a sphere of unit 
radius with center at the given point. It is equivalent to the apparent size of 
any surface bounded by the curve, provided a suitable convention be adhered to 
as to the algebraic sign of each element, according to whether one side or the 
other is visible from the point. Its value is then given by the familiar integral 

— a) y) + zcos(n, 2) 18 (1) 
extended over a surface bounded by the curve, with positive side at each point 
fixed by the direction of the normal n. Here the point of sight is taken as 
origin of coordinates and an element of solid angle is considered positive when 
the origin is on the positive side of the corresponding element of surface, 
r being the radius vector from the origin to a point of the surface. The explicit 
computation of w is required, for example, in the determination of the magnetic 
potential of a closed linear electric current.* 

The integral in (1) may be evaluated as the sum of three double integrals, 
extended over the areas bounded by the projections of the curve on the coordinate 
planes, or as one double integral extended over a plane area into which the sur- 
face is mapped by means of a representation of the coordinates of its points in 
terms of two independent parameters. But inasmuch as the surface here is 
purely auxiliary and is arbitrary except in that it is to be bounded by the given 
curve, it seems more natural to seek a method of computation such as to use the 
curve itself as realm of integration, for instance by integration with respect to a 
parameter ¢ in terms of which the coordinates of the points of the curve may 


be expressed. 


* Gauss: ‘‘ Allgemeine Theorie des Erdmagnetismus,’’ Gesammelte Werke, V, p. 170. 
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One such method is given by the ordinary formula 
o = coso)d0 = /(1 — 6' dt, (2) 


where 0,¢@ are the longitude and colatitude of the point where the unit sphere 
is intersected by the vector r from the origin to a point of the curve. Here the 
use of ¢ as a variable of integration, in terms of which the coordinates may be 
considered as single-valued, relieves the ambiguity as to the interval of variation 
of 6 arising from the fact that the polar axis, being arbitrary, may or may not 
be linked with the curve. For comparison with other formulas to be considered 
it will be convenient to throw this into a form containing rectangular coordinates, 
which will here be done by means of a vector formula independent of any par- 
ticular coordinate system. 

Let a be a constant vector, of length a, in the direction of the polar axis 
implied in equation (2), and let r,, a, be unit vectors in the directions of r and a 
respectively, so thatr=rf,,a—=aa,. Then if ¢ be thought of as time, @ is the 
angular velocity of the plane of the vectors r, a about the fixed vector a as axis) 
and cos@=f,.a.* Now a vector normal to the plane in question is 
n= nn,=r X a, so that the derivative nj of the unit normal vector is 
numerically equal to 6’. From this come: 


=n(r’ xX a)— X a). X a), 


and from the last, by squaring and reducing: 


n‘ ny” = x a) ( x = [Pra] aj’, (3) 
which shows that the vector of angular velocity of the plane may be taken as 
— 4 


which is numerically equal to n{, but is parallel to the axis a while nj is 
perpendicular. This formula may be obtained also directly by a geometric 
construction, with r’ treated as the velocity of a point moving along the curve, 
so that —[r’ra]/a is the moment of the velocity with respect to the axis. The 
sense of u, left undetermined by (3), is here so chosen that when fr’, r, a form 
a right-handed triple of vectors the direction of u shall be opposite to that of a. 
Thus if the forward circuit of the curve appear counter-clockwise as seen from 


* The vector notation is throughout that of Gibbs-Wilson: ‘ Vector Analysis.” 


rxa | 
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what is taken in (1) as the positive side of the surface, the resulting value of the 


solid angle is — 
r. rraja 
(rx ay (5) 


which in Cartesian rectangular coordinates is 
a! y! af 


Ap ag 
a=Vaji+az+aj, 
n® = + —a,2)’ + (a, y — a,x)” 
= — (a, + + 432)’, 
where aj, a, a; are the scalar components of a. In this deduction the polar 
axis has any arbitrary direction with respect to the rectangular axes; if it be 
taken to coincide with the z-axis, and ¢ be the arc of the curve, this formula 
reduces to one used by Maxwell.* 

The integrand in this formula is independent of the particular set of axes 
used for the resolution of the vectors; and the integral is independent of the 
special choice of the parameter ¢, but it contains the direction of the arbitrary 
vector a and thus depends apparently on the ratios of the scalar constants 
a, G2, 43. The geometric source of the formula shows, however, that the 
integral around a closed curve must be independent of those constants, for any 
continuous variation of them which does not introduce singularities into the 
integrand. 

If the curve intersect the axial line, then at such a point r becomes parallel 
to a and the divisor n’ vanishes. Since a is arbitrary, this could of course be 
avoided for any particular curve, but there is a feature of theoretical interest 
in such a case. 

If the intersection is on the positive half of the axis of a, so that ¢=0, 
the vanishing of other factors keeps the integrand finite; but if it is on the 
negative half, with ¢=17, the integrand becomes infinite. In the latter case 
a suitable value of « might be sought by a limiting process, for which purpose 
a short arc of the curve in the neighborhood of the intersection is replaced by a 
circular arc, for instance, with center on the axis. But the result then depends 
upon which way this arc lies with respect to the axis, there being in fact, for 


(6) 


* «Electricity and Magnetism,’’ Vol. II, Ed. 3, p. 39. 


5 
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arcs on opposite sides of the axis, two possible limiting values of the integral 
differing by 42, which is the limiting value of the integral in (2) or (5) fora 
small circle with center on the negative part of the axis. Thus a variation of the 
vector a such as to make its negative continuation pass across the curve produces 
an abrupt change of 47 in the value of the integral. The obvious interpretation 
is that this 47 is the apparent size of the whole “sky,” or the cyclic constant 
which occurs additively an arbitrary integral number of times in the general 
many-valued determination of o. Moreover, if two different expressions for the 
integrand in (6) be formed, corresponding to different choices of the vector a, 
their difference proves to be the exact derivative of a certain function of the 
coordinates which is expressible in terms of inverse trigonometric tangents 
and is many-valued with the same cyclic constant 42. 

2. Another method of computation* depends on the relation a =22—o, 
generalized from a familiar theorem relative to polar spherical triangles, in which 
o is the length of that curve on the unit sphere which is polar to the intersection 
of sphere and cone. To translate this into an explicit general formula, let it be 
noticed that if the vector r goes to a point of the given curve then the unit vector 
of the vector p=r Xr goes to the corresponding point of the polar curve on 
the sphere. Then 


xr"), 
and from the first of these, by squaring and reducing: 
p eed r’, (7) 
Here p; is numerically the derivative of the arc of the polar curve, so that with 
a conventional choice of sign in taking the square root in (7) the solid angle is 


ilt, (8) 
or in Cartesian coordinates : 
gi! 
@ =an— | dé, 
zY\¥ 


+ (eae + (ay! — (9) 


= — (aa! + yy! 
gaa? 


* Used for example by Schwartz: Gesammelte Werke, I, p. 316. 


25 
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To put this into a form using polar coordinates, for comparison with (2), 
let (x, y, z) be written (r sin @ cos 0, r sin @ sin 0, 7 cos@); then it reduces to 


— al\ oi 9 al2 
o=an— 6’ —0 sin’ p cos (10) 

The divisor p* vanishes at a point of the curve where the tangent line coin- 
cides with the radius vector. At such a point the integrand may remain finite 
if also the osculating plane pass through the origin; but in general it becomes 
infinite and the value of w needs to be found by a limiting process, involving a 
system of curves obtained by warping the original so as to keep p different from 
zero. The typical case of such a critical point is that where the curve is such 
that its trace on the unit sphere presents a cusp. Then, according to whether 
the curve is deformed so as to change this cusp to a rounded arc or to some kind 
of loop, the limiting process gives a result indeterminate by an additive multiple 
of 42, like that mentioned in §1. 

In contrast with the formula of §1, the present one contains no arbitrary 
constants, but it involves the second derivatives of the coordinates and thus 
implies stronger conditions on the curve. For example, equation (5) or (6) 
could be used directly for a polygon or other curve having in general a definite 
tangent but with a suitably restricted set of points of discontinuity in the 
direction of that tangent; while in such a case equation (8) or (9) would be 
inapplicable unless for each such point there be added a corrective term 
measured by the corresponding change in direction of the line tangent to the 
trace on the unit sphere. 

3. The method now to be developed consists in a transformation of the 
surface integral of equation (1) into a line integral by means of Stokes’s 


theorem: 


fcurlv.da=/fv.dr, (11) 
where da is the vector equivalent of the scalar element of area dJ/. 


If R be put for the Newtonian vector —r,/r*, then equation (1) may be 


written 
a=fR.da. (12) 


Thus if there is a vector function v such that curl v=R, then under the analytic 
conditions sufficient for Stokes’s theorem the solid angle can be computed from 


o=fv.rdt. (13) 
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Since R is a solenoidal vector function, there must exist for it such a vector 
potential v, whose determination in terms of rectangular coordinates involves 
the integration of the system of differential equations: 

Oy oz Oz Oe dy 
which condition its scalar components (2, v%, vs). 

By these equations alone V is not uniquely determined, but any two solutions 
differ by a potential vector VU or one whose components are partial derivatives 
of a single scalar function U. This U may be many-valued, but its discontinuities 
and those of VU must be allowed for by corresponding corrective terms in the 
application of Stokes’s theorem. It may be predicted that the only indeter- 
minateness thus introduced will be such that the values of a computed by means 
of two different expressions for v will differ by a multiple of 4m. A general 
proof of this is not attempted here, but a verification is given below for some 
particular cases.* 

A particular solution of equations (14), found by a known tentative process, 
is the following: 


Ov, Ov OM 2 (14) 


x 


which may be written 


1 1 1 


Then the general solution may be written v+ VU, where the scalar function U 
is arbitrary. The special form of v just found gives, by substitution in (13): 


o=tf (r,t, w] (17) 


which in Cartesian coordinates is 


a y! 
1 3 (18) 
rt+erty rt+z 


* For a theory of many-valued functions in a Riemann space see a paper by Dixon, Proceedings of the 
London Mathematical Society, Ser. 2, Vol. I, pp. 415-436. 


| 
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With respect to this formula a qualification must be made, however, to cover 
cases where the vanishing of any of the quantities (r+ 2, r+y, r+ 2) makes 
V infinite at any point involved in the integrals of equation (11). Since con- 
tinuity of v and of curl v is presupposed in Stokes’s theorem, a corrective term 
is needed for every point where the negative part of a coordinate axis pierces 
the surface implied in (11), even when at all points of the curve itself the inte- 
grand in (18) remains finite. 

To find the magnitude of this correction it suffices to consider a special case, 
such as a circle with center on the negative z-axis and lying in a normal plane, 


represented by 
x=pcost, y=psint, z= —6, 


where p, 5 are positive constants, so that r is the constant “p?+ 6°. For the 
integral in (18) this gives 


1 Spsint bp cost _ 1 5b 


37 J0 3 

while the true value for is 2%(1—6/r). Hence it may be inferred in general 
that for every point where the negative part of a coordinate axis, when taken 
in the direction from the origin to infinity, pierces the surface from its positive 
or negative side, a corresponding correction 42/3, positive or negative respect- 
ively, must be added to the integral in (18). Thus the passage of the curve 
across a negative semi-axis during continuous deformation would be marked by 
a discontinuity of 47/3 in the value of the integral. 

For example, suppose @ is the value of the integral for a curve linked 
with & of the negative semi-axes. By reversal of the sense of integration the 
same curve may be considered to define also the complementary solid angle 
with 3—k corrective terms. These mutually complementary solid angles are 
then a + 42k/3 and —a + 42(3—k)/3, whose sum is 42, as it should be. 

If two curves lie on the same cone, with vertex at the point of sight, and 
are represented in terms of the same parameter ¢ by a correspondence of those 
points which lie on the same linear element of the cone, then if the vector to 
one curve be fr, the corresponding vector to the other curve is @f, where @ 
is a scalar function of ¢ On account of homogeneity of degree zero in the 
coordinates, the integrand in (17) is therefore the same for both curves, since 
the derivative 9’ has as coefficient a vanishing determinant. A similar remark 
applies to the alternative formulas (5) and (8). 


q 
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Another solution of equations (14) is that obtained from (15) by reversing 
the signs of the coordinates, but not of 7, and then changing the sign of the 
components of v to allow for the resulting interchange of right-handed and left- 
handed reckoning of rotations. The corresponding value of the solid angle in 
Cartesian form is 


a! y! 
1 x y Zz dt 
— 19 
3 1 1 ( ) 
r—x r—y r—z 


which is to be subjected to a correction of 42/3 for each piercing of the surface 
by a positive semi-axis. The value of v here used is obtainable from the former 
by addition of the vector whose components are partial derivatives of the 
scalar function 


1% 1% 


Another form is the mean of the two: 


gi 
3 x y Z r 


which needs correction by 27/3 for each piercing of the surface by either a 
positive or a negative semi-axis. This last form has the advantage that the 
irrationality r= / a + y? +2 does not occur in the determinant. 

The differential equations (14) have the same form for all systems of 
rectangular axes, but any particular solution for the vector vy has components 
whose analytic form depends on the choice of axes. Thus if formula (18) be 
considered as written for one particular system of axes and then be transformed 
to another system, the resulting formula will contain the arbitrary constants 
which specify the relative orientation of the new system with respect to the old. 

If (a, y, 2) be coordinates referred to a system of axes obtained from the 
system of («, y, z) by rigid rotation, as represented by the equations 


Yy Ag Y + 2, 


= Ay + + 
(21) 
Ay, Age y + A332, 
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with the familiar conditions on the coefficients, then the integrand, formed 
according to the scheme of (18), but in terms of (2,, y,, z,) and then expressed 
in terms of (a, y, z), is equivalent to 


a a a 
1] 21 81 
+ 12 “16 


x 2x 
r+% 


a a a 

/ 12 22 82 


Az, Az, Azgg 


z' 2 


where the second determinant factor is unity, and (2, ¥, 2%) are now to be 
understood merely as abbreviations. This may be obtained from the integrand 
explicitly given in (18) by addition of the exact derivative of the scalar function 


tan-} (1—ay) 2 + a3(7 +2) | 
(1— an) + ay (7 +2) 
-1 + (r+y) | 
(1 — dye) (7 + 
(1— ag) y + + 2) 
(1 — agg) + dg (r+ 2) | 


Further alternative formulas for @ could be obtained indefinitely by taking 
as integrand any arbitrarily weighted mean of expressions such as (22), each 
corresponding to a different transformation of axes, and demanding for the axes 
belonging to each term a similarly weighted correction for discontinuity. Of 
special interest among such would be those where the various systems of axes 
are related by means of the transformations of a certain rotation group, so that 
the resulting formula would be formally invariant under the transformations of 
that group, if each term of the integrand be given the same weight. 


+ tan 


CHIcAGO, ILLINOIS, October, 1909. 
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On Linear Transformations which Leave an Hermitian 
Form Invariant. 


By J. I. Hutcarnson. 


Any Hermitian form whose determinant is not zero may be reduced by a 
linear transformation to 
H= (1) 
‘= 
in which the coefficients A; are real and p of them are positive. The number p 
is invariant for any given form.* This fact will be referred to as the Law of 
Inertia. 

It is the object of the present paper to consider some of the properties of 
linear transformations for which H is invariant.{ For this purpose it is 
sufficient to consider the cases in which p does not exceed $n, since the forms 
H and —#/ are invariant for the same substitutions. 


$1. The Transformations S and their Classification. 


Let the equations 
(S) = (4 =1, 2,...-, n) 
i=1 
define any linear transformation whose determinant is not zero. If H is un- 
altered by S, the coefficients c,, must satisfy the conditions 


n 
k=] 0, a 
* See A. Loewy: ‘Ueber bilineare Formen mit conjugirt imagindren Variablen,’’ Mathematische Annalen, 


Vol. 50 (1898), p. 563. 

+t We follow the methods used by Picard for the case n=3 in his memoir, ‘‘Sur les formes quadratiques 
ternaires indéfinies 4 indeterminées conjuguées et sur les fonctions hyperfuchsiennes correspondantes,”’ Acta 
Mathematica, Vol. V (1884), §16, rather than the symbolic methods of Frobenius as employed by Loewy, Joc. cit. 
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If the n equations (S) be multiplied by 2,¢,;(4 = 1, 2, ...., m) and added, 
we obtain, after using (2), the inverse transformation S§~! in the form 


1 2 


Since S~! also leaves H invariant its coefficients satisfy the conditions 
"1 . _ when 
which are equivalent to (2). 
In what follows we shall not distinguish between two substitutions whose 
corresponding coefficients differ by a common factor. Such a factor is necessarily 


of the form e*. 
The transformation § contains 2n* real constants which are subjected to n” 


real conditions (2). Accordingly, the substitution S contains n® arbitrary real 


parameters.* 
For function-theory purposes it is often desirable to introduce non-homo- 


geneous variables, which will be defined by the equations 

= 2,/%, (a =1,2,....,n—1). (3) 
Let u, be separated into real and imaginary parts, vu, =u, +7u/’. The values 
of these 2(n—1) variables will be associated with the points of a flat space R 
of 2(n—1) dimensions. 

Denote by F the function H/z, Z, of uy, Uj, Un—1, Un_1- The locus 
(4) 

is transformed into itself by the substitution S, while any point not on (4) is 
transformed into a point on the same side of this locus unless p=$n. We will 
call the region defined by the inequality F >0 the inside of F. 


§2. The Fixed Points. 


We now proceed to the consideration of the points of & which remain fixed 
for the transformation §. For convenience we will return to the homogeneous 
notation. At a fixed point we have 


a = P% 


* The transformation may be put in a form in which the superfluous parameters are eliminated from the 
coefficients. See the foot-note to page 200. From the definition of 7 there given it is readily found to con- 


tain n? arbitrary real parameters. 


ij 
=1,2,...., 2). 
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Substituting in the equations (S) we obtain the conditions 


If C denote the determinant of these equations, then, as is well known, the 
value of p is found from the characteristic equation C= 0. 

If, on the other hand, we substitute 27’ =pz in the equations (S~’) and 
divide each one by p, we obtain 
Ay Ae Cop FAG (Cu An =O (C= 1, 2, m). 
Denoting the determinant of these equations by C’, we obtain for p the equation 
C'=0. After dividing out 2,%,...-%,, we observe that if in the resulting 
equation every letter is replaced by its conjugate, the equation so obtained is 
the same as C=0 except that p is replaced by 1/p. Hence, if p ts a root of 
C= 0, then 1/9 is also a root of the same equation.* 

_ We therefore have a number of pairs of roots p2 = 1/1, ps, ps = 1/9, 
=1/P2,-1 whose absolute values are reciprocals, and different 
from unity. The remaining roots p2,,;, ----, p, are then unimodular. Suppose 
these n roots are all distinct. By a linear transformation 7 the substitution S 
may be put in the form ¢, = 9,¢, (4=1,2,....,). Expressing H in terms 
of the variables ¢ by means of 7’ it takes the form 

H == (4; Set + by Sys 


Now make the transformation 


and we obtain 


n 


> Noi-1 — N2i Nei) + 
i= 


(6) 
According to the Law of Inertia g can not exceed p. It follows that when the 
roots of C=0 are all distinct the substitution S belongs to one of p+1 different 
types according to the value of g. When g=0, S will be called elliptic. In 
other cases it will be called hyperbolic of the q-th type (q = 1, 2, ..--, p). 

Our next problem is to determine the positions of the fixed points of S. 


Suppose at first that the roots of C=0 are all distinct. In that case we have 


* This result is obtained by Loewy (loc. cit., p. 566) by an application of the symbolic methods and results 
of Frobenius to the Hermitian form. For the case n=8 it was first given by Picard, Acta Mathematica, Vol. V 
(1884), p. 164. 
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n distinct fixed points P,, P., ...-, P, corresponding respectively to the values 
Pir Po» +++, Pn Of p. At the fixed points P, the equations (S) reduce to 
% = p.% (t= 1,2,..-.,m). If denote the transformed form >A, then 
at P, we have the relation H’ =, p, H=H, whence (p,9,—1) H=0. If |p,| 
is not 1, it follows that His0. Hence, 2q fixed points of a ha ppocane substitution 
of the q-th type are on the locus F=0. 

When the roots p, are all distinct, H may be reduced to the form (6) and 
therefore the coordinates of the fixed point P,(y=2q+1,...., m) are 
n.=O0(k~y). If these be substituted in H, it reduces to a,y,y, and will 
therefore be positive or negative according to the sign of a,. On account of the 
invariance of the number p and since (6) has already q positive terms, it follows 
that p—gq of the n—2q remaining fixed points P,, are inside F=0 and n—p—gq 
are outside. Applying this result to the case g=0 we may say that p fixed 
points of an elliptic substitution are inside, and n—~p are outside the invariant 
locus F. 

The case of fixed points when the characteristic equation has equal roots 
will be considered later. 


§ 3. Reduction of H to the Canonical Form. General Case. 


Before taking up the case of equal roots p,, we will first give some general 
transformations relative to the reduction of any Hermitian form to a canonical 
form. Let H be written in the most general form >a,,¢,%,, assuming the 
determinant A of the coefficients to be different from zero. If for a particular 
coefficient a,,,, of the main diagonal of A the corresponding minor 4,,,, is not 
zero, then a first step in the reduction of H to the canonical form is made by 
means of the transformation 


+ (Acm/Amm) } (I) 
= 
Expressed in terms of the new variables H becomes H, + (A/Amnm)%m%m , 1D 
which H, = Sa,.7,.7,, the indices x,” taking all integral values from 1 to n 
K,A 


with the exception of m. The determinant of the form H, is A,,,, which is not 
zero by hypothesis. If any minor of A,,,, corresponding to an element of its 
main diagonal is not zero, we make another substitution of type I, and thus 
continue as long as possible. If a stage is reached at which (I) can no longer 
be used, we employ a transformation of the following type. 


4 
it 
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Suppose that in A the minor A,,,, is zero but that the minor A,,, is not zero. 
In that case we can apply the transformation * 


Ga =m + (Arm/Aim) 
(A/ Arm) = 4 — 4mm) (1 + mm) Xm] — (II) 
Sm = %11— 
in which @ takes all values from 2 to n with the exception of m. The form H 
reduces to 
121 — Nm Nm Me (A, 2,3,...-., m—1,m+1,...., n). 


For, from the first equation (II) we obtain by changing to conjugate imaginary 
values, multiplying by a;,, and summing with respect to 4, 


Since A=A, and A,,, = 0, the terms in the right member which 
contain ¢, vanish unless i = m, in which case they reduce to (A/A,,,) 2, and 
we have 


Multiply (7) by ¢,; and sum with respect to 7 for all values except m. This gives 


in which a, @ take all values except m, and 4, uw all values except 1 and m. 
Now write # in the form 


>> + > Qam + > Ana + Anm 


and use the second and third equations (II) together with the relations (7’) and 
(8). This leads to the result previously indicated. 


§4. Reduction of H when C Has Equal Roots. 


Suppose that the characteristic equation C=0 has a number of equal roots 
pi=p2=.--- =p, =p. There are two cases to be considered, according as p 
is unimodular or not. 


* This, and (I), are adapted from Gundelfinger, ‘‘Ueber die Transformation einer quadratischen Form in 
eine Summe von Quadraten,”’ Crelle, Vol. XC1 (1881), p. 223. 
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In the first case we suppose S reduced to the normal form 


M,0....0 
....9 (9) 
in which the &; are square matrices defined as follows: 
0 A 
0 Opp 
0p 


It is not necessary to specify the form of V,,.,, except that it does not depend 
on p. Denote the orders of these matrices by ¢,, &,..--, ., &.+1 respectively. 
The integers ¢,, ...., ¢, are the exponents of those elementary divisors of C 
containing the root p which are greater than unity. We suppose them arranged 
in decreasing order of magnitude, e, Se, 5 2. 

The condition that H be invariant for S may be expressed by the matrix 
formula 

SAS = A, (10) 
in which A is the matrix of the coefficients a,, of H, S is the matrix obtained 
from S: by changing every element into its conjugate value, and S’ is obtained 
from S by interchanging rows and columns. In forming the product the elements 
of the 7-th row of S’ are multiplied into the elements of the &-th column of A 
to form the element of the 7-th row and k-th column of the product matrix. 
The resulting matrix is combined in a similar manner with §. That (10) is 
the condition for the invariance of H may readily be seen by substituting 
ey 2%, in = >a, zz and making the matrix of the result 


identical with A.* 


_  * The substitution S can be expressed in but one way in the form (A+7)-1 (A—7) in which 7 is subject 
to the restriction 7+7’=0. The sum A+Z means the matrix whose elements are the sums of the corre- 
sponding elements in A and 7. It may readily be shown that any substitution of this form changes AH into 
itself. For, the matrix equation (or identity) 


may (by use of A’=4, the condition that H is an Hermitian form) be written 
(1+ TA-1) (A! + 7") = (1— (4! —7") 
U' = VA-1V", 
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Using the form (9) for S, the product (10) is 
Su; Si, Si, 
So, Srey So ute (11) 


Si42,15 S.42,25 S42, 

in which S;, represents a matrix of e, rows and e, columns constructed in the 
following manner. Let M/} denote the matrix obtained from S’ by replacing 
all its elements by zeros except those in Mj, and let M, be formed similarly 
from S. Then construct the product M/{AM, in the same way as described 
for (10). The non-zero elements of this product form a matrix of e, rows and 
e, columns which is denoted by S,,. If now we impose the condition that the 
matrix (11) is identical with A, the matrices §,, take the special forms 


0 0 ow 0 

0 0 B+2 

0 Gatr, B+1 @ ee eeeeeeee 


and i, do not exceed uw, i< k; 


0 0 a,. B+Tr, 


in which V=A+7, V=A-—T.. By taking the inverse of both members, we have 

AU = AV, 
whence V’ (U’)-1 AU-t V=A, or (U--, V)’ A(U-1 V) = A. By comparison with (10) we see that U-1 V or 
(4+ 7)-!(4—7) transforms H into itself. 

On the other hand, if S is the matrix of any substitution which transforms H into itself, then a matrix 7 
is uniquely defined by the formula 7=A (H—S) (£+8)—, in which Z is the unit matrix. The solution of this 
equation for S gives S = (A+ (A- T). 

Moreover, 7! = (E +S!) (E-S'))A = (Z+8)7 (E+ 8'-2 A = A—2(F+S8')_, A. But we have 
T=A(2 =2 A(E+8)-! —A=2A(E+ (using (10))= 2[(2+ A-1 S714) 
—-A=2(42 —A=2[427 9-1 (9 + Hence T+ =0. 

This proof is given, in a somewhat different form, by A. Loewy in Nova Acta der Kaiserl. Leop.-Carol. 
Deutschen Akademie der Naturforscher, Vol. LXXI (1898), §2. ; 


201 


HutcHinson: On Linear Transformations 


Sun = = 


Gatr,, B+u-1 


and S, 12, S,+2,; have all elements zero. We observe in particular that when 
é,=e,, S, is a square matrix having zero elements above the second diagonal 
and hence but one non-vanishing element in the first row. If e, >e,, all the 
elements of the first row are zero. The non-zero elements satisfy certain con- 
ditions which it is not necessary to specify. 

If now we assume ¢, >e,, it follows from the remark just made concerning 
the first row of S,, and from the conditions e,5e,.... that all the elements of 
the first row of A must be zero except a,,,,. Hence the minor A, ,, is zero 
and by applying transformation (II) we express H in the form 

— Ne Ne, + 
in which H, contains only n—2 variables, whose coefficients are the same as the 
minor of A obtained by erasing the first and the e,-th rows and columns. If A,, 
the matrix of the coefficients in H,, contains but one non-vanishing element in 
its first row, it will be a,,,;. This happens when e,— 1 >e,. We repeat the 
transformation (II) on H,, obtaining 

This process is to be continued as long as the first row of each successive matrix 
A, A,, A,, ...- contains but one non-vanishing element. If e,=e,+ ¢ (eS 0), 
the matrix A,, contains the least two non-zero elements in its first row, namely 
¢, 20d We reduce this second coefficient to zero by substituting 
for the variables* ¢,,, ¢.,,,, in H, the expressions 


= Neg + Ge41, Nertens Cortes (1 2) 
If other non-vanishing elements occur in the same row, they can be reduced to 
zero in like manner. It is to be observed that if any coefficient a; is changed 
by this transformation into b,, its conjugate a,; is at the same time changed 


into = 
We now continue with the transformation (II), it being necessary after each 
application to reduce all the elements in the first row of each remaining matrix 


* To avoid multiplicity of notation we shall repeatedly use the letters ¢ andy to denote the variables 
before and after any transformation. 
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to zero except the one element which occurs in §,. If e is even, this process 
can be continued until all the rows and columns of A which pass through S,, 
have disappeared. Ife, is odd, there will be one row and column left, containing 
the common element a,,(a = 4(e,-+ ¢)). After reducing all the elements of 
this row and column to zero except a,, by means of (12), we make the trans- 
formation (I) in which m is replaced by a, and x runs from a+1ton. One 
more term is thus obtained for the canonical form, the sign of which is unknown. 
In this manner we have replaced the first e, variables ¢,, ...-., ,, of the form H 
by new variables which are reduced to the canonical form. The number of terms 
in this group which are certainly positive is e,/2 or (e,—1)/2 according as e, 
is even or odd. These numbers can be expressed by the single formula 
4 

We proceed to reduce the next set of e, variables (,.1, ---+, G42, in the 
same way, and so on. The final result may be expressed in the following 
theorem : 

If the characteristic equation C=0 of the substitution S has an m-fold root 
e(pp =1), and if the exponents of the corresponding elementary divisors are 
.... =m), then these numbers are restricted by the condition 


(—1)']Sp, (13) 


since the left member gives the number of terms which are certainly positive after H 
has been reduced to the canonical form. 

This summation may extend to all the exponents e, since in case any of 
them are equal to unity the corresponding terms in (13) vanish. 

We turn now to the case in which the m equal roots p are not unimodular. 
Let o denote the root of C=0 which satisfies the relation po = 1, and let the 
exponents of the elementary divisors corresponding to this root be ej, 6, ...-, 
(> e; =m’, m’ being the number of equal roots ca). As will be seen presently, 
the numbers e; and e, coincide. Suppose S reduced to the normal form 


N,+2 


in which ¥, has the form indicated in (9), WN; is a similar matrix in o of order e/, 


N, 
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and N,,, is expressible in terms of the remaining roots of the characteristic 
equation. 

The product 8’ A will be made up of matrices obtained from M!AM,, 
M;AN,, Nj AN,, etc., as described in connection with (11) except that in 
M;4AM,, N/AN,* every element is multiplied by respectively, and 
since these multipliers are not unity the elements all vanish when condition (10) 
is imposed. The same is true of all the matrices whose symbols contain the 
letter N,,. excepting only N/,,AN,,,. Assume as before that the exponents 
e, (and e;) are arranged in descending order of magnitude. 

Suppose now ¢,>e{. Then the matrices M/ AN, have all the elements of 
the first row zero and the determinant §’ AS would vanish. Moreover, we 
can not have e| >e,, since then the first column of 8’ AS would consist only of 
zeros. Hence ej =e. If e, >e, or ej 2), the only non-zero element in the 
first row of A is a,, @=m-+e,. Otherwise there are additional non-zero 
elements in this row which we reduce to zero by means of the transformation 
(12). Supposing this has been done, we observe that the element a,, occurs in 
the matrix N{AN,, and is therefore zero. Hence in transformation (II), 
which we now apply, the term a,,,, is zero. The form H then becomes 


— + = (x, A# 1, 8). 


The determinant A, of H, is the minor of A obtained by striking out the first 
and the @-th rows and columns. 
The above process is repeated on H,, giving 
Ff, = 12%, Np-1Np-1 + 
This may be continued until the variables with subscripts 1, 2,...., e,, 8, G—1, 
.+++,; @—e,+1 have been replaced by new variables in the canonical form 


Mi — Ne+1-1) 


The remaining portion of H, which we will denote by H,,,, has for the matrix of 
its coefficients the minor A,, of A obtained by erasing all the rows and columns 
meeting in the matrices AN,, N/AM,. 

We may now prove by a repetition of the argument used above that e,=e,, 
since otherwise A,,, would vanish. We next reduce H,,, to a sum of e, positive 


* It will be convenient to use these symbols to denote the matrices of e; rows and e, columns formed by 
omitting the zeros. 
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and e, negative terms plus a form H,,.,,, the matrix of whose coefficients is the 
minor obtained from A,,, by erasing all the rows and columns meeting in the 
matrices M}AN,, N;4M,. This process is to be continued as long as there 
are e’s left which are greater than unity. The coefficients of the remaining terms 
of H which are not affected by the preceding transformations form the matrix 


0 A Nuss 0 
A 0 0 ‘ 
0 0 4 Nuss 


since by a repetition of a preceding argument we evidently have y =p. Now 
reduce all but one of the terms in the first row of this matrix to zero by means 
of (12) and then apply (IL), and so proceed until all the elements of M/,, AN,4; 
have disappeared. 

We thus obtain an expression for H in which the first 2m variables have 
been reduced to the canonical form, the terms containing them being alternately 
positive and negative. There are m positive terms and hence in this case m< p. 

Suppose now that the characteristic equation C=0 has m, equal roots p,, 
m, equal roots p., .---, m, equal roots p,, none of these being unimodular and 
----, m, 50; also the same number of equal roots o,, 02, ..--, 6, such 
that p;o,;—=1. Suppose further that there are u, equal unimodular roots 7, 2. 
equal roots tT, ...-, equal roots >1), and let ey, .--- 
denote the exponents of the elementary divisors corresponding to the root ¢;. 
If the substitution S be expressed by means of suitably chosen variables in the 
normal form corresponding to (9), it is evident that when H is also expressed 
in terms of the same variables it consists of groups of terms, the first group con- 
taining only the variables ..--, Gom,, the next group containing only 
-+++y Comm,» and so on to the (& + 1)-th group containing only the variables 
Cap ey (4 = 2m,+..--4+2m,), etc. It is further clear that each group 
of terms can be reduced separately to the canonical form.* Counting up the 
total number of terms which are certainly positive we obtain, as a restriction 
on the possible number of equal roots, the formula 


=m + + (— ]<p, 


* The reduction of H to the canonical form is virtually contained in the processes and results of the 
Acta Nova memoir of Loewy previously quoted. It is believed that the different treatment presented above 
will be found advantageous in various respects. 
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§5. The Fixed Points when C Has Equal Roots. 


To determine the fixed points of a substitution whose characteristic equation 
has m equal roots p, consider S in the normal] form (9). The fixed points corre- 
sponding to the root p are determined by the equations (j= p¢,. These reduce to 


=0 (k=m+i1, m+2,...., 
Each of these equations is equivalent to two equations in real variables. They 
therefore determine a flat space of 
2 (nm — 1) — (e,—1) +n— m] = 2[m—1—(e,—1)] 

dimensions. But since }e,;=™m, this number reduces to 2(A—1), in which AQ is 
the number of elementary divisors containing the multiple root p. From this 
result we deduce the evident generalization : 

If C=0 has m, equal roots p,, m, equal roots p2, ...-, m, equal roots p,, then 


the fixed points of S constitue s flat spaces of dimensions 2(A,;—1), 2(Ag—1), ----, 
2(A,—1) respectively, in which A, is the number of elementary divisurs containing 


the root p,. None of these 8 loci have points tn common. 


This theorem includes the simple roots, since the corresponding values of A 
are 1 and 2(A—1) has the required value zero for such cases. 


CORNELL UNIVERSITY, October, 1909. 
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The Osculants of Plane Rational Quartic Curves. 


By H. I. THomsen. 


§1. Cases of Degeneracy. 


We take the equations of the rational plane curve in the form 
+ + ....4 += 1,2, 3, 
the arrowhead in (a,¢)” indicating the absence of binomial coefficients. 
These equations in general represent a curve of order n. The order of the 
curve will, however, be less than n if: 
1) There is a factor involving ¢ common to the three (a,¢)"; 
2) It is possible by a substitution of the kind * 
to reduce the equations to the form 
(a; tym, 
In the latter case the original equations represent the curve of order — 


repeated m times. 
The case of a linear relation existing between the three 2, is included in this, 
since the equations 


= (a,¢)", %=(agt)", (a, t)" + (ay t)” 
are equivalent to 


where 


(a tj” 


(a, t)” 


nm. sas 
* Where — is a positive integer. 
m 
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We postulate that, after all common factors are removed, the equations 


can not represent the product of distinct curves. It may be observed that a curve 


of genus zero is not necessarily rational. Thus the product of a conic and a 


cubic of genus one is a quintic of genus zero, but is not rational.* 
For brevity we sometimes refer to the point of the curve given by t= ¢, as 


the point ¢,. 
We may make the equations homogeneous in the parameter by writing 


t 
iv for ¢<. Then we may define the m-th osculant of the curve at the point ~ 


as the curve represented by the equations 

x, = (tD, + (a; 
in which we may let ¢/ = 7! =1, if desired. It is well known that osculants at the 
point ¢ touch the curve there, that all first osculants touch the stationary tangents 


of the curve, and that the (n —1)-st osculant is the tangent to the curve. 

We shall see that osculants degenerate under certain conditions, As an 
example we may take the quartic 

This curve is bicuspidal, having cusps at the points (0, 1, 0) and (1, 0, 0). 
If b= 4e, it has a third cusp at the point (16¢*, e, —4e°) given by t= —2e, 
the tangent at this point, 2,—16¢?x,—=0, meeting the curve again at the point 
(48 3e, given by t=2e. 

The first osculant of the curve at the point 7 is 

(47+ = 38t4+74+4e, 2, = 20+ 
Let us first let e=1, and form the osculant at the pointr=2. It is 
2, =3(t+2), 2t(t+ 2). 
The elimination} of ¢ gives 
(8 x3 + 4a) —9x3((8 + 6) x3 + 462.) =0, 


which becomes, if b = 4, 
4 (a, — 9 x3) (4a, + 3x3) = 0. 


* Clebsch-Lindemann: ‘‘Vorlesungen iiber Geometrie,’’ Vol. I, p. 884. 
+ By ‘‘the elimination of ¢’’ we mean its elimination from two equations such as 
z, (8+ _ (8 + + 


Le +2) + 2) 
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If we let, however, b= 4 in the quartic and form the osculant at r= 2, 
we have 
= 120 (t+ 2), x= 2t(é+ 2), 
or, on eliminating ¢, 
+ 12%3) — 9x3 (a, + 2(2 + 23) = 9, 
which becomes, if e=1, 
(x1 — 9 x§) (x, +1225) = 0. 
The lines 4a,+82,=0 and 2, +122;=0 meet the conic 2,x7,—922= 
at the point (48, 3, —4) which is on the cusp tangent 167, = 0. 
It seems, then, that this conic and any line on this point form an osculant 
cubic of the quartic at the point¢=2. The first osculant at the point ¢ of 
being 
the first osculant of the latter curve at the point 7, is 
6¢t+ 38(7+7,) 4+ 12, 
2° 4+ 4(7+7,)t4+ 277. 
If in the first of these curves we let t= 2, we have r+ 2=0 and 
If in the second curve we let t= 7, = 2, we have 
96¢(t+1), ~%=6(¢+4), w= 4). 
Hence the conic which forms part of the degenerate first osculant is not the 
second osculant. 


It may be noted that osculants of degenerate curves are not, in general, 
degenerate. Thus the first osculant of 
a= 38 
is 


and that of the repeated conic 


is 
2 i 
| 
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The osculant cubics of 
being 
the locus of the nodes of these cubics is, by the formula of page 226, the sextic 
(t+ 4e)(r—2)*, =(7+1)(7—2e)*, 23 = 7? — 2) 
If e=1, this becomes (r— 2)? =0 and 
+4) 
which is exactly the form which the equation of the original quartic takes for this 
value of e. Hence we see that for a tricuspidal quartic part of the locus of nodes 
of osculant cubics is the quartic itself. It remains to find a meaning for the 
factor (¢—2)*. If we write 


— % _ t(t + 4e) 2) oe — (FT H+1)(T— 20) 


we have 


(4e— 2)7?— (8e+ p)t + =0 
and 
ot®—(20+1)7?+(2e— 1)7+2e=0, 
or, if r=7, + 2, 
tit 4(e+1)ti + =0, 
+ (40 + 2e—5) 7, + 6(e—1) =0, 
the resultant of which equations gives the trilinear equation of the sextic. 
The resultant of the equations * 


at®@+bt?+ct+d=0 and 


|ad,|*@— 2 |ad,| |ab,| |ed,| —|ad,| |ac| |bd,| + |ae,|? |ed,| 
+ |bd,|? |ab,| —|ab,| |be,| |ed,| = 0. 
In our case e—1 is a factor of both d and d,; therefore it is a factor of each 
of the determinants in which d occurs, and is a factor of the resultant. If we 
remove this factor, the remaining factor does not vanish identically if e=1, 
but becomes 


| | = 0. 


e—1 


* Salmon-Fiedler: ‘‘Alg. der Lin. Trans.,’’ p. 93. 


| 
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If e=1, led 
c — |12— 2 
vals | =—8(¢p—9), 

or this factor gives x, 2,—9x3} = 0. 

In like manner 

|ac,|"—|ab,| |be,| =O 
gives 
(ay 23)” — (a, + 4 05) (42 + = 0, 

which, as may easily be verified, is the original quartic. 

Hence it appears that since the conic x, x, —9x3=0 and any line on the potnt 
(48, 3, — 4) form an osculant cubic at t= 2, any point of this conic is the node of 
an osculant cubic and the conic is a part of the nodal locus, corresponding to the 
factor (t— 2) in the parametric equation of that locus. 

We meet with degeneracies of the kind now being considered when we form 
the line equations of cuspidal curves. Thus the cubic 


a=, +ct 
becomes cuspidal if c=0. The equation of its tangent is 
2, =0, 
and its line equations are 


If c=0, this becomes ¢=0 and 
&=—3t, 


or 
27 + 


The elimination of ¢ from the equations of the quartic gives 
(9 — (308, — &) = 0. 
The points of inflexion are 
&=0 and 


+ = 0. 
If e=0, the quartic becomes 
8 + 4&5) = 0. 
Two points of inflexion and the node are &=0, which point is a part of the 
quartic, and is also the cusp of the cuspidal cubic which forms the other part. 


and the node is 


q 
| 
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The pencil of conics on the three stationary tangents and the tangent at ¢=1 
of the quartic is 
(3£.—c* + ks) + —&) + (1 + 2c) =O, 
and the eighth common line is given by 
2c) =0. 
If c=0, this becomes 
2t—¢(t+1)=0. 


If ¢=0, t=0 and for this value of 7, the conic of the pencil is 


3 + 2&5) = 0; 
i.e, the point &,=0 and the meet of the stationary tangent of the cubic and 


the tangent at ¢= 1. 
In this case we find that, when we give the parameter an evident geometrical 


meaning, one part of the degenerate curve corresponds to a particular value of 


the parameter. 
We now give an example of a conic degenerating into a repeated line. 


The osculant conic at the point ¢ of the cubic 


3, 


t? + 271, 
If c=1, this becomes 


24 


Hence the osculant at this point, which is a point of inflexion of the cubic, 
is the stationary tangent x,— x,—a#;=0, repeated. 

The tangent to the cubic at the point 7, meets the stationary tangent, 
%,— %,—% = 0, at a point P. The other tangents to the curve from P are 
the stationary tangent counted twice and an additional line touching the curve 
at a point t,. It may easily be shown that zc, and z, form a pair of the 
involution defined by 27,% +7 +7.+2=0, and that 7c, and t, give the 
same point on the repeated line. The double points of the involution are 


i 

—1 
is 
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given by t?-+7-+1=0, and o and «@ give* on the line the points where the 
two other stationary tangents meet it. We shall see later} that the line 
equation of this osculant takes the form of the product of the equations of these 
two points. 

The result of eliminating ¢ from the equations of an osculant is 


x, — x3)” — 4 — — (x, — TX, T* = O, 
which becomes, if t= 1, 
— 3 (x, — = 

The four points of intersection, other than the point of contact, of the cubic 

and the osculant conic are given by 
4+ 

for which quartic the invariant g, = 0, its roots forming a self-apolar set. 

Liirotht has shown how to reduce the equation of a repeated curve. Brill§ 
states certain conditions under which a quartic degenerates, and gives an inter- 
esting note in regard to degeneracies due to the occurrence of a common factor. 


§2. The Fundamental Involution. 


The equations of the curve being x,;=(a,t)", we can find n — 2 linearly 
independent forms of the n-th order apolar to the three (a, ¢)". 
If (Gyt)", ----, (Gn_3#)” are n—2 such forms, the equation 


Ao (Bot)" = 0 
defines the fundamental involution of the curve.|| If we assume n— 8 roots of 
this equation, the remaining three are fixed. There is no fundamental invo- 
lution for the conic unless it is degenerate. 
For the cubic it is well known that the roots of (@)¢)*=0 are the param- 
eters of the points of inflexion. 


The condition that 
0+ 5,0? —sst+s5,=0 
be apolar to 
+d,t+e=0 


° 
a; 8, + 5, 4 = 0,7 


is 


which is the result of completely polarizing the latter equation. 


* «and w? being cube roots of unity. t Page 228. 
t Math. Annalen, Vol. IX, p. 163. § Math. Annalen, Vol. XII, p. 101. 


|| Stahl: Crelle, Vol. CI, p. 300. Meyer: ‘ Apolaritit und Rationale Curven.”’ 
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Hence we can write the fundamental involution of the quartic in the form: 


t* + s, 84 + Ay 84 Ag 8, + 
dy 


This form of the involution might have to be modified for special cases, but it is 
obvious that the fundamental involution of any rational curve may be found by the 
method here used. 

We shall call the fundamental involution the J,. 

If a curve is given by x,=(a,¢)", using for the moment binomial coefficients, 


the three conditions that the n parameters (¢,, %,.-.--, t,) be a set of the J, are 
(ast) = 0. 


The first osculant at the point ¢, is x= (a;¢,) (a,¢)""', and the conditions that 
(t,, t3, ---+, t,) be a set of the J,_, of this osculant are again 


Hence any set of the [,_, on the osculant at t, form, with t,, a set of the I, on 


the original curve. 

Thus for the quartic, as Stahl has shown, ¢, and the parameters of the points 
of inflexion of the osculant cubic at ¢, form a set of the Z,. In general, if we 
select the n — 3 parameters (t,, t, .---, ¢,_3), the other three members of the 
set of the J, which these determine are the parameters of the points of inflexion 
of the common osculant cubic 


By a common osculant we mean a curve such as 2; = (a;¢,) (a; ¢,) (a,¢) which is 
evidently both the tangent at ¢, of 2,=(a,¢,)(a,¢)? and the tangent at ¢, of 
(a; to) (a; 

If we completely polarize 


we have 


6 6 6 
b b b 
4 4 4 
| 
| 
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The points of inflexion of this curve are given by 4?—1=0, and the 
stationary tangents are 


If in the above polarized equations we put s,=s,=0, s;=1, we have 
2, = %,—=a%,=0. We may partially polarize the equations, writing 
%=0,¢—1. 
In general, the two points given by ¢? —o,¢ ++ 0, =0 will in this way determine 
a line; but if the roots of this quadratic are the parameters of two points of 


inflexion, the line degenerates into a point. Thus if 


=P+t4+1, 


we have 
%=1—t =—1.(t—1), 
—1+t=1.(t—1), 
=1.(t—1). 


The point (—1, 1, 1) is the meet of the stationary tangents 
and 
If we partially polarize the equation of the quartic 
6¢0+4d,t+e,, 
writing 
= a; + (83 + + (8 + t) +d; (8, +t) +4, 
+ + diss + 


(a; 83 + b; + C; + d;) (¢ + a, 83 + b; 82 + + d, 


in general the three parameters (¢,, t) given by + s,t —s,;=0 
determine a line. If, however, they belong to a set of the J,, of which ¢, is the 
fourth member, we know that 2,=0 if t=¢,. Hence the above expressions 
for x, are divisible by ¢—¢, and the line degenerates into a point. The points 
of inflexion of the osculant cubic at ¢; are given by 4, ¢ and 4, and if we 
partially polarize its equations and substitute ¢,+ ¢ for o,, and ¢,¢, for oz, 
we evidently have the same point as the above. But we have seen that the 
point obtained by the latter method is the meet of the stationary tangents at ¢, 
and ¢, of the osculant cubic at ¢;. 

Obviously the stationary tangents at ¢, and ¢, of the osculant cubic at ¢,, 
and the stationary tangents at ¢; and ¢, of the osculant cubic at ¢,, are on this 
29 


or 
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point. The locus of this point is, then, the conic which Stahl* calls K; 7. e., 
the locus of meets of stationary tangents of osculant cubics. For a set of the J, 
of which a is a member we have the three equations 


83 + C; 8 + d,s, + &; 
83 + 82 + 8, + d; 


From these equations we can express s,, & and s; in terms of a; and, sub- 


stituting these values in 
= A; 83 + 8 + 8; + d;, 


we have the equations of K with a as the parameter in essentially the same 


form as given by Stahl. 
Stahl has shown that if ¢,, ¢, fs and ¢, form a set of the J,, any two of the 


osculant cubics at these points have a common stationary tangent. There are 
thus in all six lines arranged as in the following diagram (Fig. 1). 


Fia. 1. 


The four points of K determined by a set of the J, are a, b, candd. If the 
lines 1, 2 and 8 are the stationary tangents of the osculant at ¢,, d is the point 


of K given by 


§3. The Covariant Curves g, and 93. 


If we assume that the parameters of two of the points of inflexion of a plane 
rational quartic are 0 and «, we may, in general, write its equations 


= att +b, = bgt? + cyt? + dst. 
We shall call the curve Q. 


* Crelle, Vol. CI, p. 306. 


~ 
a 

1 1 

a 
b 
5 
d \ 4 
3 67 
6 
6) 
Fia. 2. 
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If 6;= 0 or d; =0, the curve is cuspidal; if 6,=0 or d,=0, it has a point 
of undulation. The first osculant at the point ¢ may be written 


v= = 3d,t+d4,7+ 46, 
ag = + (3 + + + 3dy) t+ der. 

If ¢=0, this becomes 
=b,t?, 2,=3d,t+4e, b,t?+ 2c,t7 + 3dzt, 


whence it is evident that the osculant cubic at a point of inflexion has itself a 
point of inflexion there, and that the osculant cubic at a point of undulation 
is the undulation tangent counted three times (since for each value of = there 


are three values of ¢). 


If d; = 0, all the cubic osculants touch the cusp tangent, 2,0, at the cusp. 
The inflexion tangents (~,=0 and x,=0) meet Q again at the points given by 


a,t+6,=0 and d,t+e—0; the osculant cubic at the point r= —$ 2 
2 
touches x,=0 at the meet of these inflexion tangents, while the osculant at 
touches x, =0 at the same point. 
1 


The equations of the osculant in lines are 


= 66,d,t? + 3(d;(d,.t + + d,(3b3¢ + 2c,)) 
+ 2(d,t + 46) (3b,7 + 2c3)t + 2(csd, + + 6 dge), 

= t[2(6a,b3t? + 44, ¢,7 + b, + 2(4a,7 + (2e,7 + 
+ 37 (d3(4a,7 + + (2e37 + 3d3))¢t + 65, 

£, = — 3t[2d,(4a,7 + + ((44,7 + (dot + + 3b, 
$27 + 


If + =¢ in these equations, we have the line equations of Q; viz., 


12 + (3 bs + C3 de) t? + + dee], 
£ = 120 [a, + 2a, cst? + (3 a, ds + + 25, ds], 
= — 12¢?[3 a, + 2(2a,¢, +b, d,)t + 36,6). 


The four points in which Q meets the line (x) = 0* are given by 


ay t* + + &3) + t? + (dy d3&3)t+ = 0. 


* (xf) 2, + + 2, 
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The roots of this equation form a self-apolar set if the line touches the conic 
G92 = (cs — 3 bg ds) — 3b, dy — 3b, dsb, + 3 (4a, — £, &, = 0, 
or, in points, 
3 (bs dy x, + ds + (4.2; — dy) + 4(c§ (4 a, dp) —1 2 a, dy ep) 0. 
If d;=0, Q has a cusp at (0,1, 0); g, then touches the cusp tangent at the 
cusp. The points where g, meets @ are given by 
3 (a, bg dy t* + 4 a; bg — 4a, dge,t — ds eq)” + 36 a, bg de, (4 a, —b, d,) t* 
+ 6 — b, de) (a,b, d,t* + 4a, be, t? + 4a, + t? 
+ (4a; — b, (4a,¢ + b,) + = 0. 
The discriminant of g, is 


9 
Ay — (12 a, bg ds eg — 03 (4 a — b, d,)). 


E((c3 — 3 bs ds) — 3 — 3 b, dy = 0 


and three stationary tangents of Q meet at each of the points given by this 
equation. Four stationary tangents can not be on the same point, since then 
there would be eight tangents to Q from this point. 

If d;=0, g, meets Q at the points 

3a? b3 (dat + 46)" + 6 a, bg cg (4 ay — b, dy) (dt + 
+ (4a, — b, d,) (4a,t + + =0; 
t.€., g, touches the cusp tangent at the cusp and one of the five other points of 
intersection is given by d,t + 4e,=0. 

If also 6,=0, and 4a,e¢,—6,d,=0, the quartic is tricuspidal: g, is then 
£2 = 0, and the equation giving its intersections with vanishes identically. 

Obviously g, touches the stationary tangents of Q: it touches 2,=0 and 
== 0 at the points (0, 4a,e,—b,d,, — b,d3) and (4a,e,—b,d,, 0, — b;d2) 
respectively. 

Knowing a stationary tangent of Q, we can put its points in one-to-one 
correspondence with the lines of g,. Thus the line 2,=0 touches the osculant 
at the point given by =o, viz.: 

The equation of this point is (4a,7+ 0,)&+6;;=0, the correspondence 
between &,/£ and ¢ being one-to-one. 


If (4a, e,— d,) =0, becomes 
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From this point there is one tangent, other than z,=0, to g,. If in the 


line equation of g, we substitute &, =, we obtain parametric 
1 1 


equations of the conic in the form 
= —12a,)3(d,7+ 4), 
= (c3(4a,7 + b,) — 12a,),d,7) (44,7 + 
= 12a), (d,t + (4a,7 + 


If 6; =0, all the first osculants touch 2, =0 at the cusp and these equations 


can not be used. The osculant at T=—F is 
2 
x, = — (4a, ¢,— b, d,) — 3b, =3 dz (d,t + e), 
= bs dp t® — (3 — 2 dp) t? —(2 C3 €, — 3 dy dg) t — 
If 
x, = — (4a,¢—b,d,), 2% =0, = dgdy. 


Hence the osculant cubic of a quartic, at the point at which a tangent at a point 
of inflexion meets tt again, touches that tangent at the point at which g, touches tt. 
Since the above correspondence between t and &,/& is one-to-one, it is evident that, 
in general, there 1s no pair of points on Q such that the osculant cubics at these 
points coincide. 

There are eight tangents common to g, and an osculant cubic. Of these six 
are the stationary tangents of Q. The two variable tangents are given, on the 
osculant, by 


+ + 2 [3 + 4€) + (40,7 + + 4e)¢ 
+ 3d;e,(4a,7 + 
where 
= 2(6 a, bgt” + 4a, + by 5), 


O, = — + 403627 + 6 dz 


Two of the eight tangents will coincide if a variable tangent coincides with one 

of the stationary tangents, or if the two variable tangents coincide. Thus t=0 

gives x,=0. One of the variable tangents is given by ¢=0 if: 
(a) t.¢., x, =0 is a stationary tangent of the osculant; 
(b) a,7 +5, =0, when the osculant touches g, where 2, = 0 touches it; 
(c) o, =0, in which case, as is evident from its line equations, the osculant 

is cuspidal and has only six proper tangents in common with g. 


| 

; 

q 
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The two variable tangents coincide if 


(a, + (dot + &) 020, + [8a,b,7° + 
+ c3(4a,7 + (dot + + 3 dze,(4a,7 + |? =0. 


This equation is of the eighth order in 7 and on expansion proves to be identical 
with that giving the intersections of Q with gp. 

The osculant at such a point has a node at the point of contact, the nodal 
tangents being the tangent to Q and the tangent to g,. It follows that the node of an 
osculant cubic of a tricuspidal quartic is at the point of contact and that one of the 
nodal tangents passes through the meet of the cusp tangents. 

The points of contact of the two tangents to the cubic 


from the point 7 on it are given by the equation 
[jabe| |abd|]t?+2[|abd| 7+ |acd|]t+ |acd| r+ |bed| =0. 


If we apply this formula to the cubic osculant of Q at t, we find that the two 
tangents to the osculant from the point of contact coincide with the two variable 
common tangents of g, and the osculant. 

The equations of the conic & are 


x, = — 3bia,, 3d2p,, 
v3 = 3 (d, d; p, — bs 0.) 144 a, — 4c} (4a,a + b,) (d,a + 4¢,). 


If 6, = 0, x,=0 is an undulation tangent of QY, and & is degenerate. In 
fact, it is evident that an undulation tangent of @ is a stationary tangent of each 
cubic osculant, and that, therefore, every point on it is a point of KX. 


If d,=0, K becomes 


= 6 bic; + 4e)a, = 3 
2(d,a + 4 €,) (3 b, bs cg a — 2c3(4a,a + b,)). 


K is on the cusp, but does not touch the cusp tangent. 
In general, z;=0 meets K when p,=0. The equation of the two points 
given by these values of a is 


3 + 2 (3 dydy + 843 = 0. 


F 
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The locus of lines such that the parameters of the points in which they 
cut Q form harmonic sets is 


b 
a, 
—| + Ca dy = 60 
93 — 4 6 4 
d 


or 


(720s Eo + 9 + bs Es) (de + ds Es) — 205 
— 27 a, (dy & + ds — 27 + = 0. 
Evidently g; touches Q at the points of inflexion. 
If the roots of the equation a,t® + 3a,t? + 3a,¢-+a,;=0 are equal, 
at+a=—0, at+a,=0 and at+a,=0. 
A cubic osculant meets the line (x&)=0 when 
((4 a, + + + (30, + (3 +204) Es) 
+ (3 + 3d) + (d, + + dat = 0. 
If the line is a stationary tangent of the osculant, we have from the first of the 
above conditions 
3((4a,t + + + 36,78, + (34,7 + cg) = 0, 


or 


12a,£,7t 3 + O33) +t) + = 0. 
In like manner the other conditions give 


3 + 53 &3) + +4) + 3 (a, = 0 


+ 3 (tT +2) + =. 
Eliminating t¢ and ++ ¢, we find that the envelope of the stationary tangents 
of osculant cubics is * 


and 


In general, a set of the J, of Q determines four points on AX. Let us consider 
what happens if the set is one to which the parameter of a point of inflexion of Q 
(say ¢=0) belongs. One of the stationary tangents of the cubic osculant at this 
point is z,=0, given by ¢=0; hence 0 is to be counted twice as a member of 
this set. We may call the two other members a and 8. The osculant at ¢=0 


* Morley: Trans. Am. Math. Soc., Vol. VIII, p. 17. Stahl: Crelle, Vol. CI, p. 302. 


q 
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has three distinct stationary tangents given by ¢=0, t=a and t= 8; the 
osculant at ¢=a and the osculant at t= @ have each two stationary tangents 
given by ¢=0, and one given by t= and t=a respectively; 7. ¢., these latter 
osculants are cuspidal. The points c and d of Fig. 1 (page 216) coincide as in 
Fig. 2. The stationary tangents of the osculant at ¢=0 are ab, bc and ca; 
bc and ca are cuspidal tangents of the osculants at =a and t = @ respectively, 
while these two osculants have a common stationary tangent, ef. The line 
xz,=0 is not a proper tangent of the cuspidal osculants, but merely passes 
through the cusps. 

In general, from a point of XK there are three distinct tangents to g,. At 
each of the points a and 6 two of these tangents to g, coincide. Hence a and 
are on gz, bc and ca being tangents of g;. 

Since, in general, gz is of the sixth order, it intersects K in twelve points which 
are thus accounted for. 

Of the thirty-six intersections of the two sextics, g,; and the six stationary 
tangents of QY, twelve are on the conic K; there is, therefore, a curve of the 
fourth order touching g, at the six points of inflexion of Q and passing through 
the other twelve intersections. 

The line ef, being the limiting position of the chord cd of K, touches XK. 
In this way we can account for the six common tangents of g; and K. 


§4. The Nodal Locus of Osculant Cubics. 


Stahl has shown that the envelope of the lines joining the points of inflexion 
of osculant cubics of @ is a conic. The locus of the nodes of these cubics is 
evidently a rational curve, the equations of which we will now find. 

In general, the equations of a rational cubic may by a change of reference 
triangle be put in the form 

= A, t? + Be’, Gt+D,, t, = A,t®? + Bt? + C,t+ D3. 
The line (2) =0 meets this curve at the points 

(£1 Ay + &3 As) + + + (E2 G)t + + = 0. 

The quadratic m)t*® + m,¢+ m,=0 is a factor of this if 


(E, By + &3 Bs) —m, (E, A, + &s A;) 


mo (E2 Dz + &3 Ds) 
mo By + & Bs) —m, (&; A; + & As) 


and 


C, + Cy) — me A; + &3 As) | 
Ms 


THomsEN: The Osculants of Plane Rational Quartic Curves. 223 


In general, these two equations determine the ratios £,:&:£,, and thus 
a definite line. If, however, mt? + m,¢ + m,=0 gives the parameters of the 
double point of the cubic, the two equations are equivalent and give merely the 
equation of the double point. For this cubic the parameters of the points of 
inflexion are given by 
and those of the double point by 
(Di + A, GS) Rt? — (A, D,— BG) RSt+ (B,D, Rk + AUS)S=0, 
where R=A,B,— A,B, and S=6,D,— GD. 
The cubic is cuspidal if 
RS[(A, D,— B, GY RS—4(DiR+ A, 6,8) (B,D, + =0. 
Using the second of the conditions given above, we find, after removal of the 
common factor # D,, for the coordinates of the double point: 
2, = —(B,D,R+ A,C,8) Rk, 
x, = R® — D,(B, B; D, —2A,C, D;) R? S 
+ A,(A,C,C;— 2 A; B, D,) R S* — A? A; S* — (A, D, + B,C,) R? 
If D, =0, we have 
a, = C, D3(B,R—AjC;), «2 = D}(D,R— A,C,C,) R, 
as = D3 [(B, B; C, D, — A, C3 D, — B,C,C3) R? 


+ 4,03 (A, G—2.4, B, D,) + A} Ay C3 
If also A; = 0, 


x, = A? D?2.C,D,(A,C,— B, B;)?, 2%, = Aj D}.A, B;(B;D,— C, G)’, 
ag = — Aj D2. B,C; (A, OC; B, B;) (B,D, GG). 
Using the formula of page 214, we have, for the J, of Q, 
b, t? (cg de t? + 4 C3 + 6 dz + dy 8, (6 a, + 44, + c3) = 0, 


or, more briefly, 0, + kp, =0 
t 


If d; = 0, has a cusp and the J, becomes 
t + 4 + 5, (6 a, bgt? + + b,c3) = 0. 
If also 6, = 0, Q is bicuspidal and J, becomes 
[b, (dt + 46) + d,s, (4a,¢ + =0. 
If a, =d,=1, 6, =4 and e,=1, so that Q is tricuspidal, J, reduces to 


(t+ 4)+s,(¢+1)=0. 
30 


q 
ji 
i 
q 
q 
fi 
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In this case the four points in which a line on the meet of the cusp tangents 
cuts Q form a set of J,. 

It is known that if a conic touch the four bitangents of a rational quartic, 
the four other common tangents touch the quartic at points which form a set 
of I,.* Hence we may infer that ifa conic touch the bitangent and the joins of 
the three cusps of a tricuspidal quartic, the four other common tangents touch the 
quartic at points on a line on the meet of the cusp tangents. 

We may verify this inference as follows. For the quartic 


the cusps are at the points 
(6,1, 0), (1, 0, 0), (16, 1, —4). 

Their joins are 

%=0, +427,—0. 
The bitangent is x, +16a2,+122,=0, given by ¢?4+2¢+4=0. These 
four lines are the base-lines of the range of conics 

+ 4&3) +28, + =0. 
The line equations of the quartic are 

&=2t, £,=—3t(t + 2). 

Substituting, we find for the common tangents 
(+ +A(t?+ 307+ 4) =0, 
or, removing the common factor + 2¢ + 4, 
20(¢+ 4) +a(t+1)=0, 

which is i. 

Hence, if any parabola be inscribed in the triangle of which the cusps of a 
deltoid are the vertices, the four common tangents, other than the line at in- 
finity, will touch the deltoid at points which are on a line on its center. 

Identifying the osculant cubic of Q with the cubic of page 222, we have 

A,=4a,7+),, B,=3b7, 
D, = d,t + 
A,= B; = 3 + 
D,=d;3t, 

R= 2 (6a,6,t? + 4a,¢,¢ + b, ¢3)=6,, 

S = — + + 6 d3@) =o,. 


* Stahl: Crelle, Vol. CI, p. 302. 
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Thus we have, for the double point of the osculant, 


= 8 [30,7 (d,¢ + (6a,b,7? + 4a, ¢,7 + cs) 

+ (4a, 7 + (esd, + + 6 + + 6 
and corresponding expressions for x, and 23. 

Varying t, we have the equations of the nodal locus of osculant cubics. 
It is a rational curve of the tenth order. The stationary tangent, z,=0, of Q 
cuts it at the points given by o,=0 and touches it at each of the four points 
given by the other factor in the above expression for x,; 6, =0 gives the two 
points of Q which form a set of J, with ¢?=0; also, when o, =0 the cubic is 
cuspidal. Since all the osculant cubics touch x,=0, this line must be a nodal 
tangent when a node is on it. The decimic is evidently symmetric as to the six 
stationary tangents of Y@. Hence each stationary tangent cuts it at two points 
which are cusps of osculants, and touches it at four points at each of which this 
tangent is a nodal tangent of an osculant. Since the condition that the osculant 
cubic be cuspidal is of the twelfth degree in 7, this accounts for all the cuspidal 
osculants. The four points given by the first factor in the expression for 2, are 
not, in general, cusps of the decimic, since it can not have twenty-four cusps. 

If we let ¢= 7 in the equation giving the parameters of the node of an 
osculant, it is of the eighth order in 7, and gives the equation of the eight points 
of Q at which, in general, the node of the osculant is at the point of contact. 
It may be easily verified that this equation coincides with that giving the inter- 
sections of Q with g. 

At least eight of the forty intersections of Q with the decimic are at these 
points. If d;=0, Q has a cusp given by ¢=0. Then (d,7+ 4e,)?=0 is a 
common factor of the equations of the decimic, which reduces to an octavic; 
the osculant cubic at the point given by d,7+ 4e,=0 degenerates; d,¢t+ 4e,.=0 
gives that value of ¢ which with ¢?=0 forms a set of ,. 


When d; =0, the osculant at 7 = = is 
x, = — [(16 a,e,— b,d,)t + 12b,e] t?, 2 = 


v3 bs de — 2(6 bs — C3 t? — 8 C3 


or ¢=0 and 


x, = — [(16a,e,.— b,d,)t +12b,e]t, m= 


q 
} 
Xs = bs d, t? — 2(6 — C3 dy) t — 8 C3 
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This conic touches x, = 0, and consequently the three other stationary tangents 
of Q. If in these equations ¢=0, 


%=0, 
The point of contact, given by ¢ = — - @ is 

x = — 64e3(4a,e,—b,d,), x3= 16 — d,). 

The join of these points is 
3 d3 (8 bs — cs dy) x, + 64 €3 (4 ay — dy) 
+ 24 d§e,(4a,¢— d,) = 0, 

which proves to be a line of gp. 

We have already shown that, when d,;=0, d,t+4¢,=0 gives an inter- 
section of g. with @. Hence, there is only one tangent to g, from this point, 
and consequently there can be only one tangent to the osculant from it. 

It 1s now evident that the conic and any line on the point given by t=0 on it 


form a curve of the third order which fulfills all the conditions necessary for an 
osculant cubic. 


Returning to the decimic, if also 6;=0, Q has a second cusp at t =o. 
Then (4a,7 + 0,) is a common factor of the equations of the octavic which 


reduces to a sextic; the osculant cubic for this value of ¢ degenerates ; 
4a,c7+6,=0 forms a set of with 
The sextic then is 


(d,t + 4¢)(2a,7—b), (44,7 (d,7 —2 6)’, 
= (2a, — b,) —2e). 


If a, =d,=c,;=e,=1 and 6, =4, this becomes 4(¢t — 2)? =0 and 
(7+ 4) m2=t+1, 
which now coincides with Q. 
The equations of the osculant for this curve are 


On page 223 we have the equation giving the parameters of the double 
point of a cubic given in this form. Here 


B,=12¢, 
G,= 3, + 4, 
R=8s(¢+1) 4). 


~ 

i 
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Hence we find for the parameters of the double point, after removal of the factor 
64 (7 + 1) (7 + 4) (7— 2), 
for which values of 7 we have seen that the double point is indeterminate, * 
(¢—c)(2(7+ 4)) =0, 

thus verifying the statement that on a tricuspidal quartic the node of an osculant 
cubic is at the point of contact. 

We have already (page 211) identified the curve which corresponds to the 
factor — 2)? on page 226. 

Taking J, in the form ¢?o,+kp,=0, the two values of & which make 
this equation self-apolar are given by | 

k (b, d, — + 3 (dse, + a, 63k)? = 0.F 

Eliminating &, we have for the two self-apolar sets of J,, after removal of 

the factor c3, 
12 (a, by t* + 4 ay t? — 4 a; dz — b, ds — (4 ay — b, de) t? p,. 0, = 0. 

This equation is the same as that giving the intersections of g, with Q. 

Hence the two self-apolar sets of I, give on Q the intersections of Q with go; 


cubic osculants at these points have double points at the point of contact. 
It follows that every set of J, is self-apolar when @ has three cusps. 


§5. An Interpretation of Syzygies. 
The cubic osculant of 


being 


the elimination of ¢ gives 
(22, — 6 a — x3) T? — 3 (a, + 8 + 23) 
+ 3x3 (22, 2% + + 2x3) — (aj 3%, 23 — 8 x3) = O. 
In lines, the equation of the quartic is 
&£=—3t*— 6é. 
The points of contact of the tangents from the point (~~) =0 are given by 
2 — 3 — 6 + x, = 0. 


* Since 73(r+4), r+1 and (r+ 2)8(r—2) are the sets of J, to which the parameters of the cusps belong. 
+ This equation can not be used if c,=0, since then we can not write the J, in the form here used. 


i 
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The Hessian of this equation is, writing ¢ for ¢, 
— (a3 (4 + — 2 (ay — + (x, + 423)) = O. 

Since the conic osculant of a point cubic touches the stationary tangents, 
the conic osculant of a line cubic is on the cusps. 

The Hessian of a cubic has equal roots when the cubic has two equal roots, 
and vanishes identically when the cubic has three equal roots. 

Therefore H touches the cubic at the point 7 and is on the three cusps; 
i.¢e., it is the point equation of the conic line osculant. If c=0, H is the line 
osculant at the cusp (0, 1, 0) and degenerates into the joins of this cusp with the 
other cusps, (1, 0, 0) and (16, 1, —4).* 

The coefficient of t equated to zero gives that conic on the three cusps 
which touches the cusp tangents 2,=0 and 2,=0, given by r=0 and t=~. 

In general, for the curve x,=(a,t)" the conic osculant is x; = 
and the process of finding the envelope of ((a;t)? (a;,7)"* &;) =0 ts the same as that 
of finding the Hessian of ((a;t)” 

The cubic covariant of 22,7? — 6237 + 2,=0 Is 

J=2[(22, — 6 — a3) — 3.23 (2, + 8 x3 + T? 
3 (2 + + T— — 3 x, — 8 =0; 
t. €., J=0 is the point cubic osculant of the curve. 
Let U be the cubic 22, ¢? — 3 — 6 
D, its discriminant ; 
H, its Hessian ; 
J, its cubic covariant ; 


so that 
U=0 isa tangent of the cubic; 


D=0 is the point equation ; 
H=0 is the point equation of the conic line osculant ; 
J=0 is the point equation of the cubic point osculant. 


Then we know there exists a syzygy f 
J*=DU*?—4H*. 


* Dually the conic osculant of a point cubic at a point of inflexion 7, degenerates into the points where 
the stationary tangent at 7 meets the other stationary tangents. 

Thus for Q, when ¢ =0, H=3d,2 + 2(8d,d,—4¢,¢,)&,&, + 3d,? = 0; i.e, H is the points where 
x, =0 meets K (page 220). H touches g, three times, since these points are on g, and their join touches g, 
at (0, 1, 0). 

t Salmon-Fiedler: ‘‘Alg. der Lin. Trans.,” p. 240. 
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This says that the points at which U meets J* are the points at which it 
meets H counted three times. But U touches H; therefore U meets J at three 
coincident points, Hence JU is either a stationary tangent, a cusp tangent, or a 
nodal tangent of J. We can easily show that in some special case it is a nodal 
tangent; therefore it is so in general. This furnishes another proof of the 
proposition that the node of the cubic osculant of a tricuspidal quartic is at the 
point of contact. 

The line equation of the conic point osculant, which we shall call H, at the 
point ¢ of Q is obtained by forming the Hessian of 


ay t* + + + cs + (dz + dz + = 0. 

The discriminant of the Hessian of a quartic is the product of the discriminant 
of the quartic and the square of the invariant g3. Therefore H touches g3; as well 
as Q. Dr. Morley* has shown that H touches a certain curve three times, which 
curve must be g3. H, being also the conic osculant of the cubic osculant at the point t, 
touches the stationary tangents of the cubic osculant which are lines of g3. Hence 
H touches g3 at the points where these stationary tangents touch tt. + 

We have seen that the cubic osculant of Q at the point ¢ is a rational point 
cubic, touching Q at this point, touching the tangents to g, from this point and 
touching the six stationary tangents of Q@. These eleven conditions determine 
the osculant uniquely, although they are not linear. 

Let U=0 be the point 2.e., 

ay + + + + (dy & + t + = 0. 

The sixteen common lines of the range of quartics Ug, +k Hg,=0 are the 
tangent to H at U counted twice, the two tangents from U to g., the six common 
tangents of g; and H, and the six common tangents of gz; and g,. The six common 
tangents of gz and H are the three stationary tangents of the cubic osculant at U, 
each counted twice. These lines, since they are stationary tangents of the osculant, 
will each count twice as a common tangent of the osculant and any other curve. 
Hence the cubic osculant belongs to this range when written in line form. 

Taking a curve in the form x; =(a,¢)”, the first osculant is 

= (a, ¢) (a, 
which meets the line = 0 when 
((a; 7) (a; = 0. 
* Trans. Am. Math. Soc., Vol. VIII, p. 19. 


+ Each line of g, is a stationary tangent of two cubic osculants. Hence two conic osculants touch g, at 
each point and g,? appears as part of the envelope of H. 
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Obviously the process of finding the line equation of the osculant is the same 
as that of finding the Steinerian of ((a;¢)"&,) = 0.* 

The highest power of ¢ involved in the line equation of the cubic point 
osculant of Q obtained in the manner just indicated is ¢‘. If we eliminate ¢ 
from the parametric line equations of the osculant (page 217), 7 will occur as 
high as the sixteenth power in the resultant. 

However, o, (and consequently the equation of the twelfth degree in ¢ 
giving the parameters of the points of contact of the twelve cuspidal osculants) 
is obviously a factor of the equation so obtained. 

These twelve osculants are curves of the third class. 

The sextic covariant of U=0 does not give proper osculants of Q. This 
covariant gives, neglecting the factor 54, 


J = (8 af (deb, + — 40,036, £5 (bE, + + (0,5, + 
+ 24,8, + b3&s) (dz + ds&3) — 4a, 035,83 
+ + 535)" 
+ 5 (8 ay (0, + 3&5) — 4 a, (dy Eo + ds &5) 
+ + b3&5)” (de ds 
— 20 (a; &, & + ds — ey + &5)") 
— 5 (8 (de + — 403 + &5) 
+ (6,8; + bs (de & + ds &s)”) 
+ (d,&_ + &5) 
— (8 £5 (1 + — 4 + + + = 0. 


For the quartic ¢?(a)¢? + 4a,¢+ 6a,) =0 we find 
J = — (3 aya, — 2.03) (a,t + 8a,)t°=0. 


Hence J vanishes identically if U is the product of two squares. If a 
counts twice as a root of U, a is to be counted five times as a root of J, the 
sixth root of J being the fourth harmonic of a as to the two other roots of U. 

Hence each of the seven} curves obtained by equating to zero the coefficients of 
¢®, 5, etc., in J, touches the four bitangents of Q; also J touches @ at U. 


* I take pleasure in thanking Dr. J. R. Conner for noting that the curve of the above range which is the 
osculant must coincide with the Steinerian of ((a;t)",)=0, and the obvious extension to curves of higher order. 
+ These seven curves can not be independent; and calculation shows that J is apolar to the sextic giving 


the parameters of the points of inflexion of Q for all values of ¢;. 
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We know that there exists a syzygy, 
J* = 9, H U* — g, U®— 4H*.* 


Hence the six tangents from U to J’ are the tangents from U to H counted 
three times. But U is on H, therefore the three tangents from U to J coincide. 
This means that the tangent to J at U is either a cusp tangent, a stationary 
tangent or a bitangent. It is easy to show that in some special case it is a 
bitangent; hence it is so in general. 

J and Q have eighteen common tangents. If we substitute in J the values 
for &; given in the line equations of Q (page 217), we have an equation of the 
eighteenth order in ¢ and the sixth order in ¢. 

The octavic in ¢ giving the points of contact of the bitangents of Q is a factor 
of this, the remaining factor being of the tenth order in ¢ and the sixth order 
inv. Of this, (¢—)* must be a factor, which says that the bitangent of J counts 
five times as a common tangent. Since this line is an ordinary line of Q, 
Jand Q have four coincident common tangents at U.} 

The remaining factor is of the fifth order in ¢ and linear inv. We know 
that if we ask that the point ¢ of Q shall be on the tangent to Q at the point ¢, 
the equation will contain (¢—c)? as a factor. The remaining factor will be 
of the form 


(Bo t)'t* + 2 + = 0. 
The fourth harmonic of ¢ as to the roots of this equation in ¢ will be of the form 
(yot)t + (y, =0. 


Evidently this is the equation which gives the five other common tangents 
of J and Q. 


$6. The Meaning of the Disappearance of Terms. 


If k, and m; be respectively the coefficients of ¢* and ¢” in (a,t)", it is 
evident that if the relation 4,;,= Am, exists for one triangle of reference, it will 
hold for all triangles of reference. If, then, by a change of parameter, we can 
bring the equations of a curve to a form in which such a relation exists, either 
the form is one to which the equations of all rational curves of the given order 
may be reduced, or the relation involves some projective property of the curve. 


* Salmon-Fiedler: ‘‘Alg. der Lin. Trans.,”’ p. 264. 
+ Stated dually, Q passes through a node of J, meeting one branch of J in four consecutive points. 
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Thus the curve 


may, by a change of parameter so that ¢= 7 — 2, be put in the form 


which, if we change the reference triangle so that 
y= y=\|rad'|, 


becomes 


Y3 = ast" + + 3+...., 
whence we see that the curve has a cusp at tT =o. 
Obviously, if a similar relation had existed between the coefficients of ¢ 
and the constant terms in (a,¢)", the curve would have had a cusp at ¢=0, 


since, if we write ¢= 7 we merely interchange the coefficients of ¢* and ¢"~*. 


Conversely, if a curve has a cusp we may write its equations 

+ + f°" +...., 
which, by a change of parameter leaving o unaltered, may be put in a form 
in which 6, = 0. 

In this form one set of the £, is 4=0. Hence it follows that, if a curve 
has a cusp at ¢ =a, one set of the J, is (¢(—a)""1(¢—(@) =0. Hence, with each 
cusp a of a plane rational curve there is associated a definite point, 8, of the 
curve.* 

On the other hand, the equations of the general rational cubic may be put 
in the form 

aa + Ad, 
and for all reference triangles c;,=206,. In this case the relation has no pro- 


jective meaning. 


* Dually with each stationary tangent, a, there is associated a definite line, 6. Thus, for Q@ we see by 


inspection that c,¢®°+3d,¢5=0 is apolar to the expressions for ¢; in the line equations of the curve (page 217). 
{f, in the equations of the point cubic osculant at the point ¢ = 0, we let ¢ =— — , we have the coordinates 
of the tangent to the osculant from the point of contact. ‘ 
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In particular, if 4;,=0, then 4;=4%™m, for all values of m. Evidently the 
equations of a plane rational curve can not, in general, be reduced to a form 
in which k,=0, since this implies that one set of the J, is of the form 
(¢—a)*(t— 8)" *=0. It is n—2 conditions on a binary equation of the 
n-th order that it be reducible to this form, whereas a set of the J, is deter- 
mined by n— 3 conditions. 

Since the necessary and sufficient condition that ¢?=0 be apolar to 
(a t)"=0 is that ¢ be a factor of (at)", it follows that the necessary and 
sufficient condition that a plane rational curve of order n degenerate on account 
of the existence of a common factor in its equations is that a set of the J, be of 
the form (¢—a)"=0. That this should be possible is n—1 conditions on a 
binary n-ic, and hence implies two conditions on the coefficients of the curve. 
Brill, in the article previously cited, using the canonical form 


= (at)? (agt)®, = (at)? 


notes that if the resultant of any two (a;¢)*=0 vanishes the quartic degenerates. 
This is apparently only one condition. However, much care must be used in 
counting conditions when a canonical form is used. Thus, Salmon’s canonical 
form for the plane cubic 


2, = 0 


represents three lines if m=. This is apparently one condition, but it is 
of course three conditions on a ternary cubic that it represent three lines. 
As defined previously, the m-th osculant of a curve is 


x, = (tD, +74, D,,)" tp +....+ ptf). 


The equations of the (n — /)-th osculant at the point = = 0 will, in general, 
1 


contain terms involving ¢ to the k-th power; but, if k;=0, ¢* disappears and the 
osculant degenerates. In like manner the equations of the k-th osculant at the 


=o will, in general, contain terms not involving ¢; but, if 4; = 0, these 


t 
point 


1 
terms disappear: ¢ is a factor of the three 2; and the curve again degenerates. 
Hence, if a set of the J/, is of the form (¢—«a)*(t—)""*=0, the k-th osculant 
at the point a, and the (x —4)-th osculant at the point 3, degenerate. 

If k=n—1, ‘this means that the (n—1)-st osculant (t.e., the tangent) at 
the cusp, and the first osculant at the associated point @, degenerate. 
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Thus, the third osculant of 


If «= — 2, which gives a cusp of the quartic, the osculant becomes 

v,=16(t—2), a=t—2, x,=—4(t—2). 

It has been shown before that the first osculant at the associated point ¢=2 
degenerates (page 208). We have seen (page 211) that, if we give a bicuspidal 
quartic a third cusp, the cubic osculant at the point associated with this cusp 
degenerates, and that the conic part of it is a part of the locus of nodes of 
osculant cubics. We have now shown that on any plane rational cuspidal curve 
the (n —1)-st osculant at the point associated with the cusp degenerates. From 
the symmetrical manner in which the equations of osculants are formed, we may 
infer that, in general, that curve of the (n —2)-nd order, which is part of the 
degenerate (n — 1)-st osculant at the point associated with the cusp, is also a part 
of the locus of nodes of (n—1)-st osculants. 


JouNs Hopkins UNIVERSITY, 1909. 
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On the Primitive Groups of Classes Six and Eight.* 


By W. A. Mannina. 


In the Comptes Rendus of Dec. 23, 1872, page 1754, JorDAN published the 
results of his investigation of the primitive groups of the first 13 classes. The 
calculations by which these results were reached were ‘“‘long and laborious” and 
have not been published. In view of the fundamental importance of the primi- 
tive groups, it seems desirable that these proofs should be supplied. This was 
done in part by JorpAN +} when he determined all the primitive groups of class p 
(pa prime number), and by the present writer}{ in the determination of the 
primitive groups of class 2), which contain a substitution of order p and degree 
2p. Nerto§ and Miter || have considered the groups of class 4, and their re- 
sults agree with JorpAn’s. The primitive groups of class 6, which do not con- 
tain a substitution of order 3 on 6 letters, and the primitive groups of class 8 are 
the object of investigation in this paper. It is found that there are in all 14 
groups of class 6 and 18 groups of class 8. JorpAN’s lists give 13 groups of 
class 6 and 15 of class 8. 

The following theorem is restated in altered form from a memoir by 
JORDAN.J 

TueoreM I. Let A, A’,.... be a complete set of conjugate substitutions of 
prime order p and degree gp in a primitive group G. The set A,.... generates 
a transitive group H. Let J be an intransitive subgroup of H generated by a 
certain nurtber of the substitutions A,..... Let there be a set of intransitivity 
(a,....) in Z such that none of the substitutions A,.... transform all the letters 


* Read before the American Mathematical Society (San Francisco Section), Dec. 19, 1908. 
¢+C. JorDAN: Liouville’s Journal, Ser. 2, Vol. XVII (1872), p. 363. 
{ Transactions of the American Mathematical Society, Vol. IV (1903), p. 351. See also «On the Groups of 
Class Ten,’? AMERICAN JOURNAL OF MATHEMATICS, Vol. XXVIII (1906), p. 226. 
§ Netto: Theory of Substitutions,’’? translation (1892), p. 135. 
|| MILLER: American Mathematical Monthly, Vol. 1X (1902), p. 63. 
{ Crelle’s Journal, Vol. LXXIX (1874), pp. 249-253. 
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a of that set into other letters. Let 6,.... be the letters of the other sets of 
intransitivity of J and let c,.... be the letters of Hnot displaced by J. Then 
in H there is always a substitution B similar to A which connects a and 6 
transitively, and has not more than one letter c in each of its g cycles. This 


happens notably when the number of letters in the set a exceeds q P _ : if pis 
odd, or q, if p= 2. 

Corottary I. If p= 2, and the number of letters a,.... is exactly g, the 
theorem clearly holds unless, perhaps, when all the substitutions which replace 
the letters a,.... by other letters are of the form C= (a,c,)(agc.). . . . (a,c,). 
When, in this exceptional case, G is of class 2g, any substitution A,, similar to 
A, of I is of the form (a,a2)....(d,b,)...- where at least half the letters are },..... 
But A,CA,C = (ayaz)....(cye,)..-. is of degree not greater than 2g. Hence we 
conclude that every substitution similar to A in J, which displaces any of the 
letters a,...-., displaces all of the q letters a,..... This exceptional case can 
not arise in a group of class 2g unless g is even. We also note that C and 
A,CA,C displace exactly the same 2q letters. 

Corottary II. Suppose that there are just g—1 letters a..... We can 
always find a substitution C similar to A connecting a.... and 6.... and having 
in no cycle more than one new letter c unless any substitution of H, similar to 
A, which replaces all the letters a.... by other letters, has one of the four fol- 


lowing forms: 
Cs = (4401) (Gq (F102), 
where 

It will be shown that C, and C, never occur in H, and that CG, occurs only 
when any substitution of J, which is similar to A, contains both 6, and 8, in 
different cycles, and displaces all the g — 1 letters a.... when g is odd, or all 
but one when q is even. 

Let A, = a substitution of Z similar to. A. The num- 
ber of letters 6.... in A, is at leastg+1. Then A,C,A,C, is of degree less than 
2q and is not the identity. If A, does not displace the letter 6, of C,, the same 
is true of A,C,A,C,. Let A, displace 6,. Then A,C,A,C, is at most of degree 
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2q + 1 and is non-regular, having one cycle of order 3 and the remaining cycles 
of order 2. But in a group of class u, the substitutions of degree u and w+ 1 
are regular. Passing to C; it is clear that A, must contain both 6, and 6,, and in 
different cycles. We write A, = (a,a,)....(b,b')(6.6") and have 
so that 

If g is odd D is of degree 2g + 2, and if q is even, D is of degree 2g. 

It is easy to show, in the same way, that in C, 4 is greater than 2, except 
possibly in the case of A= 2 and g=5, when there may be a substitution of 
degree 10 and order 5. 


Class 6. 


Since the primitive groups of class 6 which contain a positive substitution 
on 6 letters have been determined,* when the groups of class 6 are referred to 
in what follows we shall have in mind only those which include no positive sub- 
stitution on 6 letters. 

The group G contains by hypothesis a substitution A of the form 

There is a self-conjugate, and hence transitive, subgroup H generated by all the 
substitutions similar to A. The degree of H is the same as that of G and 
hence H must displace more than 6 letters. Then some substitution of the 
series of conjugates A,.... must displace one or more letters new to A. Again 
one of these generators must connect transitively the letters of A and new 
letters. If A’ is such a substitution, it can not displace more than three letters 
new to A. Hence G always contains a diedral rotation group of degree 7, 8, or 
9. We shall consider these three cases in succession and first merely determine 
from each of them certain transitive subgroups of Z. 

The diedral rotation group of degree 7 is itself a primitive group of order 14. 

In the second case the group }|A, A’} is of degree 8 and the substitution 
AA! is of degree 8 also. This product may be of order 4 or 2. 

Let the product AA’ be of order 4. The group J= }A, A’} is an intransitive 
octic group. By Theorem I we can find a substitution A” connecting the two 
sets of intransitivity of J and introducing at most two new letters. Now G 


* MANNING: loc. cit. 
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can not contain two substitutions of class 6 on exactly the same letters, for the 
product of two such would be a positive substitution of degree 6. Then A” dis- 
places at least one letter new to J. 

If A’ displaces just one new letter, the group K = { A, A', A"} is a simply 
transitive primitive group of degree 9. The positive subgroup is of class 8 and 
order 36, so that A has an invariant regular non-cyclic subgroup of order 9. 

Again, suppose A” to introduce two new letters; K is a transitive group of 
degree 10. Clearly K can not be primitive. Nor can K have two systems of 5 
letters each. If there are 5 systems of two letters each, HK is isomorphic to the 
symmetric group on 56 letters and to cycles of three letters in it must correspond 
positive substitutions of degree 6. This is inadmissible. 

The product AA’ may be of order 2. Then A and A’ are commutative so 
that A’ may be written a,b, . a,b, . aya,. There will be another substitution A’ 
connecting the set a,,.... with another set, and bringing in one or two new 
letters. Let A” bring in just one new letter G. Then we can write at once 
Al" = ajc, . AeCy . 4,0; for if two substitutions of class 6 have just three letters in 
common their product must be of order 3. This means that A” and A have just 
four letters in common and their product is of order 2. The group }A, A’, A’} 
is of order 12 and has two sets of intransitivity. The substitution A’ can be 
written either a,a,.... Or @jag..... By the principle just employed it is clear 
that we get either A” = . ba,.¢,8 or Al” = ajay. bya, . cyy. In the first 
case we obtain an imprimitive group of order 36 which is a direct product of two 
symmetric groups, and in the second case a primitive group of order 120 
isomorphic to the symmetric group on 5 letters. 

Going back to the group } A, A’} we see that A” can not have two new let- 
ters in different cycles. For we may write A” = a,c,...., and since the product 
AA" can not be of order 3 it is of degree 8 and order 4 or 2, which is impossible. 

It remains to consider the diedral group of degree 9 generated by A and a 
substitution of the form aja; . 6,6, .c,c;. Here there are three sets of intran- 
sitivity of three letters each. By Corollary I to Theorem I there is a sub- 
stitution A” in the series A,.... of the form a,,...- or a,b, It is not 
necessary to consider a,;...., since it is the transform of a,b,.... 


But {A,A”' can only be one of the fundamental diedral groups already dis- 


cussed. 


ix 
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Summing up, we have 4 fundamental transitive groups, one of which must 
be a subgroup of any primitive group of class 6 not containing positive substitu- 
tions on 6 letters. We shall now take up these subgroups in detail. 


1. The Gi,. 


Since all the transitive groups of degree 7 and class 6 are included in the 
metacyclic group, this Gj, is not included in a larger primitive group of the 
same degree. We ask if Gj, can be the maximal subgroup of a G8.,.. The 
negative substitutions of degree 8 in G* must be of order 8. Then among the 
positive substitutions of G* are some of order 4. But the positive subgroup of 
G® is of class 7 and has no operators of order 4. 


2. The G%,. 


The 12 substitutions of class 6 in G}, are made up of the 36 possible combina- 
tions of 9 letters, two at a time, so that a G of degree 9 including G%, can have 
no other substitution of class 6. Then G%,, if contained in a larger group G’ of 
degree 9, is invariant. Let Gand G, be the subgroups leaving one letter fixed 
of G’ and Gi, respectively. The subgroup G{ contains G, invariantly, and has 
negative substitutions other than the 4 of degree 6. They can only be cycles on 
8 letters. Then G{is transitive and of order 16. If the positive subgroup of 
Gi is not the quaternion group, G’ contains more than 9 substitutions of degree 
8 and order 2, and since from 9 letters only 36 transpositions can be formed, 
two of these substitutions would have a transposition in common, so that their 
product is a positive substitution of degree less than 8, an impossibility. Now 
the quaternion group is completely determined by a subgroup of order 4, so 
that Giy, if it exists, is unique. It does exist and is a well-known group. It 
may be generated by 12.34.68, 13.56.78, 15.47.89, and 1537.2846. We 
now show that G?, can not be the subgroup leaving one letter fixed in more than 
one Gi. In Gi there will be a substitution B= (1a) (..)(..) similar to 
A. Unless B is commutative with the 4 substitutions 24.58.67, 25.37.69, 
28.39.45, and 36.48.79, the commutator of Band one of them will be of 
degree 7 or less, and positive. Then B=1a. 25.48 or la.39.67; but 
24.58.67 X 28.39.45 X 1a.39.67 = 1a. 39.67, so that Gis unique. The 
holomorph of the modular group of degree 10 and order 360 is of order 1440 
and is triply transitive on 10 letters. The subgroup leaving three letters fixed 
is of order 2 and degree 6. The quotient group with respect to the modular 
32 
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group is the axial group. Corresponding to the three subgroups of order 2 in 
the quotient group are three subgroups of order 720, one positive of class 8, one 
positive and negative of class 8, and one positive and a of class 6. This last 
group contains Since completely determines G1%,,* is completely 
determined by Gi,,. Since wali the modular nor the Mathieu group of degree 
p" + 1 is maximal in a group of degree p" + 2, this chain of primitive groups 
ends here. 
3. The Imprimitive H3,. 

This group is a direct product of two non-Abelian groups of order 6. Its 
systems of imprimitivity of three letters each can be chosen in only two ways. 
Any larger group of degree 9 containing H3, must transform it into itself, since 
another substitution of class 6 which does not lead back to a previously con- 
sidered case can not be found. Let G be this larger group and G, its subgroup 
leaving one letter fixed. In G, there must be a cycle on 8 letters, which will 
permute the two substitutions of class 6. Then the square of this cycle trans- 
forms a substitution of class 6 into itself. This is an absurdity. Since the 
systems of imprimitivity of H can not be chosen in 4 ways,} there only remains 
the possibility that His the maximal subgroup in a doubly transitive group G 
on 10 letters of order 360. But this is impossible, for the positive subgroup of 
order 180 would have 36 subgroups of order 5, and 45 subgroups of order 2, 
making at once 189 operators. 

4. The 

If this primitive G) is contained in a larger group G’ of the same degree it 
is invariant in it, since another substitution of class 6 on these letters can not 
exist. The subgroup Gj, leaving one letter of G’ fixed, transforms G,, the 
maximal subgroup of Gj), into itself, and is intransitive in consequence. Since 
the constituent of degree 3 is symmetric, an operator of G{ not in G, would 
lead to another substitution of class 6, which is impossible. Another substitu- 
tion B, similar to A, introducing one new letter 3, can not be determined subject 
to the conditions under which A” = a,a, . bya, . cxy was determined. Hence we 
can not pass to a group of degree 11 from Gj. 

There are in all 14 primitive groups of class 6, of sikh 8 contain a sub- 
stitution of order 3 on 6 letters,and 6 donot. The latter are the Gj,, Gh, Gly, 


G,, Gio, and 


* De SEGUIER: Comptes ieisieat Vol. CXXXVII (1903), p. 37. 
+t Transactions of the American Mathematical Society, Vol. VII (1906), pp. 499-508. 
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Class 8. 


Every group of class 8 contains a substitution A= aja, . bb, . ec, . 
Any primitive group of class 8 contains a transitive subgroup generated by sub- 
stitutions similar to A. We shall first determine these subgroups and then take 
up each one of them in detail, seeking to find in what primitive groups, if any, 
they may be contained. 

If A, is a substitution similar to A introducing no new letter, the product 
AA, is of order 4 or 2. 

Let (AA,)* = 1; then |A, A,} ts a regular octic group. 

Let (AA,)* = 1, so that {A, A,} is an axial group. There may or may not 
be a substitution A, similar to A on these same letters. Suppose that A, exists 
and that it is commutative with both A and A,. Then {A, A,, A,} is the 
regular Abelian group of order 8, all of whose substitutions are of order 2. If A, is 
not commutative with both A and A,, it must with one of them generate the 
regular octic group, given above. 

We now assume that besides the three substitutions 


of the axial group, the series of similar substitutions A,.... includes none dis- 
placing these 8 letters only. By the Corollary I to Theorem I, the series A,.... 
contains a substitution A, connecting transitively the two sets of letters in 
1A, A,} and introducing at most three new letters, with not more than one new 
letter in any cycle, unless there occurs in A,.... a substitution B of the form 
Ag, . This exception need not here be considered, since the 
group {B, (BA)’, (BA,)} is the regular group all of whose operators are of 
order 2. If A, introduces one new letter, {A, A;, A,} is a transitive group of 
degree 9, which contains invariantly a regular group of order 9. This is impos- 
sible, since the group of isomorphisms of neither of the two groups of order 9 
contains an axial subgroup of class 8. Let A, introduce two new letters. 
Then J= jA, A,, A,} is transitive. It can contain no substitutions of order 3, 
and hence is of order 40 or 80. Then it has an invariant subgroup of order 5 
and degree 10. But the largest group on 10 letters which contains no cycles of 
5 letters and which transforms this subgroup into itself is of order 40 and has 
negative substitutions. If A, introduces three new letters, one of the three 
products A,A,.... contains a cycle of 4 letters and is of degree 11, an impos- 
sibility in a group of class 8. 


. 
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In what follows it is assumed that the set A,.... contains no two substitu- 
tions on exactly the same letters. 

For convenience of reference we shall now state some principles of which 
continual use will be made. 

No substitution similar to A can have just one letter in common with /; 
nor may it have just two letters in common with A unless it is commutative 
with A. Suppose that B, similar to A, has just three letters in common with A.* 
The common letters must belong to different cyclesin both A and B in order that 
(AB)? may not be of class less than 8. But when this condition is satisfied, B is 
of the form aja, . a2, . a,b, . ase, and (AB)? is of class 4. 

If A and B have just 4 letters in common, they generate a positive group, 
and the product AB can only be of order 4, 3, or 2. The positive intransitive 
diedral groups in which AB is of degree 12 and orders 10, 8, and 6 are not 
generated by two substitutions of degree 8. We reject {.A, B}, where (AB)‘=1, 
when it is a (4, 1) isomorphism between the intransitive DG} ‘,} itself a simple 
isomorphism, and a G}, because a DG} is included. With the product AB still 
of order 4 and degree 12, {A, B} may be a (2, 1) isomorphism between the 
intransitive DG}°* and the intransitive DG{*. We may write B, for example, 


a8 and hence (AB)? = a,b, . If AB is of. 
order 3, {A, B} is a simple isomorphism between four groups DG?’. If B is 
commutative with A, two cases are to be distinguished as AB is of degree 8 or 12. 


If A and B have 5 letters in common, AB is of order 6 and degree 11, or of 
order 3 and degree 9. When AB is of degree 11, the subgroup {A, BAB} is a 
diedral group of degree 9, class 8, and order 6. 

Should the two similar substitutions A and B have just 6 letters in common, 
the product AB may be of order 5, 4, or 2. The product can not be of order 8, 
for then {.A4, B} would include the regular octic. 

Among the conjugates of A there must exist at least one substitution <A, 
which connects old and new letters. The degree of {.A, A,} is equal to or less 
than 12. 

Let A, introduce just one new letter. If AA, is of order 9, {A, A,} is a 
transitive diedral rotation group of order 18. 


* BOCHERT: Mathematische Annalen, Vol. XL (1892), p. 176. 


+ By this notation is indicated a diedral rotation group of degree 8, class 4, and order 8. 
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The only remaining possibility is that AA, is of order 3, in which case 
{A, A,} is a simple isomorphism between the regular and non-regular repre- 
sentations of the non-Abelian group of order 6. By Theorem I the set A,.... 
contains a substitution A, which connects these two transitive constituents. 

Suppose first that A, displaces no letter not in {/A,A,}{. Then in the transi- 
tive group | A, A,, A,} any two substitutions of degree 8 and order 2 have just 7 
letters in common and their product is of order 8. Hence {A, A,, A,} is of order 
18 and contains an invariant non-cyclic group of order 9. 

Let A, introduce one new letter. Then § A, A,, A,} is a primitive group of 
degree 10. The subgroup leaving one letter fixed must coincide with {A, A,}, 
since it can not contain a subgroup of order 9 without including one of the two 
transitive groups of order 18 just determined. Hence G={44A, A,, A,} is of 
order 60; whence it follows that G contains 6 conjugate subgroups of order 5, 
by means of which it may be represented as a doubly transitive group of degree 
6 and class 4. This is the icosaedral group which has one and only one primitive 
representation on 10 letters. We note that the icosaedral group can not be written 
ag an imprimitive group on 10 letters.* 

Let G= jA, A,, A,} be a transitive group of degree 11, with A, bringing 
in two new letters. As before, the order of @ is not divisible by 9, so that it is 
at most 11.10.6= 660. That the order is exactly 660, is evident if we note that 
there must be 12 conjugate subgroups of order 11, each transformed into itself 
by 55 substitutions. This group, then, if it exists, is simply isomorphic to the 
doubly transitive group of class 10 on 12 letters, the modular group. Hence the 
subgroup of order 60 in G@ is icosaedral, and we are led back to the previous case. 

If A, introduces 3 new letters, we may assume that it is of the form 

.4,— .dg— .Ug—, 

where d; is the new letter introduced by A,, and a’ is some one of the larger set 
of intransitivity of |.A, A,}; a, a,, and a; are the 3 new letters. Now A, and A 
have just 4 letters in common and the group {A, A,} is of order 6 with 4 sets of 
intransitivity. Then A, displaces just one letter from each cycle of A. Then 
A, has just 5 letters in common with A, or else with A,4A,,—with <A,, say. 
But the product .A,A, can not be of order 3, since A, and A, have no common 
cycle, nor can it be of order 6 and degree 11, since {A,, A,} can not have a 
transitive constituent of degree 2. 


* BURNSIDE: ‘‘Theory of Groups”’ (1897), p. 179. 
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We now return to A, and assume that it displaces two letters not in A. It 
has been remarked that the product AA, can be of order 5, 4, or 2. In the last 
case only (A and A, are commutative) do the two new letters a, and a, form a 
cycle of A,. The group }A, A,}* is 

A, = a,b, . . . 

Let A, be a substitution similar to A connecting the set of intransitivity of 
4 letters in {.A,A,} with one of the other sets. It may be written a,c,.... with- 
out loss of generality. 

Suppose first that A, displaces no letter new to {A, A,}. In order that A, 
may not with A, 4,, or A; generate one of the diedral subgroups already con- 
sidered, it must displace a, a2, d,, d,,¢,, and c,. Then A, leaves fixed either both 
b,, 5, or both a,, 6. It can not leave a, and 4, fixed, for it is not commutative 
with A;, as it would then have to be. Then put A, =ay,c,.a,c,. d,d,.a,a,; but 
Aj A, = a,b,c, If A, leaves a, and fixed, A, = a,c, . . dd, and 
= a,b, . 

Let A, bring in one new letter. It may be assumed that }A, A,, A,} is not 
transitive. The letters may fall in sets of intransitivity in the following 6 ways, 
(6, 3, 2), (6, 5), (7, 2, 2), (7, 4), (8, 3), (9, 2). The third and fourth cases may 
be immediately excluded since they include operators of order 7. In the first 
case the transitive constituents of degrees 6 and 3 must be in simple isomorphism : 
hence the constituent on 6 letters is regular and the entire group can not be of 
class 8. The second case must be a simple isomorphism between two repre- 
sentations of the icosaedral group or else include it. The class is 6. In the 
fifth case all the substitutions of class 8 will be in an invariant subgroup. In 
the last case there is an invariant subgroup in the first constituent corresponding 
to identity of the second. If this subgroup is of class 8, it includes one of the 
fundamental subgroups already discussed. If it is of class 9, the entire group is 
of order 6, which is here impossible. 

Let A, contain two letters @, and @,, not displaced by {A, A,;}|. We may 
write A, = a,0, Suppose first that A, leaves a, fixed. Then {A, A,} is of 
degree 11 and order 6, and A, has acycle in common with A. Comparing A, 
with A, and Aj, this is seen to beimpossible. If A, displaces a,, AA; is of order 


* This group need not be considered, as we might restrict A, to substitutions which connect old and new 


letters, but it is found convenient to use it. 
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3 or 4, since {A, A,} is of degree 12. In the first case {A,, A,} is of degree 11. 
But this can not be admitted here. In the second case A,= aja, .ao3,. 22. aeGeo, 
where x, and 2, are letters from two cycles of A. Since }A,, A,} can not be of 
degree 9, 11, or 12, it is of degree 10, and x,2,=J’c', so that }Aj, A,t is of 
degree 11, which is clearly inadmissible. 

Let A, introduce three new letters. We again write it aa,...-. Since A 
and A, can not have just 3 letters in common, A, can not displace a,. It follows 
that AA, is of degree 12 and order 3, so that A, displaces one letter from each 
cycle of A. Then {A,, A,} can be neither of degree 11 nor 12. 

If the product AA, is of order 4, the preceding axial group is included in 
the group which A and A, generate. 

The only remaining case when A, brings in two new letters is that AA, is 
of order 5 and degree 10. We write down the 5 substitutions of order 2 in 
A,}: 

A . b,b, .c,c,.d,d,, A, = a,b, . . cd, . 
Aj = . Aj’ = yay . . Cath, 


As before, it may be assumed that there is a substitution similar to A 
connecting the two transitive constituents of }A,A,} which is of the form 
A,=a,¢c...., where c’ is one of the 5 letters of the second set of intransitivity. 

A transitive group of degree 10 can not now include a subgroup of degree 9. 
But it must have 6 conjugate subgroups of order 5. Hence, if there is a group 
in this case, it is icosaedral, and has been already mentioned. If A, brings in 
one new letter, }A, A,, A,} is of degree 11, and as before can only exist if it 
includes the (primitive) icosaedral group of degree 10. 

Let A, introduce two new letters. We may write A,= alc. 
where a’ and ¢’ are from different systems of {A, A;}, and a’ is one of the two 
letters a,, a. Clearly {A, A,} can not be of degree 11, nor can it be of degree 
12 and order 4, for then it would include the axial subgroup of degree 10, which 
has been considered. The only possibility is that AA, is of order 2 and degree 12. 
Then A, The group A,, is imprimitive and its 
6 systems are permuted according to a primitive group, positive and of class 4, 
that is, according to the icosaedral group of degree 6. A substitution of 
{ A, A,, A,} which does not permute the systems of imprimitivity can not be of 
degree 8, for then it would be on the same 8 letters as some similar substitution 
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of the group. Then }A, A,, A,} can not be of order 240, and since it can not 
be of order 60, its order is certainly 120. Now A, is either ayc.. asc, . 
or b,d,. bod, .a,3,.a28,. But the two groups generated by {A, A,, A,} and one 
of the above substitutions are conjugate under aj), . dob, . . Cod . 
Hence this case leads to but the one well-known imprimitive G1%°. 


If three new letters are brought in by A,, we may write it 
.a/B,. Be— Bs —- 

Since {A, A,} can be neither of degree 12 nor 13, this case goes out at once. 

When A, generates with A a group of degree 11, there is only one case to 
consider: {A, A;} is of order 6 and the 3 substitutions of class 8 are 

A, A, = aya, . Aj = Ag, Colts Ady. 

It should now be noted that the product of any two non-commutative substitu- 
tions similar to A is of order 3. The product, if the substitutions are commuta- 
tive, is of degree 12 or 16. The transitive group to which this subgroup leads 
can not contain a substitution B, similar to A, of the form aj,d,... , for 
B=a,d,.a,d,.... and also. B= a,d,.a,d,...., a contradiction. This is true if 
any other letter of |A, A,} except d, be taken for a,. Again B can not have 
the cycle (d,d) for then the three products AB, A,B, and A;B would be of order 3, 
an impossibility. But in order to obtain a transitive group generated by sub- 
stitutions of the series A,...., we must finally get a substitution a’d.... 
similar to A, where a’ is a letter of A. 

Let A, displace 4 letters new to A, and let the group 

which we shall call J, be taken up first. By Theorem I there is, in the series 
A,...-, @ substitution connecting a, with some letter of J not in the first set. 
We may assume this substitution to be A,= a,c, . agcz . ayy - doy, Where y, and 
y, arenew tod. The group K= jJ, A,} is of order 12 and contains one other 
substitution of class 8: Aj = b,c, . . 

We have to consider only 4 substitutions which connect the set a,.... of 


K with other sets: 
(1) By, ajay . bya, 


(2) . . bya, . d,d, 
(3) By=ayd, . . 
(4) B,=a,d, . acd, . 
The substitutions 6, and B, connect the sets to which a, and a, belong. 


{ 

| 
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The group L= {K, B,} is of order 120, and is a simple isomorphism be- 
tween a G43 and a G1%°. The remaining 6 substitutions of class 8 are 


The subgroup of Z leaving the letter a, fixed is intransitive in sets d,0,, d.Byy2, 
etc. Then it may be assumed that the substitution which connects the two sets 
of L is either 


G6= ad, . ad, . BA. ag. 


or 


Now {L, C,} ts a primitive group of order 720 isomorphic to (abcdef) all. In the 
group {L, C,} the conjugates of the product 

generate a self-conjugate regular Abelian subgroup of order 16, of type (1, 1, 1, 1). 
This fundamental group can readily be identified with the primitive Gi} given by 
MILuEr.* 

We return to the group K. The group /K, B,}| = L is of order 36 and has 
one set of intransitivity of degree 9, and two of degree 3. There is one other 
substitution of class 8: da, . Coy, . boa, . dgd,. Consider now the two possible 


substitutions 


and 


Since s = . Bed, . cya, . gives = C, and sLs = L, only C, 
need be used. One constituent of M= {L, C} is the symmetric group of degree 
4 and the other is an imprimitive group on 12 letters, whose 4 systems are per- 
muted according to the symmetric group. The order of M is 144. The new 
substitutions of class 8 are: a3,. and a3; . 772+ There 
is only one form in which D, may be assumed : 


D; = a,d, Ardy a0 Pye. 


The group H={M, D,} ts imprimitive of degree 16 and order 576. It is the direct 
product of two symmetric groups of order | 4. 


* MILLER: AMERICAN JOURNAL OF MATHEMATICS, Vol. XX (1898) p. 229. 
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It may now be assumed that the series A,.... contains no substitution 
which connects the set a,.... of K with a,.... or @,..... Let us consider 
{K, Bz}. This group has two sets of intransitivity, so that a substitution of the 
form a,x.... exists, where 2 is a letter of the set a,...., @,..--,—contrary to 
hypothesis. Finally {K, B,} leads uniquely to the substitution a,0,. da, . 
which connects the sets a,.... and @,..... 


In conclusion we have to consider A, = . bya, . .d,a,, and the group 
{A,A,}. But by Corollary II to Theorem I, we know that there is in the series 
A,.... a substitution A, = a,b'...., where is one of the 8 letters b,, ap. 
Hence this case is included in one of the preceding. 


Nine distinct transitive groups have been determined, one of which is in- 
cluded in any primitive group of class 8. We shall take up these subgroups one 
by one and find what primitive groups are determined by them. In discussing 
a particular subgroup use may again be made of any special theorems or pro- 
cesses employed in obtaining it originally. 


1. The Regular Octic. 


Our primitive group G contains the regular octic(/). Since A,.... generate 
a transitive group of degree greater than 8, there is a substitution B similar to 
A which connects some new letters transitively with the letters of this octic 
group. Now {J, B} can not bea transitive group of degree 9, for J is not a 
subgroup of the group of isomorphisms of a group of order 9. If J is contained 
in a primitive group of degree greater than 9, it is contained in an imprimitive 
group of degree 10 and order 80. That it can not be contained in an imprimitive 
group of degree 12, maximal in a primitive group, results from the fact that of 
the three subgroups of order 4 in J one is characteristic, so that there are but two 
interchangeable systems of 4 letters each with one letter in common. Now the 
group of order 80 can not have an invariant subgroup of order 5 since the 
largest group of degree 10 and class 8 in which a subgroup of order 5 is invariant 
is of order 40. Nor, with 35 substitutions displacing 8 letters, can there be 16 
subgroups of order 5 and degree 10. 


2. The Regular Abelian G3 of Type (1, 1, 1.) 


This case is based upon the regular group (J) all of whose substitutions are 
of order 2. It may be written: 


4 
| 
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A, = 12.34. 56.78, 
A,= 18. 24.57. 68, A; = 14. 23. 58 . 67, 
A,= 15 . 26. 37. 48, A, = 16. 25. 38 . 47, 
A,= 17. 28. 35 . 46, A; 219. 87 . SB). 46. 


Since the group of isomorphisms of the non-cyclic group of order 9 does not 
include J, the new substitution B, connecting new letters transitively with the 
letters of J, can not introduce just one new letter. 


If B introduces just two new letters, {/J, B} is imprimitive of order 80. 
There are 35 substitutions of class 8 and 44 of degree 10, the latter in 11 sub- 
groups of order 5, since {J, B} is positive. But 11 is not a divisor of 80. 


If B brings in three new letters, and has not already two new letters in a 
cycle, i can be chosen so that BA;B has one cycle of new letters. Then {J, B} 
includes a subgroup of degree 9 and class 8, an impossibility. 


Let B ntroduce 4 new letters. The new letters must be in different cycles 
of B. The 4 old letters of B must unite by twos in three of the substitutions 
of J and must be in different cycles in the remaining 4. Since the holomorph of 
I is triply transitive, we can write B= 1a. 20. 3y . 4d, the element 4 being 
fixed by the remark just made. The group J= 3}J, B} if of order 96, is 3-fold 
imprimitive on 6 systems. It can not be contained in a primitive group G@ of 
degree 12. Nor can a substitution C similar to A be found introducing one new 
letter. We would have C= 1x .W— containing three of the letters a, 8, y, 4, 
and three of the letters 5, 6, 7, 8, as is seen by comparing with B’JB’, where 
B= BAB. Then CA,C= 22. 34. d/a’. Bly’ and (A,C)’ is of degree 8 or 10 
with the cycle (172), which is impossible. It is evident that G can not contain 
a substitution or subgroup on 13 letters, so that if C introduces two new letters 
{7, C} is imprimitive with 7 systems. Since the group according to which these 
systems are permuted can not be of class less than 4 and certainly is of class 4, 
the systems go among themselves according to the simple Gj§._ In the three ways 
of dividing the letters of J% into systems « is associated with 8, y, 6 respectively. 
The systems of K = {J, C} must conform to one of these three different group- 
ings. Let us suppose for the moment that a, @ form a system of imprimitivity 
in K. Then the substitution C can be written ax. Gy...., since K is doubly 
transitive in the systems. Further, since J is transitive, Cmax. By.1—.2—, 
if we choose. Comparing C with 1a.2@.3y.40 it isseen that the two remaining 
elements belong to 5, 6, 7,8. Then 
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15 . 26 


16 . 25 
Oman. 17 


18 . 27 
The last three forms of C are the transforms of the first by 


56 . 78 


aB.xy.yd.4 57. 68 
58 . 67 


respectively, and these substitutions transform J into itself. Similarly the 


groups generated by J and 
By . 26 


ax.15.4 yy. 37 
dy . 48 


are conjugate under Gyd . 678.2384. Then K={J, ax. @y.15.26!. Here 
the systems of imprimitivity can be chosen in only one way, so that K is con- 
tained in a doubly transitive group of degree 15. Then we can find a substitu- 
tion D similar to A introducing one letter 9 new to K. Since K, J, J are all 
transitive, we can write D= 02. aw, .1l@,.@,. Comparing D with I we see 
that w, can not be one of the letter of J, and that w, must be displaced by J. One 
of the substitutions of J contains the cycle 1a, and must be commutative with D. 
If w; and c, are not also elements of J, some commutator (A,D)’ is of class equal 
to or less than 6. Then a, is also a cycle of la,.... of J. Now comparing D 
with the substitutions of J’, the transform of J by 5a.6@. 7y . 8d, it becomes 
evident that o,= @, and o,= 2, or a, =y and o,= 3, or o, and o,= 4-. 
Comparing D with J”, the transform of J by 1a. 20. 3y.40, we see that 
@; and @, are chosen from the elements 5, 6,7, 8. If o,=(, the commutator 
of D=6%.12.a8 .ag, and CBA,BC=12.78.yd.ay is of class less than 8. 
If D=6x.ay.13.68 or =0x%.ad.14.67,(DCBA,BC)* is of degree 4. 


There remain only two possible forms for D: 


ay.13.57 and 58. 


These two substitutions are conjugate under yd . 34 . 78, a substitution which 
transforms the group £ into itself. Hence we can assume D = $x .ay.13.57 and 
the group G= {K, D} isunique. The order of Gis at least 8!/2. The Abelian 


group of order 16 and type (1, 1, 1, 1) generated by 
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12.34.56.78.a8.yd.ay.O, 18.24.57.68.ay.Bd.an. 
15. 26.37.48 .an.B0.ya.dy, la. 280. 38y.4d. 5. 6a. Tx. 


is transformed into itself by G, and hence G is the group of isomorphisms of this 
Abelian group, whose order is 8!/2. This group is known to be isomorphic to 
the alternating group on 8 letters. | 

If G were contained ina larger primitive group G’ of degree 15, Gj, the 
subgroup of G’ leaving @ fixed would contain G, self-conjugately. The sub- 
group G; must be imprimitive on 7 systems which it permutes according to a 
group of class 4, that is, the Gj. Then G; contains a new substitution S of 
order 2 transforming each system into itself. The intransitive head F of K 
contains two substitutions on 4 systems having in common any two arbitrary 
systems. If Sis of degree 8 or 10 we can find two substitutions in F having 
two cycles in common with it, and hence one of them has three in common with 
S, so that when multiplied into S it gives a product of class 4 or 6. If Shas 6 
or 7 cycles, F’ contains a substitution having 4 cycles in common with it. Then 
G{ coincides with G, and G’ with G. 

We now pass to a G of degree 16. Recalling the determination of D, it is 
clear that Z can be put uniquely in the form yx .ad.14.58. The conjugates 
of (34)(78)(a8)(xy) X E# generate the regular group of order 16 all of whose 
operators are of order 2, and hence the new group is the holomorph of this 
regular Abelian group. 

3. The 

In this and all the following cases no two substitutions of order 2 can dis- 
place exactly the same 8 letters. 

Since the group of isomorphisms of the cyclic group of order 9 is the 
cyclic group of order 6 and class 6, this DG}, can not be contained in a larger 
group of the same degree and class 8. 

Since the DG}, is only one-fold imprimitive, it is contained in a doubly 
transitive group of degree 10 and order 180, if contained in a primitive group at 
all. There are at least 9 conjugate subgroups of order 5 in Gj%, and hence by 
Sylow’s theorem as many as 36. This is impossible. This case gives no 


group. 
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4. The Imprimitive G};° in Which the Characteristic Subgroup is Non-Cyeclic. 


We write out this group I: 


1, 123.455.789, 182.465. 798, 
147.369.258, 174.3896.285, 159. 267.348, 
195.276.3884,  168.249.357, 186. 294.375, 
23.86.47.59, 81.49.58.67, 12.57.69. 48, 
66 92.91.83, 
89.35.14.26, 97.16.25.34, 78.24.36.15. 


In this group the systems of imprimitivity of three letters each can be 
chosen in 4 different ways. 

We first seek the primitive groups of degree 9 which contain this transitive 
subgroup J invariantly. These groups are in the holomorph of the non-cyclic 
groups of order 9. There are three groups of class 8 here, the + G3, the + G%,, 
with a quaternion subgroup, and the + G?,, with a cyclic subgroup of order 8. 
The G, is invariant in the last two, which are both doubly transitive. 

Next let G be any primitive group of degree 10 containing J. The group 
G is at least doubly transitive, and can contain no imprimitive invariant sub- 
group;* that is, H={4A,....} is also at least doubly transitive. The sub- 
group G,, which leaves one letter of G@ fixed, can not be of order 18 for 
the same reasons as in the preceding section. If G, is of order 36, G, is cyclic 
of order 4, and hence G, is the primitive group of this order just mentioned. 
Now G, completely determines the modular group of order 360 and degree 10, 
which in turn is not maximal in a group of degree 11.+ 

The + G?, completely determines the Mathieu group of order 720 on 10 
letters. This leads to no group on 11 letters. 

If a group of degree 10 and order 720 exists containing the + @?;°, it con- 
tains the G3f,* invariantly. For the subgroup leaving two letters fixed is trans- 
formed into itself by a substitution similar to A transposing the two letters left 
fixed by Gj. This substitution will permute at most two of the subgroups of 
order 4 in the quaternion group and transforms one into itself. Then with @§, 
it generates the G.. Now the holomorph of the G3;.° is well-known.{ One of 


* MANNING: Bulletin of the American Mathematical Society, Vol. XIII, Ser. 2 (1906), p. 23. 
i +DeESEGuIER: Comptes Rendus, Vol. 137 (1903), p. 37. 
~BurnsIDE: ‘‘ Theory of Groups,’’ (1897), p. 248. 


i 
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its three subgroups of order 720 includes the + G%°. If a transitive group of 
degree 11 and order 7920 exists, it is the 4-ply transitive group of Mathieu 
and leads in turn to the 5-ply transitive group of order 12.11.10.8.9.* 


We now return to the fundamental group of order 18. Let A,,...., A, be 
its substitution of order 2 in order as written. It may be assumed that there is 
a substitution B similar to A,, connecting some new elements with the elements 
of J, and such that {.B, J} does not include one of the primitive groups we have 
already. 


If B introduces one new letter, }/, B,} is of degree 10 and gives nothing 
new. The same is true if B brings in just two new letters. If B connects 3 new 
letters a, 8, y with the old letters of J, we must write B= la. a8. ay . wey. 
Since A, leaves the element 1 fixed, BA,B= By...., so that a, is a cycle of 
A,, and w; and a, are in different cycles of A,. The subgroup of G%3$ leaving the 
element 1 fixed is the group of isomorphisms of G@} of type (1, 1) and in it A, is 
invariant. Then J is invariant under this Gi, leaving 1 fixed. The cycles of 
A, are the systems of imprimitivity of G,. Further, the subgroup of G,, leav- 
ing the system 23 fixed is transitive. Then B can be written la . 26. 3y.4{3}. 
Again, the substitution 23 .56.89.(@y transforms J into itself and finally fixes 
the substitution B= 1a. 20. 3y.45. The group J= {J, B} has 4 systems of 
imprimitivity which are permuted according to a transitive group of class 2 
containing a substitution of order 3; that is, according to the symmetric group 
on 4elements. Since (A,B)? = 23. 45 . 79 . By does not permute the systems, 
the subgroup which leaves all the systems fixed is of order 18 and J is of order 
432. We pass from J to a group of degree 13. Since the systems of J can be 
chosen in only one way, it is contained in a doubly transitive group on 13 
letters. Since in this Gi there are just 18 conjugate subgroups of order 18 
similar to J, each subgroup is transformed into itself by a group of order 432, 
having one transitive constituent of degree 4 and order 24. The other con- 
stituent is the largest group on 9 letters which transforms J into itself. Hence 

138 is completely determined by its subgroup leaving one letter fixed. This 
group of order 5616 is the doubly transitive group according to which the 13 
subgroups of order 3 in the Abelian Gy, of type (1, 1, 1) are permuted by its 
group of isomorphisms. This case is completed. 


*Matuiev: Liouville’s Journal, Ser. 2, Vol. VI (1861), p. 274. Jordan: Liowville’s Journal, Ser. 2, Vol. XVII 
(1872), p. 351. 
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5. The Icosaedral Gi} *. 


This fundamental group is primitive. It can not be contained in a larger 
group of the same degree and class. It leads to a doubly transitive group on 11 
letters, simply isomorphic to the modular group Gj. There is but one such 
group. Since in a G1%§ in which Gi}° is maximal (})}* must be transformed 


into itself by 120 substitutions, the triply transitive group of order 7920 is 
unique. It is isomorphic to the 4-ply transitive group of degree 11. 


6. The Imprimitive 


This group is (2, 1)-isomorphic to (abcde) +. Suppose 41% to be included 
in an imprimitive G of degree 12. The presence of substitutions of degree 10 
and order 5 requires that there be either 2 or 6 letters in each system of 
imprimitivity of the larger group. If there are just two systems, G has an 
intransitive subgroup of half its order. Then the letters of G13, can be arranged 
in two systems of 6 each, such that an intransitive head of order 60 is included 
in it. This head is a simple isomorphism between two icosaedral groups. In 
this head are included the 15 substitutions of class 8 of Gi%, which contradicts 
the fact that the substitutions of class 8 generate the whole group. Now Gj, 
can be included invariantly in a G3, in which the systems are permuted accord- 
ing to a symmetric group of order 120 written on 6 elements. But G}% can not 
be contained in a primitive group G of degree 12. For G can not be doubly 
transitive, nor, as we shall show, can it be simply transitive. In the latter case 
G, would be a simple isomorphism between two transitive groups of degrees 5 
and 6 respectively. Now the only transitive groups of degree 5 which can be 
represented transitively on 6 letters include the icosaedral. This isomorphism 
is of class 6. We remark that the systems of imprimitivity of G{j, can be chosen 
in only one way. Then G) may be contained in a primitive group of degree 13. 
In this larger group a particular subgroup of order 2 and degree 8 is transformed 
into itself by 40 or 80 operators. But the largest group on the same letters 
transforming this substitution into itself is of order 2*. 4! and includes no 


operator of order 5. 
7. The Primitive 
We now consider the primitive Gi%*. The subgroup G;, leaving one letter 


fixed is of order 48 and is a (2, 1) isomorphism between two transitive constituents 
of degrees 8 and 6 respectively. If G is invariant in a larger simply transitive 
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group G’ of degree 15, G, is invariant in Gj, and the latter has the same sets of 
intransitivity as G,. Now the head of the first (imprimitive) constituent in G, 
is the symmetric group of order 24, a complete group, so that any group in which 
it is invariant is a direct product. But the tail of this constituent already con- 
tains all the substitutions commutative with each operator of the head. Nor 
can Gig be invariant in a doubly transitive group of degree 15, for the only 
other substitution of class 8 we can determine is B= 18.26.35.ex, bringing 
in one new letter z. Now {G, B} has a regular invariant subgroup of order 16, 
and is of order 11,520. Any other substitution of class 8 we may determine 
leads again to B. 


8. The Primitive 


If another substitution of class 8 and order 2 displacing no new letters 
occurs in a larger group containing G}f;}, we shall have either 12....orla..... 
If it is 12...., we continue and see that it is 12.68.79...., an impossibility. 
If itis la...., we get uniquely la. 6d. 7e.5c. The substitution 3a.6b.ae.8c 
transforms } 1a. 6d. 7e. 5c} into Gi». 

Since the subgroup G, of G9 is a complete group, G can not be invariant 
in a larger primitive group. 


9. The Imprimitive 

The fundamental transitive subgroup in this case is the imprimitive direct 
product of order (24). Suppose this group is invariant in a primitive group G. 
Now # has a characteristic regular subgroup of order 16 and H, has a charac- 
teristic subgroup of order 9. Since the non-cyclic group of order 9 admits no 
isomorphism of period 5 or 7, G@ contains no operator of order 5 or 7. Then G, 
is of order 36.2 or 36.4 and can not be transitive. The transitive constituent 
of degree 9 in H, must be transformed into itself by G,. We determine uniquely 
a substitution B= . cya, Coa. . 725, which gives us the primitive 

16.8 The group Gy. is not in turn invariant in a larger group. If on the 
other hand H,,, is not invariant in a larger group, there must be another substi- 
tution of class 8 and order 2. It is uniquely determined as 


B= ad, . ad, . Vote. 


This group }H, B} is a conjugate of Gifs. 
34 


i 
ig 
iq 
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We have obtained the following 18 primitive groups of class 8 : 


9 9 9 10 10 10 

369 129 ok: Gi, 609 G 3005 Gin) 

10 11 11 12 12 13 

720) 660» G 7920 9 G 79209 12. 79209 G 6616 9 

15 15 16 16 16 16 


In JorDAN’s enumeration of the primitive groups of class less than 14, he 


mentions the groups of degree a formed by the displacements to which 
the symmetric (alternating) groups on K letters a, b,c.... subject the —— 
binary products ab, ac,..... He states that these groups belong to the class 
2K — 2 (to the class 3K — 8), and are primitive if K >4. These formulae for 
the class are incorrect. For this representation of the symmetric group the class 
is 2K — 4, and for the alternating 4K — 12 when K<6, 3K — 6 when KS6. 
. A consequence of these formulae is that a simply transitive primitive group 
can always be found for which the ratio of the degree to the class is greater than 


any given number. 


STANFORD UNIVERSITY. 


G 
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Minimatlcurven als Orter von Krummungsmittelpunkten. 


Von E. Sroupy. 


Die vorliegende Mittheilung enthalt eine Erzeugungsweise der krummen 
Minimallinien, die, obwohl sie eigentlich recht nahe liegt, bis jetzt nicht bemerkt 
worden zu sein scheint, und einige sich daran anschliessende Entwickelungen, 
bei denen es sich im Grunde um eine Beriihrungstransformation handelt. 

Wir benutzen die Methode und die Bezeichnungen, die kirzlich in den 
Transactions of the American Mathematical Society entwickelt worden sind. 
(Vol. X, 1909, pp. 1-49, citiert mit A. C., und Vol. XI, 1910, citiert mit WV. G7.) 


§1. Curven auf Minimalkegein. 


Der Formel, die zur Darstellung des Ortes der Kriimmungsmittelpunkte 

einer regularen Curve dient, 
y=xt+h.B {A. C., Nr. 10}, (1) 
lasst sich folgender Lehrsatz entnehmen: 

Unter den unebenen reguliiren Curven haben die mit cunstantem Radius der 
Schmiegungskugel die charakteristische Higenschaft, dass thr Torsionswinkel in 
constantem Verhiiltnisse steht zum Bogenelemente des zugehbrigen Ortes der 
Kriimmungsmittelpunkte. 


Aus (1) ergiebt sich namlich, mit Hilfe der Frenet’schen Gleichungen 
(A. C, Nr. 9), 


dy _ dR R 
i= (2) 
also 
ds 
+ (4) -ds= (3) 


woraus unmittelbar der Satz abgelesen wird. Die unebenen reguliren Curven 
mit constantem Radius t der Schmiegungskugel sind theils solche der constanten 


; 
be 
i 
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Krimmung + + theils spharische Curven. Im Falle 0 aber ist 


nur der zweite a méglich. So sehen wir, dass auch folgender Lehrsatz gilt: 


Die unebenen Curven auf Minimalkegein sind dadurch gekennzeichnet, dass die 
zugehbrigen Orter von Kriimmungsmittelpunkten Minimalcurven sind. 


Die Minimallinien, die man auf diese Art findet, kénnen niemals gerade 
sein, andere Besonderheiten aber haben sie nicht: 


Auf jedem Minimalkegel liegt eine einzige analytische Curve, die eine vor- 
geschriebene krumme Minimallinie zum Ort der Kriimmungsmittelpunkte hat. 


Hiervon kann man sich sehr leicht tiberzeugen. Es sei o der Scheitel des 
gegebenen Minimalkegels. Der zweite Kegel, der die Curve (y), Ort der Punkte 
y, aus o projiciert, wird dann fir die zu construierende Curve (x) als Evoluten- 
flache zu fungieren haben. Die Punkte 0, z, y miissen nun ein rechtwinkliges 
Dreieck bilden, mit dem rechten Winkel bei y, und zwar ein Dreieck, dessen 
Hypotenuse die Linge Null hat. Nennen wir z den Punkt in der Mitte zwischen 
ound 2, so ist z Mittelpunkt eines Kreises durch 0, x, y, der in die Minimal- 
gerade durch o und x und eine zweite Minimalgerade durch o und y zerfallt. 
Diese zweite Gerade aber ist Tangente an die Curve (y) im Punkte y. Man 
kann also etwa so verfahren: Man suche den eigentlichen Schnittpunkt z der 
Tangente des Punktes y mit dem gegebenen Minimalkegel, und verdoppele 
sodann den Vector (Minimalvector) von o nach z Der Endpunkt a des ver- 
doppelten Vectors wird dann auf dem Minimalkegel eine Curve beschreiben, 
zu der die Gerade oy als Kriimmungsaxe des Punktes x gehért; y wird der 
Fusspunkt des Lothes von a auf diese Gerade, und der Ort von y also Ort der 
Kriimmungsmittelpunkte fiir die Curve (x). Man erhalt hieraus sofort 


(4) 


Der in dieser Formel auftretende Nenner (y/y') kann nicht identisch ver- 
schwinden, da dann (y/y) = const. folgen wirde, die als krumm vorausgesetzte 
Mimimalcurve also spharisch sein miisste, was unméglich ist. 


= — (y/y) (5) 
ist der zu x gehérige quadrierte Kriimmungsradius. Hat man aus (4) den Ort 


von x gefunden, so ergiebt sich aus diesem wieder der Ort von y nach der Regel 
(1), also 


2 

c= 
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at! Ja!) § (a! ae! | 
Vorausgesetzt ist hier, dass der vorgeschriebene Minimalkegel vom Anfangs- 
punkt der Coordinaten ausgeht. 


§ 2. Specielle Darstellung der betrachteten Curven. 


Wir nehmen jetzt an, dass die Minimalcurve gegeben und dargestellt sei 
mit Hilfe einer charakteristischen Function f (s) {deren dritter Differential- 
quotient nicht identisch verschwindet}, und zwar in der vom Verfasser bevor- 
zugten Form: 


Si. 


w= r (7) 
J 
Man findet dann 
(y/y)=fi—2fh, (8) 
und 


Vergleicht man diese Formeln mit den zur Darstellung der Curven auf 
einem Minimalkegel dienenden (N. Gi., § 1, Nr. 7): 


so ergiebt sich 
f(s) dS _ f(s) 
"AO? dP = #6) Oy) 
und 
dP _ 2ff,—f2 
de 


Man kann also zunachst durch eine Quadratur den natiirlichen Parameter P der 
Curve (x) als Function von s bestimmen, und hierauf, mit Hilfe einer Elimination, 


# 
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die Function S(P). Die zur natiirlichen Gleichung der Curve (x) gehérige 
Function ®(P) hat den Werth 


1 
12 

Zweitens gehen wir von der Curve auf dem Minimalkegel (Nr. 10) als von 
dem Gegebenen aus. Diese Curve miissen wir als uneben voraussetzen, wenn 
wir wieder eine Curve, und folglich eine Minimalcurve, als Ort ihrer Krimmungs- 
mittelpunkte erhalten wollen. Es ist also (A. C., 8. 34) der Fall = const. 
auszuschliessen, der sich ja auch bei der eben ausgefiihrten umgekehrten Rech- 
nung nicht ergeben hatte (Nr. 12). Es ist mithin anzunehmen, dass 

S’ gm 4 Ss” + 3 Ad 0 (13) 
ist, womit insbesondere auch das Bestehen der Ungleichheit 3 8” 8S” —2 8’ 8S” $= 0 
gesichert ist. 

Nunmehr findet sich 

t (1— SS) (S"S8"— SS") + 2S S'(S'S'— SS") 

1 (1 + SS) (S" — S’ — 9 §’ — SS") 
(3 — 28’ ’ 


Dies ist wirklich die Parameterdarstellung einer Minimallinie, deren Tan- 
gente in y den ebenfalls bekannten Punkt 4a enthilt. Nennt man & irgend 
einen nicht verschwindenden Vector, der zu dieser Verbindungslinie gehért, so 
wird &: & = dy,: und dann kann, da die Gleichungen (7) die 
Proportion 

-1—e’ 14+8 


dy; : = —t — 218 


nach sich ziehen (A. C., Nr. 44), der zur Curve y gehérige Parameter s aus den 
Gleichungen 


gefunden werden. Bei Durchfithrung der Rechnung wird man etwa £,=y,— 42, 


setzen; man erhalt dann 
c= (15) 


1} 
2S (S8" — SSM) + S'S" 
iit 
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Die Gleichungen (11) zeigen nunmehr, dass 

A= 8" 8” — 288") (16) 
sein muss, In der That liefert die Substitution der Werthe (15) und (16) in die 
Gleichungen (7) das Gleichungssystem (14). Durch Elimination des Parameters 
P ergiebt sich schliesslich f als Function von s. 

Die abgeleiteten Resultate lassen sich kurz so zusammenfassen : 

Die krumme Minimallinie f= f(s) ist Ort der Kritimmungsmittelpunkte fiir 
die auf dem Minimalkegel 

+ a3 

verlaufende unebene Curve (P). 

Ist die Function f(s) gegeben — so dass f" (s) = 0— so werden P und S§(P) 
aus den Grleichungen 

bestimmt. Es ist dann, wenn S als Function von P betrachtet wird, der Differential- 
ausdruck 
S! S! gm S! S! Sl 3 S! S! 

nicht identisch gleich Null. 

Wird umgekehrt die Function S(P) dieser Bedingung gemiiss angenommen, 
so dienen zur Bestimmung von s und f(s), also zur Bestimmung der Minimalcurve, 
die Gileichungen 


Es kann dann, wenn f als Function von s betrachtet wird, der dritte Differential- 
quotient f(s) nicht identisch verschwinden. 


§3. Minimalcurven, die aus anderen durch Derivation abgeleitet sind. 


Nach der vom Verfasser entwickelten Theorie (A. C., §6) gehért zu jeder 
krummen Minimallinie ein sphdrisches Bild, ein Ort von Punkten auf: einem 
beliebigen Minimalkegel. Dieses Bild kann aus einer einzigen analytischen 
Curve oder auch aus deren zweien bestehen, die dann durch die Spiegelung am 
Scheitel des Minimalkegels in einander iibergehen. Der erste Fall tritt dann 
ein, wenn die beiden Werthe des Differentials des natiirlichen Parameters auf 
der Curve einen analytischen Zusammenhang haben; der zweite, wenn dies 
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nicht stattfindet. Entscheidet man sich im zweiten Falle fiir eine der beiden 
méglichen Annahmen iiber den natiirlichen Parameter, so erhalt man auch im 
zweiten Falle eine bestimmte analytische Curve als sphirisches Bild. Im ersten 
Falle aber wird man sich die Minimalcurve doppelt iiberdeckt denken, ent- 
sprechend den beiden Werthen des genannten Differentials. Sagen wir, die Curve 
sei durch die beschriebenen Processe orientiert, so entspricht nunmehr jedem 
Punkte der orientierten (einfach oder doppelt iiberdeckten) Curve eine vdllig 
bestimmte Stelle des spharischen Bildes, das jetzt immer eine einzelne analytische 
Curve ist. 

Wir wollen nun die im vorigen Paragraphen betrachtete Curve auf dem 
Kegel x} + x3 + 23=0 mit dem sphirischen Bilde einer orientierten Minimal- 
linie identificieren. Dies erreichen wir, wenn wir die letzte Curve in der Form 


(17) 


darstellen, iiber den Werth der Wurzelgrésse /3(s) bestimmt verfiigen, und 
den natiirlichea Parameter P aus der Gleichung 


P=fwv F,.d8 (18) 


bestimmen. F ist dann zugleich natiirlicher Parameter fiir das sphirische Bild 
der orientierten Curve: 


(vergl. A.C, Nr. 48). Ist dieses Bild eine unebene Curve (A.C, 8.34), gehort 
also die gegebene Minimalcurve nicht zur Familie der gemeinen Schrauben- 
linien (A. C., 8.41), so gehdrt dazu eine Kriimmungsmittelpunktscurve f= /(s) 
(Nr. 7) die als Dertvierte der vorgelegten orientierten Minimalcurve F = F(S) 
(Nr. 17, 18) bezeichnet werden kann. 

Die im vorigen Paragraphen entwickelten Formeln setzen nun den Zusammen- 
hang in Evidenz, der zwischen den charakteristischen Functionen F(S) und f(s) 
der beiden betrachteten Minimalcurven besteht: Man hat nur in die Gleichungen 
(11,15, 16) die Annahme dP:dS3=~ F;(8) einzufiihren. Es ergiebt sich also: 


| 
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Zu jeder orientierten Minimalcurve }F =F (S), F;}, die nicht in der 
Familie der gemeinen Minimalschraubenlinien enthalten ist 
{4 F? 18 F, + 15 $0}, 

gehort eine bestimmte krumme Minimallinie als Derivierte — Ort der Kriimmungs- 

mittelpunkte des sphdrischen Bildes — die gefunden wird mit Hiilfe der Gleichungen 


(20) 
F; 


Umgekehrt ist krumme Minimallinie { f=/(8), f,(s) £0} Derivierte von 
20 ® orientierten Minimalcurven, die durch die Gruppe aller Schiebungen in einander 
iibergehen. Diese Curven werden bestimmt aus den Gleichungen 

2 
S=s— F,(8) (21) 

Man iiberzeugt sich leicht durch Ausrechnung davon, dass jedes der Gleich- 
ungssysteme (20), (21) das andere zur Folge hat. 

Das einfachste Beispiel zu unserem Satze liefern die Minimalcurven 3. Ord- 
nung, betrachtet als Kriimmungsmittelpunktscurven, wenn der Scheitel des 
Kegels x} + «3 + 23=0 auf der Curve selbst angenommen wird. Jede solche 
Figur ist congruent zu der durch die Annahme /(s)=%s* gegebenen. Sie 
gehort als Derivierte zu «° ebenfalls rationalen Minimalcurven 5. Ordnung. 


NEAPEL, 5. November, 1909. 
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Minimaleurven und Serret’sche Flachen. 


Von E. Srupy. 


In seinem Aufsatz tber die Differentialgeometrie der analytischen Curven 
(Transactions of the American Mathematical Society, Vol. X, 1909 — weiterhin mit 
A. C. citiert) hat der Verfasser gezeigt, dass bei jeder krummen Minimallinie die 
in der Formel 


zusammengefassten Functionen Integralinvarianten sind, die sich ahnlicher 
Higenschaften erfreuen, wie bei einer regularen Curve die Bogen genannten 
Integralinvarianten. Hs ist zweckmiassig, eine solche Function als Curven- 
parameter zu benutzen. Sie wird dann als ein natiirlicher Parameter der 


Minimalcurve bezeichnet. 

Es soll nunmehr nachgewiesen werden, dass dieser natirliche Parameter 
identisch ist mit der passend fixierten Bogenlinge gewisser Curven von der 
constanten Torsion Kins. Diese Curven sind, in ihrer Gesammtheit, mit der 
Minimalcurve invariant verbunden und punktweise auf sie abgebildet. Sie 
bilden die krummen asymptotischen Linien auf einer bestimmten Flache con- 
stanter Kriimmung, deren zweite Schaar asymptotischer Linien aus Minimal- 
geraden besteht. Man hat also, wie wir sagen werden, eine Rohrenfliche 
constanter Kriimmung, eine sogenannte Serret’sche Fliche vor sich. Diese wird, 
nach einem Satze des Herrn P. Stdckel, durch eine zweite Serret’sche Flaiche 
zur vollstandigen Enveloppe einer Schaar congruenter Kugeln erginzt, deren 
Mittelpunkte eben die betrachtete Minimalcurve erfiillen.* Fiir diese zweite 
Flache findet sich, wie wir zeigen werden, die Torsion —1 der krummen 
asymptotischen Linien. Es gelingt aber auch — mit Hilfe des hier neu einzu- 
fiihrenden Begriffes Quasidistanz — die beiden Flaichen im Voraus von einander 


* Die vollstandige Enveloppe darf nach unserer Terminologie nicht Rohrenflache genannt werden. Eine 
Flache ist fiir uns, in der Differentialgeometrie, stets ein analytisches Gebilde. 


} ‘ 

| 
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zu trennen, so dass sie, bei gegebener Minimalcurve, jede fiir sich construiert 
werden kénnen. 

In gleicher Weise gehéren zu jeder krummen Minimallinie tiberhaupt 
unendlich viele Serret’sche Flachen, fiir deren einzelne man die (von Null 
verschiedene) Torsion der krummen asymptotischen Linien nach Belieben vor- 
schreiben kann. Wir finden, dass diese unendlich vielen Flachen noch auf eine 
andere Art sich paaren lassen, so namlich, dass den krummen asymptotischen 
Linien auf einer bestimmten Flaiche eines Paares die krummen Minimallinien 
auf der anderen entsprechen. Hieraus ergiebt sich unmittelbar die isometrische 
Abbildung irgend einer Serret’schen Flache auf eine Kugel. 

Beilaufig entwickeln wir noch eine charakteristische Eigenschaft der Flachen 
von constanter mittlerer Kriimmung. 


§1. Hine Eigenschaft der Curven constanter Torsion. 


Zu einer sehr einfachen geometrischen Deutung des natiirlichen Parameters 
einer Minimalcurve kommt man auf Grund der folgenden Bemerkung: 
Trigt man auf den Binormalen einer unebenen Curve von der constanten Torsion 


eine Strecke von der constanten Liinge /—1T ab, so erhdlt man (irgend) eine 


T 
krumme Minimallinie. 

Wir bezeichnen die Coordinaten eines Punktes X der Curve constanter 
Torsion mit X,, X,, X3;, und betrachten sie als Functionen des Bogens S§ der 
Curve. A,B,I seien die zur Tangente, Hauptnormale and Binormale der Curve 
gehérigen Hinheitsvectoren, so dass (ABI')=1 wird. Die Behauptung ist dann 
zunachst, dass die Formel 

(1) 
bei bestimmtem Werthe der Wurzelgrésse “ —1, eine Minimalcurve liefert. 
In der That ergeben die Frenet’schen Gleichungen 

dA _ B AL r B 
da &’ ds” 


bei Differentiation nach dem Bogen S die Ausdriicke 


z'=A—V/—1B en, 
. R ) 7 (2) 
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aus deren erstem unmittelbar (x'/x')=0 folgt. Weiter aber folgt aus (2) : 
1 


also — bei geeigneter Bestimmung einer Integrationsconstanten, deren Werth 


(2! = — al) = — 


gleichgiiltig ist — 


(al a/ 
Der natiirliche Parameter P der Minimalcurve ae wird 


proportional. Insbesondere folgt: 
Ist T =1, so kann der natiirliche Parameter der Minimalcurve mit dem Bogen 


der Curve constanter Torsion identificiert werden. 
Wir berechnen noch die in der natiirlichen Gleichung unserer Minimalcurve 
auftretende charakteristische Function 


© (p) = = - 


Dies liefert, wenn ® als Function von p bekannt ist, eine Riccati’sche Gleichung 
fiir das Kriimmungsmass der Curve constanter Torsion, 


Hieraus folgt unmittelbar, dass die Aufgabe lésbar ist, Curven der Torsion 


dp x S 
dem Bogen der Curve (X) 


7 zu finden, die auf die beschriebene Art eine gegebene krumme Minimallinie 


hervorbringen, und es zeigt sich, wie man alle diese Curven finden kann. 


Sei namlich - eine von Null verschiedene Lisung der Gleichung (5), so be- 


1 
trachte man diese als Function der durch (3) erklirten Grésse 8. Re und T 
bestimmen dann, als Functionen von S, eine Classe unter einander congruenter 


1 
regularer Curven von der constanten Torsion rT Die Formel (1) liefert dann 


eine zugehérige Classe unter einander congruenter krummer Minimallinien. 
Diese gehéren aber, nach (4), zur charakteristischen Function D=@(p); die 
gegebene Curve gehort daher selbst zur gefundenen Classe. 
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Sodann kann man, nach (2) und (3), den Einheitsvector I durch a, und a,/ 
ausdriicken, 


(6) 
die Formel (1) liefert also 


(7) 


Jeder nicht identisch verschwindenden Lisung der Riccati’schen Gleichung (5) 
entspricht also eine regulire Curve der vorgeschriebenen constanten Torsion —, aus 


der auf dem beschriebenen Wege die gegebene krumme Minimallinie abgeleitet 


werden kann + 0} 


Der Fall, der ausgeschlossen werden musste, kann nur dann eintreten, 
wenn ® eine von Null verschiedene Constante und iiberdies 


1 


ist. Die Minimalcurve ist dann eine gemeine transcendente Schraubenlinie (A. C., 
S. 37), die auf einem Rotationscylinder vom Radiusquadrate 


geodatische Linie ist. Die Lésung Null der Gleichung (5) liefert dann nicht 


mehr eine regulire Curve von der Torsion sondern eine Huklidische Gerade, 


1 
nimlich die Axe des genannten Cylinders. Den iibrigen Lésungen aber ent- 
sprechen auch in diesem Falle regulare Curven. 


Angemerkt zu werden verdient noch, unter welchen Umstinden die Gleichung 
(1) eine oder zwei verschiedene Minimalcurven liefert. Es hingt das davon ab, 
ob man, durch Beschreibung eines geschlossenen Weges auf der Curve (X), die 
Orientierung der Binormale, oder den Hinheitsvector T, umkehren kann oder 
nicht. Ausschlaggebend ist hierfiir das Verhalten des Contingenzwinkels dS: R 
(A. C., Nr.6, 8). Liasst sich dieser als einwerthige Function des Ortes auf der 
Curve (X) erklaren, so erhilt man zwei analytisch-getrennte Minimalcurven, 
andernfalls nur eine. 
Bevor wir aus den abgeleiteten geometrischen Sitzen weitere Folgerungen 
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ziehen, wollen wir noch einer besonderen Darstellung der krummen Minimal- 
linien gedenken, die in unseren Formeln steckt. 

Nach der Definition des Torsionsbegriffs ist der Bogen irgend einer un- 
ebenen Curve von constanter Torsion proportional zum entsprechenden Bogen 
ihrer Binormalenindicatrix. Hieraus ergiebt sich unmittelbar die bekannte 
Darstellung der Curven von constanter nicht verschwindender Torsion durch 
Quadraturen: Man verstehe unter I, (s)=£&,(s) irgend drei Functionen (ana- 
lytische Functionen) mit gemeinsamem Existenzbereich, die den Bedingungen 


(E/E)=1, (8/8), =1 (8) 
(5 $0 (9) 


Geniige leisten. Dann liefert die Formel 
S\A,,78 1 


e . 1 
alle Curven der vorgeschriebenen constanten Torsion .? bezogen auf deren 


Bogen S= Ts als Parameter. 

Hiner Erlauterung bedarf, wie es scheint, die Ungleichheit (9). Im Falle 
(€ &'&"), =0 wiirden die Formeln (10) offenbar eine Gerade, oder ein Geraden- 
stiick liefern, also nicht eine Curve von constanter Torsion.* Hs ist ja auch 
von vornherein klar, dass die Binormalen einer regularen Curve nur so zu einer 
festen Ebene parallel sein kénnen, dass sie alle zu einander parallel sind, sowie 
dass in diesem Grenzfalle, der von den regulairen ebenen Curven gebildet wird, 
die Binormalenindicatrix als Curve oder Curvenstiick zu existieren aufhért. 


Aus dem Gesagten ergiebt sich 


A 

Fiir die so dargestellten Minimalcurven tst p natiirlicher Parameter. 

Die Forme] (11) liefert aber krumme Minimallinien auch dann noch, wenn 
man die Hinschrinkung (9) fallen lisst. Da an Stelle der Curve constanter 
Torsion dann, wenn (£££) =0 ist, eine Euklidische Gerade tritt, so hat man 
den schon genannten Fall der transcendenten gemeinen Minimalschraubenlinien 


vor sich. 


* Die hiernach unerlissliche Einschrinkung (9) ist, wie es den Anschein hat, bisher immer iibersehen 


worden. Siehe zum Beispiel Darbouz (I, p. 42), Bianchi (8. 34), Scheffers (8. 252). 


j 
| 
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Alle krummen Minimallinien erhalt man aus (11) bereits, wenn man 
/ T=1 setzt. Gegeniiber der friiher von uns vorgetragenen hat diese viel 
elegantere Darstellung der krummen Minimallinien durch einen natiirlichen 
Parameter den Nachtheil der Mehrdeutigkeit. 


§ 2. Réhrenflichen constanter Kritimmung. 


Wir betrachten jetzt die Gesammtheit der Curven von der Torsion ?? die 
zu einer bestimmten krummen Minimallinie gehéren. Diese Curven werden 
auf einer gewissen Fliache liegen, und sie werden diese Fliche erfiillen, abgesehen 
méglicher Weise von Stellen besonderer Lage (wie sie in dem besprochenen 


Grenzfalle auftraten). Ferner sind sie offenbar asymptotische Linien auf der 


1 
genannten Flaiche. Diese hat daher die constante Kriimmung — 7p Der 


Punkt «x ist aber, fiir regulire Punkte X der Fliche, einer der Kriimmungs- 
mittelpunkte; und da das Quadrat des Abstandes zwischen 2 und X gleich — 7° 
ist, so fallt der zweite Kriimmungsmittelpunkt zu X in denselben Punkt a. 
Die zweite Schaar von asymptotischen Linien der gefundenen Fliche lisst sich 
ebenfalls angeben. Nach (7) schickt nimlich der Punkt 2 seine Schmiegungs- 
ebene durch den Punkt X.* Da das Quadrat des Abstandes beider Punkte 
lediglich von T abhiangt, so beschreibt der Punkt XY, wenn man, nach Anweisung 
der Gleichung (5), den Werth von F# variiert, x aber festhalt, eine gerade Linie, 
parallel zur Tangente der Minimalcurve in a. 

Die gefundene Minimalgerade ist asymptotische Linie auf der betrachteten 
Fliche, und dann nothwendig zugleich, zweifach zahlend, Kriimmungslinie. 
Zwei bestimmte asymptotische Linien der zweiten Schaar werden dann, nach 
einem bekannten Satze, auf je zwei asymptotischen Linien der ersten Schaar 
Paare von Punkten bestimmen, zwischen denen (bei entsprechenden Integrations- 
wegen) gleiche Bogenlingen liegen. Dies ist der von uns schon auf andere Art 
begriindete Satz, dass die Bogenlinge zwischen zwei Punkten einer asymptotischen 
Linie der ersten Schaar nur abhingt von der Parameterdifferenz der entsprechen- 


den Punkte der Minimalcurve, also nicht variiert, wenn man R durch eine andere 


Lésung der Gleichung (5) ersetzt. 


* Die Curve (xz) ist zugleich asymptotische und geodiatische Linie auf der Binormalenflache von (X). 
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Ferner ist klar, dass die betrachteten Flachen, fiir die sich aus (7) die Para- 

meterdarstellung 

XE x(p) + Ta" (p) +a (p).g (12) 
ergiebt, zu zweien zusammengehoren, da die Substitution von — 7 an Stelle 
von 7’ das Kriimmungsmaass nicht andert: Zwei solche Flichen werden dann 
zusammen die Enveloppe einer Schaar von Kugeln bilden, die ihre Mittelpunkte 
auf der gegebenen Minimalcurve haben, entsprechend dem Werthe — 7” des 
quadrierten Radius.* 

Wir nennen Réhrenfliche jede analytische Flache, die Enveloppe oder Be- 
standtheil der Enveloppe einer Schaar congruenter (eigentlicher) Kugeln ist, 
deren Mittelpunkte eine analytische Curve erfillen. Zu den Roéhrenflichen 
gehéren dann alle Minimalebenen, Minimalkegel, und Tangentenflichen von 
Minimalcurven, und von Flachen, auf die die gewéhnliche Theorie anwendbar 
ist, unter underen die, von denen wir soeben gesprochen haben. 

Ist die erzeugende Kugel einer Réhrenfliche nicht zugleich Minimalkegel, so ist 
die Rihrenfliche die vollstindige Enveloppe der Kugelschaar immer dann, wenn der 
Ort der Kugelmittelpunkte keine Minimalcurve ist. Ist dieser Ort aber eine krumme 
Minimallinie,t so besteht die vollstindige Enveloppe aus zwei geradlinigen Réhren- 
flaichen, mit entgegengesetzt-gleicher (constanter) Torsion der krummen asymptotischen 
Linien. 

Alle Réhrenflichen von nicht verschwindender constanter Kriimmung, und, 
abgesehen von den Kugeln, alle geradlinigen Flachen von nicht verschwindender 
constanter Kriimmung werden auf diese Art mit Hiilfe von Minimallinien construiert. 

Um im Falle der krummen Minimallinien die beiden Bestandtheile der 
Enveloppe von einander trennen zu kénnen, muss man von vorn herein sich fiir 
den einen der in jedem Falle méglichen beiden Werthe von 7 entscheiden. 


Zwei in derselben, einem Minimalvector y (7 + 0) zugehérigen Minimalebene 
gelegene Punkte x, X bestimmen nun eindeutig eine gewisse Bewegungsinvariante, 


* Fast alle die genannten Eigenschaften hat bereits Herr P. Stackel angegeben (Leipz. Ber., 1902, 8. 168 u. ff.), 
wo man auch noch weitere Litteratur angefiihrt findet. Herr Stdckel macht jedoch keine Angabe iiber das Ver- 
halten der Torsion der krummen asymptotischen Linien auf den gepaarten Flaichen. 

Wie man durch Construction der Minimalgeraden durch die einzelnen Curvenpunkte in den Schmiegungs- 
ebenen einer Curve constanter Torsion zu Serret’schen Flachen kommen kann, hat, nach miindlicher Mittheilung, 
bereits Herr Bianchi gezeigt. Offenbar kann man auch von hier aus die Sitze des Textes ohne Miihe entwickeln. 
Kennt man, wie bei der Bianchi’schen Construction, von vorn herein eine krumme asymptotische Linie auf 
einer Serret’schen Flache, so verlangt die Bestimmung der iibrigen natirlich nur Quadraturen. 

+ Eine Minimalgerade bestimmt keine Rohrenflichen. 


if 
| 
| 
| 
| 
| 
A 


Stupy: Minimalcurven und Serret’sche Flichen. 


die nicht auch (absolute) Umlegungsinvariante ist, und die, wenn 

gesetzt wird, in der Form 

(370) 

(n/a) $0} 
dargestellt werden kann (A. C., S. 25, 26). Ihr Quadrat ist gleich dem negativen 
Quadrate des Abstandes der Punkte x, X {= —(3/3)}. Sie selbst andert sich 
nicht, wenn man z. B. den Punkt X auf der zugehGrigen zu 7 parallelen Minimal- 
geraden verschiebt. Wir kénnen diese Grésse etwa die Quasidistanz von der 
Minimalgeraden durch x zu der parallelen Minimalgeraden durch X nennen. 


Im vorliegenden Falle kénnen wir, an allen reguliren Stellen der Minimal- 
curve (x), 7 =a! setzen. Da bei Darstellung einer krummen Minimallinie durch 
ihren natirlichen Parameter 


(a! a" wo) = — (a'/a) 
ist, so liefert die Forme] (7) den Werth der Quasidistanz 


(Sao) _ 


Fir 7’ =1 ergiebt sich insbesondere: 


Man suche in der Schmiegungsebene des Punktes x der gegebenen Minimalcurve 
die Minimalgerade, deren Quasidistanz von der Tangente des Punktes x gleich der 
Léingeneinheit ist. Der geometrische Ort dieser geraden Linien ist eine Réhrenflache 
von der Kriimmung —1. Ihre krummen asymptotischen Linien haben die Torsion 
Eins. Der Bogen dieser asymptotischen Linien zwischen denselben zwei geraden 
Erzeugenden der Fliiche ist bet entsprechenden Integrationswegen und geeigneter 
Bestimmung der vorkommenden Wurzelgréssen in allen Fiillen derselbe, und gleich 
der Differenz der zugehérigen Werthe eines natiirlichen Parameters der Minimalcurve. 


Offenbar kann dieser Lehrsatz auch benutzt werden zur Definition des natiir- 
lichen Parameters p einer krummen Minimallinie, der hiermit eine, man méchte 
beinahe sagen anschauliche, geometrische Deutung erhilt. 


Die Darstellung der Réhrenflichen constanter Kriimmung durch Formeln, 
die frei sind von Quadraturen, insbesondere die Darstellung aller algebraischen 
Flachen der Art, ist eine unmittelbare Folgerung unserer Theorie. Man leitet 
ohne Weiteres aus (12) die Parameterdarstellung her: 

36 
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| 


& 


rite (13) 


peti} fa(s) #0} 


In der That ist die Gerade s = const. parallel zur Tangente des Punktes x(s), 
und fir ¢=o ergiebt sich offenbar ein Punkt auf der von uns construierten 
Parallelen, da x,’ sich von dem Vector mit den Coordinaten is, s, 7 nur um ein 
Multiplum des Vectors 2zj, unterscheidet. Das zu (18) gehdrige quadrierte 
Bogenelement 


.dsdt (14) 


hat wirklich das Kriimmungsmaass — 


§3. Isometrische Abbildung der betrachteten Flichen auf Kugelin. 


Die vorausgehenden Uberlegungen fiihren unmittelbar zur Bestimmung der 
krummen Minimallinien auf den Rohrenflachen constanter nicht verschwindender 
Kriimmung, und damit zu deren isometrischer Abbildung auf Kugelflichen. In- 
dessen handelt es sich hierbei um einen Specialfall allgemeinerer Satze, die wir 
vorausschicken wollen. 

Wir betrachten zuerst die Beziehung zwischen Flaichen constanter Kriim- 
mung und Flachen von constanter mittlerer Kriimmung, die, dem Grundgedanken 
nach, von Bonnet angegeben worden ist. Der Bonnet’sche Lehrsatz lautet wie 
folgt : + 

Trégt man auf den Normalen einer nicht geradlinigen Fliiche der constanten 


nicht verschwindenden Kriimmung K Strecken von den constanten Lingen 


ab, so sind die den verschiedenen Wurzelwerthen entsprechenden geometrischen Orter 


* Die Formeln (13) sind identisch mit solchen bei Stackel (S. 116), abgesehen von der Bezeichnung und von 
der dort unbestimmt gelassenen Wurzelgrésse. Die von Herrn Stickel mitgetheilte Formel fiir das Bogen- 
element und die daraus abgeleiteten Folgerungen sind indessen irrthiimlich. 

t Nach Verbesserung von einigen kleinen Ungenauigkeiten, die auch in diesem Falle wohl durch die ganze 
Literatur gehen. 
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threr Endpunkte zwei Parallel flichen zur gegebenen Fliche, mit constanten mittleren 
Kriimmungen * 


Ist die Fliche constanter Kriimmung dagegen geradlinig, ist sie also eine 
Rohren fliche oder eine Kugel, so tritt im ersten Falle an Stelle einer der genannten 
Parallel fliichen eine krumme Minimallinie, im zweiten der Mittelpunkt der Kugel. 


Wir iibergehen die evidente Umkehrung, und ziehen sogleich die Folgerung, 
auf die es uns hier ankommt: 


Durch die Transformation des Bonnet’schen Satzes werden den asymptotischen 
Linien auf den vorausgesetzten Flichen constanier Kriimmung zugeordnet Minimal- 
curven auf den entsprechenden Flichen constanter mitilerer Kriimmung. 


Erklaren wir, bei gegebenem Integrationsweg, als Quasidistanz zweier Punkte 
auf einer krummen Minimallinie den entsprechenden Werthzuwuchs eines natiir- 
lichen Parameters, oder aber die Null, wenn die Minimallinie gerade ist, so folgt 
weiter: 


Die Bogenlingen der asymptotischen Linien auf den Flichen der constanten 


1 
nicht verschwindenden Kriimmung K = — 72 gehen aus den entsprechenden Quasi- 


distanzen auf den zugeordneten Flichen von constanter mittlerer Kriimmung durch 
Multiplication mit / T und / —T hervor. 


Man kann sich auf der Flache constanter mittlerer Kriimmung ein Gebiet 
derart abgegrenzt denken, dass durch jeden Punkt im Inneren dieses Gebietes 
zwei in der Umgebung des Punktes getrennte Minimallinien gehen. Geeignet 
gewihlte verschiedenartige Paare gleichartiger Minimalcurven bestimmen dann 
gewisse Figuren von vier Punkten, die wir ‘‘ Elementarvierecke” auf der Fliche 
nennen wollen. Wir kénnen dann weiter aussagen : 


Auf den F lichen constanter mittlerer Kriimmung haben in jedem Elementar- 
viereck die durch gegeniiberliegende Seiten (Minimallinien) verbundenen Ecken 
gleiche Quasidistanz. 


Dies ist zwar durch das Vorhergehende nur begriindet fiir Flachen von nicht 


* Wir folgen dem vorwiegenden Sprachgebrauch: Mittlere Krimmung = Summe (nicht halbe Summe) 
der reciproken Werthe der Hauptkriimmungsradien. 


T 
4 
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verschwindender mittlerer Krimmung. Dass indessen fiir diese, also fiir die 
(reguliren) Minimalflichen, der Satz in Geltung bleibt, ist evident. * 

Die im letzten Satze genannte Eigenschaft ist fiir die Flichen von constanter 
mittlerer Kriimmung charakteristisch. 

Ks sei x=2x(s, t) irgend eine Flache, fiir die der Begriff der mittleren 
Kriimmung iiberhaupt Sinn hat, nimlich eine solche, die weder Minimalebene, 
noch Minimalkegel, noch Tangentenfliche einer Minimalcurve ist: 


(x, x,/x,%,) F 0. 
Die Coefficienten der ersten und zweiten zugehérigen quadratischen Diffe- 
rentialform 


Eds*+2Fdsdi+ Gdt?, eds?+2fdsdt+gdt’ 


werden dann, wenn 
DEV a, 


gesetzt wird, durch die Ausdriicke 
Die= (x, Teg), D (x, D. g = (x; 


gegeben. Wir nehmen nun Minimallinien als Coordinatenlinien an, so dass 


E=0, G=0, D=WvV-1.F 
wird. Ks folgt dann 
D.. =e . + —1 
D .(%/o0) =f . (a, 
D. . + — 1 
und, nach kurzer Rechnung, 
(Ags / (Ly Leas) = — 1. 
9", en) =—V —1.9°. 
Die natiirlichen Parameter der Coordinatenlinien werden also zu berechnen 


sein aus den Gileichungen 
da\2 
(5) = / —1.¢ =const.}, (52) =— 7 — 1.9 =const.}. 


Unsere Voraussetzung besagt daher, dass ¢ frei ist von ¢ und g frei von s. 


* Der Verfasser hat sich iiberzeugt, dass durch diesen Satz eine nicht unbedeutende Vereinfachung der 
Theorie der Minimalflichen bewirkt wird, und dass sich daraus auch manches Neue ergiebt. Wir behalten 
uns vor, hierauf in einer besonderen Abhandlung niaher einzugehen. 
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Die Codazzi’schen Gleichungen lehren nunmehr, dass f sich von F nur um 
einen constanten Zahlenfactor unterscheidet (der im Falle der Minimalflachen 
gleich Null ist). Hs ergiebt sich also fiir die mittlere Krimmung 2/: F ein 
constanter Werth. 

Verschwindet weder e noch g identisch, so kann man p und g selbst als 
Parameter einfiihren. Die Flache ist dann nicht geradlinig. Verschwindet 
e oder g identisch, so hat man eine unserer geradlinigen Roéhrenflachen vor sich. 
Sind e und g beide identisch gleich Null, so ist die Flache eine Kugel oder eine 
EKuklidische Ebene. 

Aus dem soeben Vorgetragenen, aber auch schon aus den Betrachtungen 
des vorigen Paragraphen ergiebt sich nun folgender Satz: 

Kennt man bet einer Réihrenfliiche von nicht verschwindendem constantem 
Kriimmungsmass die krummen asymptotischen Linien, so kennt man bet einer 
zweiten zur ersten parallelen Fliche der Art die krummen Minimallinien, und 
umgekehrt. Die Torsionen der krummen asymptotischen Linien so gepaarter 
Fliichen verhalten sich wie 2:1. 

Wir betrachten die erste zur Torsion 1:7 der asymptotischen Linien 


gehorige Fliche als Flache der constanten Kriimmung — die zweite als 


1 

Fliche der constanten mittleren Kriimmung alae wt Wir berechnen, wie 
zuvor, den Hinheitsvector [' (Nr. 6) aus der Riccati’schen Gleichung (Nr. 5), 
ersetzen aber die Gleichung (1), 

durch die andere 

(15) 
Lasst man dann die Lésung der Gleichung (5), entsprechend den Werthen eines 
geeigneten Parameters q variieren, so wird der Ort der gefundenen Curven 


a! (p) + 2 Tx" (p) (16) 


2/—1TVT 
fi (p, 9) 
eine dem Torsionswerthe 1: 27 entsprechende geradlinige Réhrenfliche, die auf 
Minimalcurven als Parameterlinien bezogen ist. 
In der That erhalt man unter der Annahme 


(17) 


Y=z2x(p)— 


a 
if 
i 
ig 
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fiir das quadrierte Bogenelement der Flache (16) den Ausdruck 


2 — 


1 
dem das constante Kriimmungsmaass — 1P zukommt. 


Natirlich wird bei ungeschickter Wah] des Parameters g die Gleichung (16) 
nicht die ganze Flache darstellen, um die es sich handelt, sondern nur ein Stiick 


1 
davon. Dies kann man aber immer vermeiden, zum Beispiel indem man R als 


lineare (in der Regel gebrochene) Function von g annimmt, was nach der allge- 
meinen Theorie der Riccati’schen Gleichungen statthaft ist. Man braucht dazu 
nur drei Particularlésungen der Gleichung (5) zu kennen. 

Ks handelt sich schliesslich noch darum, die quadratische Differentialform 


vom Kriimmungsmaasse Eins in die Gestalt 

Adodt 

iiberzufihren. Die Theorie dieses Problems ist bekannt; sie braucht uns hier 
nicht weiter zu beschaftigen. * 

Dass die vorgetragene Methode nicht daran haftet, dass gerade der natiir- 
liche Parameter der benutzten Minimalcurve als unabhingige Verinderliche 
dient, ist leicht zu sehen. Die zur Bestimmung dieses Parameters in der Regel 
erforderliche Quadratur (und Elimination) lasst sich ersparen. Zur Ausfiihrung 
der isometrischen Abbildung der Fliiche (Y) auf eine Kugel vom Radius 2/ —1 T 
ist nur erforderlich die Lisung einer Riccati’schen Gleichung (keine Elimination). 


§4. Beispiele. 


Die ganze zuvor entwickelte Theorie lasst sich bis zu geschlossenen End- 
formeln durchfiihren in den Fallen, in denen die gegebene Minimalcurve zur 
Familie der gemeinen Schraubenlinien gehért {@=const.}. Die zugehdérigen 
Rohrenflachen sind dann Schraubenflachen mit Minimalgeraden als Erzeugenden. 

Wir gehen aus von irgend einer gemeinen transcendenten Minimalschrauben- 


* 8. Darbouz, Théorie des surfaces, I, Nr. 52. 
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linie, deren Parameterdarstellung wir in der Form 


%=NVir.p, %%2=r cos 23 =r sin 
annehmen diirfen. Hs folgt dann 
® ( p) = (2!"/a"), = 
Sei zuerst 
tir, 
so ergiebt sich als Lésung der Gleichung (17), wenn zur Abkiirzung 
4rT7 

gesetzt wird, 

>. J/C 

R= 1. tgiVC.(p—gq)}. 


Dabei kann der mit ~—1 bezeichneten Wurzelgrésse nach Belieben der Werth 7 
oder der Werth —: beigelegt werden. Tragen wir den gefundenen Werth von r 
ein in die Formel 
Xx =2(p)—v —1.——— (p) + T. (p), (20) 
7) lina’ (p) 
so haben wir damit die zur Torsion z gehérigen Roéhrenflichen bestimmt und 


bezogen auf ihre asymptotischen Linien. Gleichzeitig werden bei Substitution 


desselben Werthes die zur Torsion p gehorigen Roéhrenflichen auf ihre 
Minimalcurven bezogen, wenn man 
par. al(p) (21) 
(p,q) 


setzt. 

Fiir das quadrierte Bogenelement der zweiten Fliche erhailt man den 
Ausdruck 

4Cdpdq 
22 
cost 
dessen zweiter Factor das Kriimmungsmaas Eins hat. Setzt man nun 


t(q)=—ctg{ Vv C.g}, 


(dY/dY)=—4T?. 


so wird 


(23) 


4 
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Hiermit ist also die Flache isometrisch bezogen auf eine Kugel, deren Parameter- 
darstellung 


1+ot 


ist. 
Viel einfacher noch verhialt sich der Grenzfall 
T= tr, 
in dem die erste der construierten Flachen die Axe der Schraubenlinie als aus- 
gezeichnete asymptotische Linie enthalt. Man hat dann 
R T(p—q) 
4dpdq 
(dY/dY) 
Hier vermittelt also schon die Substitution 
die isometrische Abbildung der Flache Y(p, q) auf eine Kugelflache. 
In gleicher Weise behandelt man die algebraischen Grenzfille der be- 
trachteten transcendenten Schraubenroéhrenflichen, die saimmtlich erhalten 
werden, wenn man etwa von der Minimalcurve 3. Ordnung 


ausgeht, und diese, sammt den zugehorigen geradlinigen Réhrenflichen, hinter- 
her irgend einer Bewegung unterwirft. 


NEAPEL, 5. November, 1909. 
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On Steinerians of Quartic Surfaces. 


By Joun N. VAN DER VRIES. 


Connected with each algebraic surface in three-dimensional space are a 
number of covariant surfaces. Among these the Steinerian and the Hessian 
play an important rodle. The Hessian may be defined as the locus of points 
which are double points on first polars, or as the locus of points whose polar 
quadrics have double points. The Steinerian, the reciprocal surface to the 
Hessian, may be defined as the locus of points whose first polars have double 
points, or as the locus of points which are double points on polar quadrics, 7. e., 
which are the vertices of these quadric cones.* The Hessians and the Steinerians 
of surfaces of the third order have been investigated by Salmon, Cayley and 
others. The Hessian has also been investigated for surfaces of the fourth and 
higher orders. In two-dimensional geometry, the Hessian and the Steinerian of 
plane curves have been treated quite fully by Hesse, Steiner, Salmon, Cayley 
and others. The corresponding work in one-dimensional geometry has been 
done by Professor Newson. 

It is the object of this paper to investigate the properties of the Steinerians 
of surfaces of the fourth order. These Steinerians are surfaces of order 32; they 
are therefore not simple surfaces. The work of determining them is, as will be 
seen later, very complicated, and results have been obtained only in special] 
cases. These special cases are treated in detail, the remainder of the paper 
being devoted to considering special features of the Steinerians of quartic surfaces 
having certain singularities. 


‘ A. The Developable Quartic. 


The polars of any point on an algebraic surface with respect to the surface 
itself touch the surface at the point itself. The tangents to the two branches of 
the curves in which the tangent plane to the surface at that point intersect the 


* Salmon: ‘‘Geometry of Three Dimensions,’’ 4th edition, pp. 492, 493. 
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surface or any of its polars down to the polar quadric are respectively coincident. 
The polar quadric of any parabolic point on the surface with respect to the 
surface itself isa cone. The point itself is not the vertex of this cone, but the 
tangent plane to the surface at this point touches the cone along a generating 
line. KHvery point on a developable surface is a parabolic point. The polar 
quadric of every point of this surface will be the tangent cone at such a point ; 
and, as two consecutive generators meet in a point on the cuspidal edge, these 
tangent cones will have as their vertices the points of the cuspidal edge. 
It has been shown* that the Hessian of a developable quartic is equal to the 
square of the quartic itself; 7. ¢., every point of the surface is a point of the 
Hessian. The points of the Steinerian, therefore, which correspond to the points 
of the Hessian lying on the developable quartic exclusive of the cuspidal edge, 
are points of the cuspidal edge. The cuspidal edge of the developable quartic is 
a unodal line. A unode is a double point whose tangent cone breaks up into 
two coincident planes, every point of these planes thus being a double point. 
The double point of the polar quadric which corresponds to a point of the 
Hessian on the cuspidal edge is therefore any point of the unodal plane at that 
point. The points of the Steinerian corresponding to points on the cuspidal edge 
of the Hessian are therefore the points of the osculating plane. As this plane 
varies from point to point along the cuspidal edge and during its revolution 
takes in every point of space, it is evident that the Steinerian of the developable 
quartic fills all space. There is thus no definite Steinertan. 

This result can also be shown analytically. The developable quartic is the 
envelope of tangent lines to a twisted cubic, the coordinates of any point of 


which are given by 
Sop 
that is, 


[a y 8| 
| = 0. 
| ¢ ¢ 1 


The equation of the quartic is obtained by eliminating ¢ from 


8B 
1i=o. 

2t 1 0 

. Eliminating ¢ from 

y— +st?=0, and x— 2yt+2°=0, 


*Salmon: ‘‘Geometry of Three Dimensions,”’ p. 489. 
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we obtain as the equation of the quartic 


—2y z 0 
0 —Qy 
= 0; 
y —2% s 0 
0 8 


U= (as — yz)? — 4 (ys — (xz — = 0; 
— 


being the equations of the twisted cubic. Lat (£, 7, f, «) be the coordinates of a 
point on the Steinerian, and (z, y, z, 8) those of a point on the Hessian. The 
equation of the first polar of (£, y, , o) with respect to the surface U= 0 is 


EL+yM+CN+oP=0, (1) 
where L, M, N, P are the first derivatives of U with respect to a, y, z, and s. 


If the first polar of (&, 7, f, ¢) with respect to U=0 has a double point, this 
double point must satisfy the derivatives of (I) with respect to x, y, z and s; viz.: 


s(&s — nz Cy + ox) — 2a(ns — + oy) + o(xs — yz) — W(ys— #7) = 0, 
— abs — nz— Cy + ox) — 28(Ez— + Sx) + 4y(ns — + oy) 
— (as — yz) + 4n(ys — 2) — 2o(xz — y*) = 0, 
— y(&s — nz— Cy + ox) + — + Sax) — 2a(ns — + oy) 
— (x8 — yz) — 2&(ys — 2’) — 46(xz — y*) = 0, 
— ne — Ly + ox) — 2ny + Sx) + E(w — yz) — — = 0. 
The equation of the Hessian is obtained by eliminating &, y, , and o from these 
equations, and the equation of the Steinerian by eliminating a, y,z,ands. For 
points of the Hessian on the cuspidal edge 


yz2= ys —-F = 0, 
and’ the equations for the determination of the corresponding points of the 
Steinerian reduce to 

— nz— Sy + ox) — 22(ns — 2¢z + oy) = 0, 

— — ne — Ly + on) + Aylns — + oy) — 29(e— Any + = 0, 

—y (ts — nz— Cy + ox) — 2a(ns — + ay) + 42(Ez — 2ny + Cx) = 0, 

a(Es — nz — Cy + oz) — 2y(Ez— ny + Gx) = 0. 
Considering these equations as linear equations in the linear functions 

fs —nz—ly+ox, and fs — oy, 


(II) 


i 

| 

| 
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it is evident that 
x | 
0 —2 42 — 
| 22 4y —2x 0 


— yz) — 2y(az— =0, 
— s(xz— y’) + y(ys — = 0, 
s(xs — yz) — 22(ys — 2") = 0. 
These equations are not independent but are equivalent to two independent 


equations, viz. : 
— yz= = ys —F = 0 


Thus only two of equations (II) are independent. Considering the first and the 
fourth, substituting ¢°, ¢®, ¢ and 1 for x, y, z and s, we have 
— nt — ft? + ot*) — 2t(n — 2% + ot?) =0, 
— nt — Ct? + ot®) — — Ant? + = 0. 
These are, however, identical and equal to 
— 3nt — — ot? = 0, 
the equation of the osculating plane of the twisted cubic, Q. E. D. 
B. The Surface ax’s* + + xyz = 0. 

This surface has four unodes, (0, 0, 0,1), (0,0,1, 0), (0,1,0,0) and (1,0,0,0), — 
and four double lines, viz.: e=y=0, c=2z=0, y=s=0 and z=s=0. 
The polar of the point (&, 7, ¢, ¢) with respect to the surface is 

£(2axs* + yzs) + n(2byz + xzs) + = + o(2ax"s + xyz) = 0. 

If this polar has a double point, this point must satisfy the equations 
+ n(28) + o(ys) + o(4axs + yz) = 0, 
E(zs) + 7(2b27) + C(4by2 + xs) + 
(ys) + n(4byz + x8) + 6(2by’) + o(ay) 
E(4axs + yz) + n(xz) + &(xy) + o(2az”) == 0. 
The equation of the Hessian reduces to 
[2byz + xs] [2axs + yz] [2ax*s* — xyzs( 1 — 12ab) + 2by/2*] = 0. 


| 
that is, 
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It is thus composed of two quadric surfaces, having the double lines of the 
quartic as simple lines, and a quartic surface having the same singularities as 
the original quartic. 

The equation of the Steinerian is obtained by eliminating 2, y, z and s from 
equations (III) above; this is accomplished by multiplying the four equations 
successively by a, y, z and s, and then eliminating the variables from the sixteen 
equations thus obtained and the four derivatives with respect to a, y, z and s of 
the equation of the Jacobian. The equation of the Jacobian is 


4acs, (8+ 02, 8+ oY, 
=| oy, 4byz + +02, 4bny, 
4ais+ Cy +4acz, sy +2, 
that is, 


J = aye + + + + + + + + + fry’s + 
+ + + + + + + baz? + + 
+ + frye + + + + dyes” + + 
+ + + + + + lays + myryzs = 0, 


where 
a, = 16a*o*, 
b, = 
Cc, = 166*y', 


d, = 

A, = 

b, = 128a*byo", 

C, = 128a°bE%, 

dy = 

= 128a°*bE*y, 

fo = 128ab7EZ?, 

= 128ab’y*o, 

hy = 

Jz = — 
= — 8arZo’, 
l, = — 
ds = + 
bs = 82aby*o" + 
Cy = 82abE"C* + 


f 


bo 
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ds = 32abE? + 


€; = — 16akénZo, 
= — 16bénCo, 


a, = — + 128abr Zo? + — 8ako’, 
b, = — + 198abECo + — 8by 23, 
= — 4&r’o + 128abEn’o + — 8byZ, 
— + + — 8ak*o, 


= — + 
f, = — + 
9. = — + 
h, = — + 
i, = — + 
Js = — + 16bEn~? 
ky, = — + 
1, = — + 16ak%o 
+ 256a*b*EnZo 
The Steinerian is 
ds, 925 Jas 32, She, 2a3, Si; 
Lb, 2, 


Ses he, 4d,, 


b,, 
3h, 
Ses 


2¢3, 


C2, 
a4, 265, 


M4, 


U4, 


“ 


“ 
ho 
~~ 


“ 
“ 


“ 


bo 


“ 


~ 


“ 


“ 


— 


+ — 16abyr~"c, 

+ — 16abéCo", 

+ 256ab*En’l — 16abé xo, 

+ 256a°bE*no — 

+ 256a*bEno” — 16abr~%o, 

+ — 16abE%o, 

+ — 

+ 256a°bE"Fo — 

+ fo — 16a&’o” — 167°C. 

hy, 24, 24, 2%, 

2s, 

m4, 

0,4ac, 0, 
0 , 
0 


26s, ky, 
ky, G25 
392, 3%, 3h,, hy, 
2ds, 
0 , 2ak, 
0, 

0, 2aé, 


C4, 2¢3, 
mM, 
24, 


2h,, 


“ 


“ 


“ 
“ 


CON 


“ 


“ 


0, 
0, 
0, 
N 
0, 


“ 


“ 


O23 © 06 
Oo 606060 Aww se 


Ne 


m, 
2q' 
2d, 


© 


4a,, 
a2, 
be, 
ke, 4, %, 2c, 
6, 8, &, 46, 0 
, 0, 0, 0, 0, 0, 0, a, 
, ©, 0, 0, 6,4, 
0, 0, 0,2, 0, 0, , 0 
©, &, 0, 0 , 2by, 0, 
Mo, 0, 0, 0, 0, 0, o, 48%, é, er 
0, 0, 0, 0, 0, 0, 0, 0, O, 26y, 4b¢ 
0, 0, 0, 0, 0, 0, 
0, 0, 0, 0, 0, 0, 0, | 
@, 0, 20g, 0, 0, 4by, 0, 
0, 0, 0, 0, 0, 0,28, 0, 0, 0, 4by 
0, 0, 0, 0, 0, 0, O, 0 
2, 2, 6, &, 6, &, 
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By continued reduction this reduces to 


A, F, H, E 
& J 
2304a'b'(1 — L E 0, 
E, K, M, D 
where 

A =— 32nG0? + 512abnfo” — 
= — + — 
C= — 32ér’o + 512abeEn’o — 
D=— + — 


E= 128abEnfo— 768a"b*EnCo, 
+ 64abrf’o + 96aklo” — 


G= — — + 96by — 
H=— 16n%o — 64abrlo + — 384a*bEno", 
I =— — 64abEno® + — 


J =— — + — 38 
L=— — 64abe*no + — 
M>= — — + 96ak*yo — 


This reduces to 


4076873488a‘b'(1 — | 8(ak*o” + br + Enfo) 
— 9(1 — 4ab)(1 + 12ab)EnGo}= 0; 


that is, each of the four unodal planes seven times and a quartic having all the 
singularities of the original quartic. 


C. The Surface xy? = (ax + by)(xz + ys). 


This is a quartic with a triple line in which two of the sheets which meet 
in the triple line unite in a single cuspidal sheet. The four equations which 
must be satisfied by points in order that they may be double points on the first 
polars of (&, 7, ¢, are 

Ag + DO + Fo=0, 

CE + Bn + EO + Go =0, 

DE + En = 0, 
FE + Gn = 0, 


j 

| 

| 

1 
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A= 2y’— 2a*(xz + ys) —4az(ax + by), 
B= 22° — 2b*(xz + ys) —4bs (ax + by), 
C = 4xy —2(bz + as) (ax + by) —2ab (xz + ys), 
D= (ax + by)? —2ax (ax + by), 

E = —2bu (ax + by), 

F = — 2ay (ax + by), 

G = — (au + by)? —2by (ax + by). 

Eliminating &, 7, ¢ and o, the equation of the Hessian is found to be 


A OD, F 
C, D, 
D, £, 0, Of 
F, G, 0, 0 


which reduce to 
(ax + by)’ = 0. 


Thus for every point of the Hessian ax + by= 0, and the corresponding points 
of the Steinerian satisfy the equations 
[2y? — 2a? (wz + ys)| + [4ay —2ab (az + ys)] = 0 


and 
& [4ay — 2ab (xz + ys)] + — 2b? (wz + ys)] = 0. 


These are the equations of the line §=7=0; i. ¢., the triple line z=y=0. 
But, for any point of the Hessian on the triple line = y =0, the equations for 
determining the corresponding points of the Steinerian vanish identically; that 
is, the Steinerian is composed of all the points in space. 
It can readily be seen by similar reasoning that the Steinerian of every quartic 
having a triple line is satisfied by all points in space. 
D. The Quartic uy + + 8v3 + Zt, + + = 0. 


In this equation “4, u3, etc., are functions of x and y of degrees equal to 
their respective subscripts, the line xy thus being a nodal line on the quartic. 
The surface, the Hessian and the Steinerian intersect in this line zy. If the last 
three terms form a perfect square (xz + ys)’, the line is cuspidal; for every point 
of the Hessian on this line, the corresponding points of the Steinerian satisfy the 
equation z& + s67,=0. As the point moves along this scrolar line, the plane 
zé + sy revolves about the line and the Steinerian is thus satisfied by all points 


in space. 


Ai 
286 
where 
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In case the last three terms reduce to the forms x*zs or a2’, the cuspidal 
tangent plane remains the same for all points on it, and the points of the 
Steinerian corresponding to points on this unodal line are points of this unodal 
plane. But in these two cases there are either one or two triple points on the 
line, and in every such case the points of the Steinerian are all the points in space. 


K. The Quartic Scroll (xz — y’)? — mys(az— + s*(axy + by’) =0. 


This scroll has the line x =y=0 as a nodal line and zz—y =s=0 
as a nodal conic. The Hessian reduces to 
4 (az — m?(xz — 3y”) + 8(axy + by’)} + 4ms(xz — 4ax(az + y’) 
+ 4y*(axy + by’) + 8bxyz} + s*(xz —y’*)} 16ax(ay + 3bz)(axy + by’) 
— m*y(4ax — m*y)(xz + + 6bm’y"( 2xs — y”) — 2(m* + 8b*)y* + 
+ 2mys*} ax(4ax — m*y)(xz + y*) — + 8bayz + 2axy’ 
—(m* + 4b)y*]| — — a?(m? — 4b)a*y + 46’m?y?| = 0, 
and has the nodal conic as a triple conic and the double line as a quadruple line. 
For a point of the Hessian on the line x = y = 0, the corresponding points of the 
Steinerian satisfy | 
( 22") + n(mzs + as”) =0 
and (mzs + as”) + 7 (2bs") = 0, 
which is the line £=7=0 (that is, the nodal line), the original surface, the 
Hessian and the Steinerian thus intersecting in this line. 
Two points of the Hessian are pinch-points on the quartic; viz., 
and 
Substituting the coordinates of the first in the equations for determining the 
Steinerian, the points of the Steinerian corresponding to this point are found 
to satisfy the equations 
+ (—2am + 4ab)y = 0 
and (—2am V/ b + 4ab)E + 2b(m = 0, 
which reduce to the same equation; viz., 
a& — =0, 
the pinch-plane at the point. Similarly, for the other pinch-point. 
For points of the Hessian on the nodal conic 2z— y* =s = 0, the equations 


for determining the points of the Hessian and the Steinerian reduce to 
38 


q 
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—2yn + + myo = 0, 
—2yn + + 2(ax + by)o =0, 
which are satisfied by 
2& —2yn + =o =0; 

that is, the tangent line to the conic at any point of it. As the point passes 
around the conic, this line sweeps over the plane. The plane of the nodal conic 
is thus part of the Steinerian. 

The points %:y:2:8=0:0:1:0 
and = 4b)’: 4a(m* — 4b): 16a’: 0 
are pinch-points on this conic. By similar reasoning to the above it is seen that 

and —8a(m* — + (m? — 4b)°F + 2am(m? — 4b)o = 0, 
the pinch-planes at the two points, are also parts of the Steinerian. 

Similarly, in the case of the quartic with a nodal conic having for its 


equation 
—4P)=0, 


where + by’ + cz + ds’, 
=a” + by + + 
P=z, 


for points of the Hessian on the nodal conic aa’ + by’? + da®=z=0, the corre- 
sponding points of the Steinerian satisfy 

+ byn+dso=0, and €=0; 
that is, lie on the plane of the nodal conic z = 0. 


F. 


In the case of the ruled quartic 
+ 2hzs + bs*) + 2xy(a' + 2h'zs + b's’) + y?(a" + 2h"2s + b's’) = 0, 

having the two non-intersecting double lines xy and zs, for points of the Hessian 
on either nodal line the corresponding points of the Steinerian are on the same 
double line; that is, the surface, the Steinerian and the Hessian intersect in the 
double line. 

The same is true for the quartic 

+ 2mayzs + = 0 

(where w, is a quadratic function of x, y, z and s) having xs and ys as intersecting 
double lines; and it is also true in the case of every double line on the quartic. 


LAWRENCE, Kansas, November, 1908. 
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On the Determination of the Ternary Modular Groups. 
By R. L. Boreer. 


Introduction. 


az+ 6 
yet 
been determined.* Closely related to this is the determination of the binary 
groups of determinant unity in the GF[p"].¢ The subgroups of the special 
ternary group GF [p] have been found.{ The object of the present paper is 
to apply the method of the paper last cited to the group in GF[p*]. The 
order of the special ternary linear group in GF is (p*—1). 
The subgroups of order a multiple of p, p'M(i=6, 5, 4) (M prime to p) are 
determined in this paper. The determination of the groups of these high orders 
applies in particular to the question of the minimum index of a subgroup of 
total group. For «= 3,2,1 the method can not be employed and recourse 
must be had to special devices. 


The subgroups of the linear fractional group 2/ = in GF [p"] have 


Subgroups of Order a Power of p. 


1. The order of the special linear ternary group G in the GF[p*] is 
p’(p’—1)(pt—1). Within @ every subgroup of order a power of p is con- 
jugate with a subgroup of the group G,, of the operations 


[aj = 0 (1) 
O31 1 
with the a,; arbitrary in the GF[p’]. 
Since§ the commutator of G,, is of order p® and every operation is of 


* Gierster, Wiman; Moore, University of Chicago Decennial Publications, Vol. IX (1903), pp. 141-190; 
Dickson: ‘‘Linear Groups.”’ 

+ Made by Dickson — unpublished. 

{ Dickson, AMERICAN JOURNAL, Vol. XXVII, pp. 189-202. 

§ The results in §§ 1-3 are proved in detail in AMERICAN JOURNAL, Vol. XXVII, pp. 289-293. 
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order p, (p #2), there are P “: subgroups of order p®. They are given by a 


linear relation modulo p, 
Gerry = 0. (2) 

2. The commutator subgroup XK of any group Z defined by a relation (2) 
is of order p’. 

THEOREM: Any group L,; defined by one linear relation (2) has exactly 
p’ +p+1 subgroups of order p‘, defined by two independent relations (2). 
The number of distinct subgroups of order p* of G,. is thus 

+pt+i. 

They are as follows: 

(Ta) = J = + Magy — [gy = 
(I) = J + = + Magy, F tage] 

(TIL) = = M Aggy . 

(IV) = 0, = + 

(V) x99 = 0, = 

(VI) =0, =O. 

THEOREM. The only commutative subgroups of order p‘ are those defined 
by {a= 0} and ja,,=tag}. For the remaining subgroups of order p* the 
commutator subgroup is of order p. 

3. THEorEM. For p >2 the subgroups G,; of the G,., given in the first 
column, are obtained by annexing to the two relations defining G,, an inde- 
pendent linear homogeneous relation between the elements given in the second 
column. 

Gy. 
(1, Agen, — — — (vg + WA) Aino, 
2 
A311 — ala — (9 +u") — 4 + + « 


(I) A329, (m — g — (h — v1) — — V Aggy — W « 
(II) A320 » a3) —(1 + hlv)ag, +4m(1 +hu—h’ v) aig. 
(III) Gor, (1 +AU) — hv ag — 5 + hu — digg. 

(IV) Ayo, (1+ lu) — Lv — MY 


2 
(V) A319 — V Agy + $M V 


3 
ry 
i 
i 
i 
} 
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The wu, v and w used in (I) denote 


v=mvl—hg—hlu, 


mu). 


The Galois Field is defined by the irreducible congruence p? = “op + v (mod. p). 

4. The subgroups of order p’ of any abelian group G,, represented in the 
first column are given by annexing, to the relations defining the G,;, an inde- 
pendent linear homogeneous relation between the elements of the second column. 


Gs 
(I,) A399 9 
I 1,3 1320 » 
I, 3 391 
I; A390 


IT, 3 A320, 
II, 3 
Il; A329 
ITI, 3 320, 


ITI, 


III; 
IV,, 3 
IV, 3 210, 
IV; 321 


3 
Vo, 3 11 » 


V; A391 » 


VI A210 » 


ELEMENTS. 
Azo,» A319 — $Y — — (vgt uh) 
— (321 — (9 + Agog A393 — + + 9) A321 


2 2 
A310 — $9 — 
vh , 


— $A A — 1 « 
Axo — — (mM + ain. 


10, 


9 hm 2 


3103 

ag, (kK thm + uhh) 
— MV Ag — - 

A310, 


Vv 9 m Vv 2 
319 — (Al + m) 31, — A132) 


° 


A310, 
ks 
A310 — ¥ 5 Vary —4(m + m k) aio « 


4310, Asy- 


k= —1,/l,.] 


The notation in first column meaning that coefficients corresponding to the 


subscripts are 0, the others being destinct from 0. Thus: V,; means that 
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linear relation defining the has 1 =14,=0, 7,360; V; means that linear 
relation defining the G, has 1,40. 

The remaining subgroups of order p* are non-abelian. 

Lemma.* The commutator subgroup of any non-abelian group of order p* 


is of order p. 
Proof: If G, is a subgroup of invariant operations, the quotient group 


G,;/G, is of order p®. Hence G, contains the commutator subgroup of G,,. 
Since G,; is non-abelian the commutator is G,. 

It follows that the number of subgroups of order p* of Gs (G,s being non- 
abelian and operations all of order p) is p+1. They are given by annexing 
to the relations defining G,; an independent linear homogeneous relation between 


the elements of the first two columns in § 4. 
The subgroups of order p are easily found. They will not be written here. 


Subgroups of Order a Multiple of p. 


5. Lemmal. Every operation (@,;) permutable with a subgroup, not the 
identity, of G,. is contained in the set: 
Bu 0 0 Bu Bis 0 Bu 0 0 
Ba Bo 0 Ba Be 0 Ba Bo Bos (3) 
Ba Bre Bss Bs Bss Bs Bs 


Proof: Among the conditions for (@,) [a] = [y](@,) are: 


But Bid + = Bn, (1) 
Ber + + Bog = Bir + Par, (2) 
+ Bis = Bie, (3) 

Boo + Beg dg, = Bis ¥a1 + Bro, (4) 

Ba + Bs = Bryn + + Bx; (5) 

Bes = Bos + Bis- (6) 


If Ao, = 0, go 0, 3 x 0, then Bis = Bog == 0 by (1) and (2). 
In like manner we treat the remaining cases and prove the lemma. 


Lemma II. The only factors =1 (mod. p*) of (p*— 1)(p*—1)=o are 
landw. The proof is similar to that in the paperf referred to and will not be 


given here. 


* Miller, Bulletin American Mathematical Society, 1897-98, p. 137. 
+ Dickson, AMERICAN JOURNAL, Vol. XXVII, p. 191. 


‘ 
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Lemma III. Any binary transformation B= ¢ x), y #0, and all the 


£, = C ) generate every binary transformation 7 of determinant unity. 


For proof, see reference above. 

Lemma IV. If a group G,, of order p*N (N prime to p), contains a sub- 
group of G,.(a > @) of order p® and if P is an operation of G, permutable with 
G2, then P is permutable with Gs. 

Proof: Suppose P were not permutable with G,s. It would transform 
Ge into Gis; and {G,8, Gist, being of order a power of p, would be of order 
p*®-¢ (where p*° is the order of the greatest subgroup common to Gs and Gis). 
But for all values of c< we have >p*®. Hencec=@ and Gis = 

Lemma V. The operations permutable with every group G,; defined by 

As, = 0, Kkdgy + h dg = 0 
are contained in the set (3,). 
Proof: By Lemma I, they are contained in (3,). Transforming G,; b 


(By) = = 0) it becomes [yy], having 


— Bu Boy Br Bo 


Call 
Sent pd, Ce + p doo, 
Ce + pdy, Cx + p dey 


Then = (C12 Gayo + Coe + + 
Setting ag = 0 and recalling the definition of G,,, we get the relation: 
(Ch + dig h) ag + (vdyh + + wdyk) ag, = 0. 
Since dg) and ag, are arbitrary, we have 
+dy(vh + uk) =0. 

Thus ¢,=d,.=0, since the determinant of their coefficients equals 
vh? + uhk—k’, which vanishes only for the excluded case h=k=0, since 
=up was assumed irreducible. 

6. Let H be a subgroup of order p*N (N prime to p) normalized to contain 
G,,. Then, by methods similar to those employed in the paper referred to, 
we derive the following 


« 
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THEOREM. Within G every subgroup H of order a multiple of p® is conjugate 
with one of the following: 
a) The group of all the p°f.g operations (3,) with af, =1, a4 =1, 
eg 
b) The group of all the fp*(p*t—1) operations (8,) with af =1, 
c) The group of all the fp*(p*—1) operations (33) with af =1, 
Ogg Ogg — og Ago = ayy’, where f and g are any divisors of p* — 1. 
7. Let H be a subgroup of G of order p> N (N prime to p) normalized 
to contain a subgroup G,; of G,.. Let the G,; be defined by 
(I). We exclude for the present the special case 7, = /,=0 and the special 
case /; = 1, = 0 (treated under II and III below), and treat here the general case. 
The number of conjugates to is or 1+kp* 
(& being prime to p). We treat these cases in turn. 
(I,). Let the number of conjugates to G, be 1+p. Then two groups 
of order p> must contain a common subgroup of order p** and, by a theorem F 
due to Frobenius and Burnside independently, H must contain an operation P 
permutable with G,, but not with G,;. Since neither 7,=0, 7,=0 nor 3=0, 
1,=0 in the case before us, this common G,, must have neither a.,=0 nor 
Gg=0. Therefore the operations permutable with G,, are contained in (3,) and 
P is also permutable with G,,. Hence P must, by Lemma IV, be permutable 
with G,,, in contradiction with the Frobenius-Burnside Theorem. Hence the 
number of conjugates to G,; can not be 1 + kp. 
(I,). Suppose the number of conjugates to G,, is 1+ 4p’. The case in 
which a, #0 in the common G,,, has been covered by the previous argument. 
Let next a, =0 in the common G,;. The groups of order p*® are then 


defined by 
= Aq = A219 = Any = (5) 
= h | = 0 
But for either of these groups, the operation P is contained in (3,), and as 
before we conclude that the number of conjugates can not be 1 + kp’. 
(I;). Let the number of conjugates be 1+ p*. For the common 


we have the following possibilities: 
a) $0, 0; b) =0, Og 0; c) Oo, = 0, Og. = 0; d) Oy, 0, Ag. = 0. 


* Burnside: ‘* Theory of Groups,”’ p. 94, Cor. II. t Op. cit., p. 97. 
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The operation P for the G,» defined in either a) or c) is contained in (3,) and is 
therefore permutable with G,;. In b) we note that G,; must contain a subgroup 
G,, defined by (5,) or (5,). The operation permutable with the G,, in b) is con- 
tained either in (3,) or (3,), and we need only consider the case in which P is 
in (3,). Since under this hypothesis P is not permutable with either of the 
groups G,, defined in (5,), (5,), it will transform either of them into a new Gj; 
and |G, Gis} is of order p* with a,=0. This Gis not a subgroup of G,., but 
is permutable with it. Hence {@,., G,{ must be of order p*, in contradiction 
with the hypothesis on the order of H. Hence P must be contained in (3)). 
It will then be permutable with G,;, contradicting the Frobenius-Burnside 
Theorem. A similar argument applies to the case d). We now conclude that 
the number of conjugates to G,, can not be 1+ kp’. 


(I,). By Lemma II the only divisor of the order of G of the form 1 + kp‘ 
is (p*—1)(p*t—1). Ifthe number of conjugates to G,; were 1+ kp*, the index 
of H under G would be p, whereas the order of LF'{3, p”} is not a divisor of p!. 


(II). Let H contain a defined by 1, a2 + 0. We shall prove 
that such a group H can not contain any operation (@,;) not contained in (3,). 
We first show that if any operation (@,;) has 6,3, @.,; not both 0, then H 
contains an operation (7) having yp=0, 743=0, 0. 

a) If B2=6,3=0, while 0.30, this is such an operation. 

b) The case B,.—0, 6,,;=0, may be disposed of by replacing (Gy) by its 

inverse. We need then consider only 


c) Transforming G,; by 8, we get (v4), where 


Yu = Bis Bir + Bis Bu + Bis Bo + 1, (1) 
= Bu + Bis + Bis B22 (2) 
713 = Bz + Bis Pis4n + B13 Bos (3) 
Ya = Bx Bi + Bes Bi + Bes Boy (4) 
= Bx Biz + Bes Pts + Bes + 1, (5) 
723 = Bx + Bes Bis + Bos Bes (6) 
Ya = Bee Bir % + Bu + Bor (7) 
= Bx Bid + Pits + Bss (8) 
= Bx + Bas + Bos + 1, (9) 


where is the adjoint minor of in | 


4 

fi 

4 


296 BércEeR: On the Determination of the Ternary Modular Groups. 


We wish to show that we can make 7.= 7,30, 7230 by properly 
choosing a», a3, Gg. We can by a normalization of the operator (@,) make 
Buz without disturbing 5; viz., by multiplying (@,) on the left by By,. 
Now suppose that y.,=0. Then, setting a, —=0, we have the following 


equations: 


Bx Bes = 0, (6’) 
fer + Biss = 0, (9') 
Bi + Pig = 0. (3') 


Multiplying (6’) by 6x, (9’) by @s3 and (3’) by 63, adding and applying 
A=1, we get a ,=0. This is impossible if @,.-0. It follows, then, that 
the operation (y,) fulfils the required conditions if 0. If we can 
set a: —=0 as before, and now put a, =—0, thus making y,=y,,;=0. Then, 
if = 0, we must have equations (6’), (9’), true for arbitrary values of a;). 
From the previous argument these equations can only be simultaneously true 
when a3;=0. Therefore the operation (y,) always has = 0, yo; 0. 
Transforming [a] by (yy) we get an operation 


1 0 0 
= Y22 + Y23 + 23 Y21 y 
O31 O33 = + Y 3s Og Yo1 

Setting Qo) 0, —_ Ya then Oo O31 and dog = Oso 0 


if O39 0. 
Therefore, by Lemma III, the group H contains every binary transformation 


of determinant unity on &, &. Hence it contains 
1 0 
0 1 

0 0 
and this, together with By, By, , generates a group of order p®. But this 


contradicts the hypothesis on the order of H. 
(III). By a reflexion* on the left diagonal we may draw the conclusion, 


with reference to the group G,, defined by 
[3 Aigo + = 0, 


that it can not contain any operation (@,,) not contained in (33). H is then 


0 
(uw arbitrary), 
1 


* Dickson, AMERICAN JOURNAL, Vol. XXVIII, p. 9. 
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multiply isomorphic with the group of binary substitutions on £,, & of order pt 
(¢ prime to p). 

We have now established the following theorem covering the results of the 
three cases I, II, III. 

THEOREM. Any subgroup H of order p° N of the linear ternary homogeneous 
group G defined by the relation 


(in which neither 1, = 1, = 0 nor 1; = 1, = 0) contains a self-conjugate subgroup Gs, 
and within G H is conjugate with a group of operations given by (3,) having 
= 1, Ogg = 1. 

If H contains a subgroup G,; defined by the relation 1, ax + 1,4, = 0 or 
1s Agog + Uy gq) = 0, H is conjugate within G with a group of operations of the form 
or (32). 


Subgroups of Order a Multiple of p'. 


8. Let H be a subgroup of order p*N normalized to contain a subgroup 
G,, of G». First, let G,. be the special group {a,,=0}. We shall prove that 
it is self-conjugate under H. 

If the number of conjugates to G,, were 1+ kp (k prime to p), then H 
would contain an operation P permutable with the G,; common to two G‘,, of the 
conjugate set to which G,, belongs, but not permutable with G,,., according to 
the Frobenius-Burnside Theorem. The operations permutable with the common 
G,, are, however, permutable with G,,._ In the same way it follows that there 
can not be 1+ kp® or 1+ p* conjugates to G,.. Finally, there can be no 
group H containing a G,, having 1+ p* conjugates. Indeed, by Lemma II, 
such a group H would be of index p® under G. But the linear homogeneous 
group G is isomorphic with the linear fractional Z (3, yp”) and, if such an H 
existed, LZ F'(3, p”) would be representable as a substitution group on p’ letters 
and also its subgroup the linear fractional LF'(2, p’). The latter can not be 
represented as a substitution on p” letters except when p= 83 (references in the 
Introduction). No such subgroup H can exist when p= 3, for the order of G 
when p=8 is not a divisor of p*!. Hence the subgroup ja, =0} is self- 
conjugate in H. 

Next, by a reflexion on the left diagonal we reach the same conclusion 
with reference to ja,=0}. 

40 
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Let H now be normalized to contain any one of the remaining groups of 
order p‘*. If the number of conjugates to G,, is 1+ kp‘ (& prime to p, i= 1, 2,3), 
H must* contain an operation P permutable with G,,_; but not with G. 

First, let i=1. Then the greatest common subgroup is of order p*, and 
the operation P is contained in one of the sets (3,), (3,), (83). We shall not 
consider (33), for the results obtained in case P lies in (3,) are immediately 
applicable to the case when P lies in (83) by reflexion on the left diagonal. 
With this agreement the greatest common G,, of two groups of order p* is of 


one of two types: 
a) On 0, Ago 0; 
b) =0, ay 


The operations permutable with either of the groups a), b) are contained in 
the set (3,) by Lemmas II and V, and P therefore is permutable with G,,, 
contradicting the Frobenius-Burnside Theorem. The number of conjugates to 
G,, under H can not be 1 + kp. 

Next, let += 2or3. Then Gm, the greatest common subgroup, will be 
of order p* or p. P can not be contained in (3,), since that leads to a contra- 
diction of the Frobenius-Burnside Theorem. We consider P in the set (3,). 
Any G,, of the set (p, 3) contains the subgroup G,, defined by a =ay,= 0. 
The operations permutable with this G,. are contained in (3,). Hence P in (3,) 
is not permutable with G,.. It transforms G,. into and {G@,., is of 
order p*, G, having a,,=0. Hence {G). G,.} is of order a power of p higher 
than p*, and this contradicts the hypothesis on H. Hence the number of con- 
jugates to G,, can not be 1+p? or 1+kp*. We have previously shown that 
the number can not be 1+4p*. Hence G,, must be self-conjugate under H, 
and we may state the following 

THEOREM. Livery subgroup H, of order a multiple of p*‘, of G contains a sel/- 
conjugate group G. Within G, H is conjugate with a group of operations (3,) or 
a group of operations (33). 


* Burnside: ‘‘ Theory of Groups,’’ p. 94, Cor. II, and the theorem on p. 97. 
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Groups of Transformations of Sylow Subgroups. 
By G. A. MIuer. 


§1. Introduction. 


The first part of the present paper is devoted to a study of some of the 
properties of a transitive substitution group which is a group of transformations 
of Sylow subgroups. In particular, we shall prove the following theorem: 
If the Sylow subgroups of order p™ in any group (G@) are transformed according 
to an imprimitive substitution group, the number of these subgroups must be of the 
form (1+ k, p*) (1+ 4% p*), where each of the two numbers k,, k, exceeds zero 
and a is determined by the fact that the largest number of common operators in any 
two such Sylow subgroups of G is p”™*. It is evident that a can not be less 
than unity nor greater than m. 

In the second part of the paper we determine some properties of the groups 
which involve certain given numbers of Sylow subgroups. In particular, we 
prove that if a group G contains exactly three Sylow subgroups, these subgroups 
must generate a group of order 3.2”, and this group is a characteristic sub- 
group of G if it does not coincide with G; if G contains exactly four Sylow 
subgroups, these subgroups generate a group whose order is either 12.3” or 
24.3™-1, and this group is again either G@ itself or a characteristic subgroup of G. 
A somewhat similar theorem is proved as regards groups containing exactly six 
Sylow subgroups. 

The 1+ kp Sylow subgroups of order p”™ in @ are transformed according 
to a transitive substitution group (A) of degree 1 +p which has an (1, a)- 
isomorphism with G. The invariant subgroup (#) of G which corresponds to 
the identity in K involves only one Sylow subgroup of order p%, since the 
operators of H whose orders are powers of p must be contained in every Sylow 
subgroup of G. To every Sylow subgroup of @ there corresponds one and only 
one Sylow subgroup of K, and hence @ transforms its 1+ kp Sylow subgroups 
of order p” in exactly the same manner as K transforms its 1+ kp Sylow sub- 
groups of order p’, Bam. That is, the letters of the substitutions of K may 
stand for the various Sylow subgroups of order p? in K. 
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The subgroup (X,) of K which is composed of all its substitutions omitting 
one letter involves one and only one Sylow subgroup of order p? and of degree 
kp. Moreover, if any transitive group has the property that its subgroup com- 
posed of all the substitutions which omit a given letter involves one and only one 
Sylow subgroup of degree one less than the degree of the group, it evidently 
permutes these Sylow subgroups in the same manner as it permutes its own 
letters.* Hence the theorem: The necessary and sufficient condition that a transi- 
tive group of degree n is a group of transformations of Sylow subgroups is that its 
subgroup composed of all its substitutions which omit a given letter involves one and 
unly one Sylow subgroup of degree n—1. 

From this theorem it follows directly that the only symmetric groups which 
are groups of transformations of Sylow subgroups are those of degrees 3 and 4, 
and the only alternating groups having this property are those of degrees 4 and 5. 
The symmetric group of degree 3 is clearly the only group of this degree which 
can be a group of transformations of Sylow subgroups, while the alternating and 
the symmetric group of degree 4 are the only two groups of degree 4 which 
have this property. There are three groups of degree 5 which are groups of 
transformations of Sylow subgroups; viz., one of each of the orders 10, 20, 60. 
Only two of the sixteen transitive groups of degree 6 are groups of trans- 
formations of Sylow subgroups; viz., the two groups of orders 60 and 120 
respectively. 

Since KX, is of degree kp, it follows directly that a group of transformations 
of Sylow subgroups can not involve any invariant operator besides the identity.+} 
From this fact and the elementary observations of the preceding paragraph it 
results that a large number of transitive substitution groups can not be groups 
of transformations of Sylow subgroups. In particular, it has been seen that no 
imprimitive group whose degree is less than eight can be such a group of trans- 
formations. We proceed to consider some of the properties of imprimitive groups 
which are also groups of transformations of Sylow subgroups. 


§ 2. Imprimitive Groups of Transformations of Sylow Subgroups. 
Suppose that & is imprimitive. All the substitutions of A, must transform 
at least one system of imprimitivity of K into itself. The number of letters in 
this system must be one more than the letters in one or more of the transitive 
constituents of K,. Since each of these transitive constituents involves an 


* Bulletin of the American Mathematical Society, Vol. II (1896), p. 145. 
+ Kuhn, AMERICAN JOURNAL OF MaTueEmMatics, Vol. XXVI (1904), p. 67. 
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invariant subgroup of order p*, A >0, it results that the degree of each of these 
constituents is divisible by p. In fact, if no two of the 1+-4p Sylow subgroups 
of G have more than p”~* common operators, each of these transitive constituents 
is divisible by p*, and hence the number of letters in a system of imprimitivity 
of G is of the form 1 + &, p*. 

Since the degree of XK is divisible by 1+ %,p*, it is necessary that the total 
number of letters in is of the form 1+ + ky p*, where is divisible by 
1+ k,p*, and hence the degree of K is (1+ 4,p*) (1 + kp"), where each of the 
numbers k,, k, exceeds 0. As X is any group of transformations of Sylow sub- 
groups, we have proved the following theorem: Jf the Sylow subgroups of order p™ 
in a group are transformed under this group according to an imprimitive substitution 
group, the number of these Sylow subgroups is of the form (1 + hk, p*)(1 + kp’), 
where none of the integers k,, kz, a is zero. The value of a may be determined by 
the fact that two of these Sylow subgroups have at most p”~* operators in common. 

When p= 2, the theorem of the preceding paragraph does not yield any 
information, since every odd composite number can be represented in the form 
(1+ 2%,) (1+ 2%,), where each of the numbers k, exceeds 0. Moreover, 
the dihedral group of order 2 (1 + 2/,)(1 + 24,) transforms its Sylow subgroups 
of order 2 according to an imprimitive group, 4, and &, being any integers ex- 
ceeding zero. It follows directly from the preceding theorem that 9 is the 
lowest degree for which imprimitive groups of transformations of Sylow sub- 
groups exist, and it is not difficult to verify that there are exactly five groups of 
this degree which are imprimitive groups of transformations of Sylow subgroups; 
viz., two of order 18, one of order 36 and two of order 54. 

Since the Sylow subgroups of order p* in K generate a transitive group, 
it results that the operators in A, whose orders are powers of p must permute 
a multiple of p systems of imprimitivity of A. That is, the transitive group of 
degree 1 + k, p* according to which the systems of imprimitivity of K are trans- 
formed is non-regular and involves substitutions of degree 7p. In particular, 
not only must the Sylow subgroups always be transformed according to a non- 
regular group, but when these subgroups are transformed according to an 
imprimitive group these systems of imprimitivity must also be transformed 
according to a non-regular transitive group. _ 


§ 3. Groups Involving a Small Number of Sylow Subgroups of the Same Order. 


The smallest number of non-invariant Sylow subgroups of the same order 
in any group is evidently three, and if a group G contains exactly three Sylow 
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subgroups of the same order this order is 2”, and the operators of G transform 
these subgroups according to the symmetric group of order 6. To the identity 
of this symmetric group there corresponds a subgroup H of G which involves 
a characteristic subgroup of order 2”-1._ The subgroup of G which is generated 
by the three Sylow subgroups of order 2” contains this characteristic subgroup, 
and the corresponding quotient group is generated by two operators of order 2. 
Hence this quotient group is dihedral and, as it involves only three operators 
of order 2, it must be the symmetric group of order 6. This proves the theorem: 
If a group G involves exactly three Sylow subgroups of order 2", these subgroups 
generate a group of order 3.2”. This group is evidently a characteristic sub- 
group of G if it does not coincide with G. 

Suppose that G involves four Sylow subgroups of order 3” and is generated 
by them. These four subgroups are transformed under G according to the 
alternating group of degree 4, since a group which contains a subgroup of half 
its order can not be generated by operators of odd order. The invariant sub- 
group H of G which corresponds to the identity in this alternating group 
involves a characteristic subgroup of order 3”~', and the corresponding quotient 
group (G’) is generated by two operators (s,, s,) of order 3, and we may suppose 
that these operators correspond to the cycles abc, abd in the given alternating 
group. 

Since (s,s.)” is invariant under G’, it results that s,s,, s,s, are two operators 
which have a common square, and hence the product of one of these operators 
into the inverse of the other is transformed into its inverse by each of them. 
By means of this property it is easy to find an upper limit for the order of this 
product as follows: 

(81 = 81 828] 83 8; 8 8] 83 = (8281) 8, 8] 88, 63 = (8; 2)". 
Since (s, s,)° is both invariant under £ and also transformed into its inverse by s, 82, 
it results that its order is a divisor of 12. This order can however not be divisible 
by 3, and hence it must divide 4. If s,s, is of order 2, it is clear that K is the 
tetrahedral group, as it is generated by two operators of order 3 whose product 
is of order 2. On the other hand, if s,s, is of order 4, the two operators s, 8, 828, 
must generate the quaternion group, since they have a common square and 


(8; 5g) 85 81 81 8 = 838} So 8] = (82 81)” 858, . 858} = (828,)°, 
SINCE 8, 8 = 838; and (s,s,)” is invariant under G’. This quaternion group 
is invariant under G’, since = = (8, . 8,8 .§8,. Hence 
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{8,, 8} is the group of order 24 which does not involve a subgroup of order 12 
whenever s,s, is of order 4. 

These results establish the theorem: Jfa group contains exactly four Sylow 
subgroups of the same order, they generate a group whose order is either 4.3” or 
8.3”, and the quotient group with respect to the 3"! common operators is either the 
tetrahedral group or the non-twelve group of order 24. If the order of the entire 
group exceeds the order of the group generated by these Sylow subgroups, the 
latter group is clearly a characteristic subgroup of the former. 

If G contains exactly six Sylow subgroups of order 5” and is generated by 
these subgroups, it must transform them according to the primitive group of 
degree 6 and order 60. Hence @ is isomorphic with the alternating group of 
degree 5. We shall first assume that m=1 and that G is generated by the two 
operators s,, s, which correspond to abcde and aebcd respectively of the iso- 
morphic alternating group. Hence s,s, corresponds to the substitution of order 2, 
ac.bd. We shall prove that the order of s,s, is either 2 or 4. It is clear that 
the operators of G which correspond to the identity in the alternating group of 
order 60 constitute the central of G; and we shall prove that the order of this 
central is either 1 or 2, and hence the order of G is either 60 or 120. 

Since 8,8, 8,8, have their squares in the central of G and are conjugate 
under G, they must have a common square, and hence the product of one of 
these operators into the square of the other is transformed into its inverse by 
each of them. By means of this property we obtain an upper limit for the order 
of one of the invariant operators of G as follows: 

(81 8,8} 83)” = 81 828} 83 51 8} 83 81 = (5, 82)” 83 8] 83.8] 83 = (8, 82)° 

As s3s} corresponds to abd, and hence (sjs3)’ is in the central of G, it results 
that (s,s82)°(s}s3)® is invariant under G. It is also transformed into its inverse 
by 8,s,, and hence its order is 1 or 2. That is, (s,s,)" = (s$s?)°. 

On the other hand, corresponds to ae.bc, and hence (s}s3)’ = 
Proceeding as above we obtain 

83.6] 82)” = 81 63 8] 83 9] 53 8] 82 8} 83 8] 83 = (81 83)” 8; 82 81 83 8} 8, 83 5} 8, 
= (87 82)" ($1 82)° $1 8 = (8]83)"” (8, 82)". 
From these equations it results that (s,s,)" = (sjs3)-*. Combining this with the 
earlier result, it follows that (sjs3)*—1. As the order of sjs3 can not be divisible 
by 5, it results that (sis3)°= 1 and hence (s,s,)" = 1. 
It is evident that (s,s,)° = (s{s.sj)” and hence 
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(81 82.8] 8)” == 81 8, 8} 83 8} 81 89 8] 8} 83 8p 89 8 8} 85 8, 
= (5 82)" 8} 83 83 83 83 8; 83 5] 89 8; $3 8 8, 
= (57 58)® (51 83 81 89 83 85 81 So So Sq Sy 
= (sj (5; 5? 83.83 8.8, = (8; (818: 
== (af at)” . == (A Gy" 
From these equations it results that (s,8,)* = (s3s?)”, or (s,s.)* = (s3s?)”, since 
(a,4,)" == 1. 
As (8, or = (s? s, 3)", we obtain in a similar manner the following equations: 
(si 88 = 8, st 528, 08 8, 58 st 82.8, 88 af 8, st 
= (81 82)” 83 8} 8] 83 8} 81 83 8] Sy 8] 83 8} 8} 83 8} 85 
= (82 (81 8)” 83 8} 82 81 83 81 82 8; 83 81 89 81 82 8, 83 
= 81)° (81 83 81 83 8 83 = (81 82)” 
From these equations it follows directly that (s,s.)*° = (s}sj)-”, and if we combine 
this with the result of the preceding paragraph, we have that (s}s{)"—=1. Since 
the order of ss? is not divisible by 5, it results that (s3s?)*=1, and hence 


1 
(s;s.)°=1. Ifthe last equation be combined with (s,s,)"—= 1, it results that 


(8, 8)* = 1 = (sjs2)* = (82 


Since 
22 08 — 2 02 02 of 03 of 02 
(55.88)? = 85 83 55 8) = 85.8; 8 . 8; 85.8] 8} 85; 


= 83.8] 83. 825] 825] = 836; 838} 835] 
it results that (sjs3)®>=1. That is, ss}, sjs} are two operators of orders 4,3 or 
2,3 respectively, whose product is of order 5, and the square of the former 
is invariant under both of these operators. Hence they must generate either 
the icosahedral group or the non-sixty group of order 120 which is isomorphic 
with this group. It is moreover clear that each of these two groups can be 
generated by two of its operators of order 5. 

When m >1, the six Sylow subgroups of order 5” in G have 5”! common 
operators, and the corresponding quotient group has six Sylow subgroups of 
order 5 and is generated by them. In fact, if a group has exactly p+1 Sylow 
subgroups of order p™ and is generated by them, these subgroups have p”~! 
common operators which form an invariant subgroup, and the corresponding 
quotient group involves exactly »+ 1 Sylow subgroups of order p and is 
generated by them. The preceding results clearly establish the theorem: 
If a group involves exactly six Sylow subgroups of order 5™, these subgroups 
generate a group whose order is either 12.5” or 24.5”. 
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q-Difference Equations. 


By Rev. F. H. Jackson. 


§ 1. 


The properties of the g-hypergeometric series 


have been investigated by Heine (Kugelfunctionen, ed. 1878, pp. 99 et seq.); 

also by Thomee (Crelle’s Journal, Vol. LXX). In this note I wish to introduce 

a notation which will, I hope, be of utility in developing the theory of g-functions 

generally: For example, if we replace the differential operative symbol $ in 


the differential equation of the hypergeometric series F(a, B, y, x) by 
[3] 
a][>+ [S][S + y—1]y=09, (1) 


a g-difference equation with particular solutions corresponding in every detail 
to the solutions of 


+ 


we have 


+ a)(3 + B)y— +y—1)y=0. 
If we define A, a symbol of operation, by the equation 


— P(x) 
(2) 
then symbolically, in terms of the differential operator (3 = 2 = , 


Repetition of (2) gives 
A’P(x) = 


— (¢ + 1)P(gx) + 
gx'(q— 1) ’ 


41 
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which is symbolically 
‘ 25 
—(g+1)9" +49 A? = 1], 
2" A"= [S][S—1].. -[S—n+1]. (3) 
We see that in case the functions on which we operate are differentiable in the 
range of the variable, we may write 


limit 
= (Boole). (4) 


§ 2. 


The well-known and very useful operational theorem 
= F(S + m)v (5) 


and in general, 


has its counterpart in 
a" F[S + ; 


for 
= — Vr) 1) 
= v)/(q— 1) 
= mv; 
therefore 


= a"[3 + m]’v. 
This equation holds good when r is a negative integer; for, on writing 
[S+mJo=V, v= 


m]"V=a"V; 
on operating with [3]~", we obtain 
+ 
so that, finally, if F(a) denotes an algebraic function of a, we have symbolically 
= F([S + m])v. 
(CorotLary). It will follow that if U be any function of the form 
A+ Ba + +...., 


we have 


1 A B - 


i} 
it 
j 
> 
i 
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§ 3. 


Before proceeding to solve any q-difference equations, I remark that if the 
reverse operation A~! be named q-integration, and we use the symbolism 


= (7) 

remembering that subject to conditions of integrability 
limit ®(x)d(qx)= | B(x)dza, 8 
limit S ®(@)d(qz) = f (8) 


then the q-hypergeometric difference equation will have a solution 
1 
Sea — qu) — q*ux)~“*d(qu) 
0 
reducing in the limit (q—>1) to 


Similarly, for the q-series 


and equation 
+ a][$ + + y]ly— + 6—1][8 + e— 1]ly=0, 
we have an integral 
1 
1 — — — 
0 
Of course (1— qu)” denotes the q-binomial product 


§ 4. 
q-Finite Integration. 


It is well-known (Bromwich, ‘Theory of Infinite Series,’”’ pp. 418-419) 


= limit — g){/(0) + bq) + + 


Consider 


Au = 9(2), 


= 
i 
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which is 
1 


1— q) 


=(L—Qilt+ P+ + C, 
S = — + + (9) 


C will be in general any function of multiplicative periodicity g. Such a 
function, for example, as 


If in (9) we expand (1 —gq)/(1— q’) in powers of 3, using Bernoulli’s coefficients, 
we find 


r Boy 2r—1 2r—1 
Now limit = = 1, so that in this form we see in detail how 
q= 
b 
—>i 
§ 5. 
Solutions of Equations in Series. 
Since 
+ + = [n+ a][n + 
an 
_ log — a" log 
[3+ a]x” log «= 
n l 
q" 7 x” log _ [a + log + 


[3 + a][(S + [a+ n] [6 + log a +n] a” 


(A=logq/(q—1)), (12) 


logx 
cap (3 
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it is obvious that if we substitute the series 
Aga? + + +.... 
for y in the equation 
we obtain an indicial equation 
+ y—1] =0 
with two principal roots 6 = 0, 1— y, and the usual infinity of roots involving 
the logarithm. Taking 
[n+ ’ 
we find for the root 6=0, the solution 


ly], 


and for the root 06=1—y a particular solution 


(La —y + 1] [B—y + 1] [2—y]s 2). 
In case 1— y be a positive integer, say p, we substitute for y the series 


n 


d(4, + B, log 


r=0 
Now if II,[m] denote the q-I function analogous to Gauss’ II function, 
= — 1]. 
d 


If log II,([m])* be denoted we have 


m 


Bn =A [m] + 
where A= log q/(qg—1). The substitution of 


+ B, log in +3][6 + S]y— [S][S—p]y=0 
gives an indicial equation [6][6— p] =0; and if = is to be a solution, 


Vi + Ot 0+ — —p 
r=0 
—AB,[6— p + 


* Proc. R. S. Lond., Vol. LXXVI A, p. 130. 


= 
q 
iif 
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must vanish identically. Hence 
9), 
So putting 6=0, and writing [a] [a+ 1]....[a+n—1]=[a],, we find a 
solution 


[rp]! +p], x) log x 


= 
* [n—p]! (1 (13) 


where ®, = ¥[n —1+ a) + ¥[n—1+ 8] —¥[n] —B[n—p]. We see that 


n—l+a m—1+8 n n—p 

The solution, in case 1—¥y be a negative integer, offers no difficulty, and in 
fact we can use a slight modification of Frobenius’ method to obtain these forms 
of integrals. Simply substituting >a in the q-difference equation, choosing 

[n+ 6]. [1 +6]. [n—pt+6]....[1—p +6] ’ 
make C[6], so that 
yo(S)y = — pe’, 


a+ 6], 6+n 
me 


n=0 


Two particular integrals will be given by 


dy 
and 133 


The first gives a constant multiple of 2Fi({a+p][G+p][1+ > p], x). The 
second, after making C= 1, reduces to (13), given above. In case 1—y isa 
negative integer, — p, we write c= [6+ p]C and find two particular solutions 


given by 


da 


p=1 
, 
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The first of these gives F,([a][@][1 + p],x): the second gives 


Pj — P] n 
+ 


[a — — 
+ 


1+ a— p| + B—p] — pln — p]. 
§ 6. 
The General q-Hypergeometric Series. 


F, [a,], [G1] [22] x), 


— Bm + 1]. - (8, 1], x), 


where m=], 2,3, 4,....,s and 1 — @,, is not zero or an integer, are solutions of 


x[3 + -. [3+,]y —[S][3 + (18) 


§ 7. 
Solution of [3 + k] y= V (Va given function of x). 


(14) 


We transform this equation into 

Expanding [$]~ in powers of 3, 


=) k-1 V 
x 
+@-}) 2, ( 1)" at V 


The solution of 


[S + a ][S + a].---[$+ on]y = V (16) 


by resolution of the inverse operator }[S+a,]....[S-+ a,]{~’ into partial frac- 
tions is obvious. Now an equation 


+ ayP(qx) + aP(x) = V, 


which by (5) becomes 


(q- 


- 
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in which V is a given function of x and the form ® is to be determined, is equiv- 
alent to finding a solution of 
[S + a][S+ Bly =V. 
In general, such an equation as (16), given above, corresponds to 
(q"x) + (g" x) +.... + + aP (x) = 
and ® can be determined provided the factors of the polynomial 


§8. 
Definite Integral Solutions. 
To determine a q-finite integral form satisfying the difference equations of 


the g-hypergeometric series we proceed as follows: Let 


are known. 


we note that 
A(1 — au)” = — a[n](1 — 


so that, using the formula for g-part integration, we have 
4 — uy! = — 1 — + uy”, 
Se = qu) — + — gu) 


Now in case n be positive, (1 — u)” vanishes when w= 1, so that we have 
1 


n—1) — m—2 n 
Su (1 —qu)' = (1 — 


0 
which serves to indicate a function B,([m], [n]) corresponding to Kuler’s Beta 


Function. If we expand (1— qu)? as 


and take the q-integral 
1 


term by term, we get 


| | 
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1 [m+n+r] 
+rj[m+r+ 1] 
it. ([m+n+7] 
+7] 
_ (2) 
+ 


313 


where I’, (m) is the basic or g-gamma function* whose difference equation is 


+ 1) = [n]P,(2). 


The above is a special case (for a=1—n, B=m, y=m-+1) of the well- 


known q-hypergeometric series 


F (8) 


L(y 
— — 8) 


the sum of which is 


If now we consider 
1 


Sw 1 — qu)’ (1—q*au) “d(qu) 


0 
and integrate after replacing (1 — g*xu)~ by its expansion 


1+ [ajo + 


we find that this integral is 


9), 


provided 6 and y — @ are both positive. 
Similarly, the double q-integral 


1 1 
S Sv qu) o(1 qv) "(1 — 
0 


(17) 


if we expand (1 — g*uv)~“* and integrate term by term the series which is abso- 


lutely convergent if |g|< 1, becomes 


1 


0 


(18) 


* Proc. R. 8. Lond., Vol. LXXVI A, p. 130. 


- 
= 
42 
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Replacing F,([a][y][e], ux) by the infinite series and taking the g-integrals 
term by term, we have for the general term 


— (e—y) [a] - - +70 (5—8) 
-[e+r—1] +7) 


so that (18) 


provided @,d5—8,y, e—y be all positive quantities. 
§ 9. 
In conclusion, it may be of interest to note that 
[S + n][S—n]y + 0 
is the g-equation satisfied by a function 


[2)[4].. [2n] [2][2n + 2] [2][4][2n + 2][2n + 4] 
In case n be not a positive integer, [2][4] .. [2n] may be replaced by a suitable 
g-gamma function. 
[$+ m+n] [S + m—n][$—m 4+ n][S — m—n]y + [29] [25 —2]2*y = 0 
is the equation satisfied by 


2) X x) 
— (—1)" + an + 
{2m + In + Art + art + ar}! 
The theory of these functions, apart from the g-difference equations which they 
satisfy, has been discussed (Proc. L. M. S., Ser. 2, Vol. II, Part III; Vol. ILI, 
Part I). 
We note that 


r=0 


n2+2r(n+r) 


i 
i] 
| 


On the Relation between the Sum-Formulas of 
Holder and Cesaro. 


By WALTER B. Forp. 


I. Introduction. 
1. If 
Uy + fu, (1) 


be a series (convergent or divergent) such that for some positive integral value 
of r the expression 7!" S/D® exists and has the value /, where it is understood 
that 


1 
8, =U (2) 
pe + 2)...-(r7 
n! 


then the series is said to be summable for the given value of 7 in Cesaro’s sense, 
and to have the sum 7.* The same series is said to be summable for a given 
value of r in Hélder’s sense, and to have the sum 7 when ,U@ 5s"? =1, where 
s = 8, and 

it being understood that s,, has the meaning already indicated. 

In the following paper it is proposed to study the relation between the 
sums / of (1) as given by the two preceding formulas. In this connection we 
shall establish the following theorem, showing that the formulas are coextensive 
in applicability and in their resulting sums. 

THEOREM. [Jf the series (1) is summable for a specified value of r by Hélder’s 
formula, it is summable for this value of r by Cesiro’s formula, and the two sums 


*It may be remarked that the value of the limit / is the same for all values of r for which it exists. 
+Cf. Bromwich, Infinite Series (1908), §§ 122, 123. 
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are identical. Conversely, if the series (1) is summable for a given value of r by 
Cestiiro’s formula, it is summable for this value of r by Holder's formula, and the 
two sums are identical.* 


II. Reduction of the Problem. 


2. We shall first consider the existence of the above theorem when the 
expressions s(), s'),s®, ...., 6, instead of being defined by (8), are defined by 
the following analogous system of relations : 

To do this it is desirable for our purpose to at once determine the n 
coefficients ay (n, 7), a, (n, 7), (n, 7), 7) (each being a function of both 
n and 7) such that for all values (positive integral) of m and 7 we shall have 

SY = a(n, r) + a,(n, 7) +....+,(n, 7) (5) 

Assuming for the moment the existence of such coefficients, let us suppose 

n to have some fixed value. From (2) we have 


= (n+ 7 + — (n+ 
so that (5) may be written in the form 
SO =(n + + 1)a(n, + (n+7)[a,(n, r) — ag(n aft) 
+ (n+ 7— 1)[a,(n, 7) — a,(n, + 
+ (7 + 1)Lan(n, 7) — ana(m, 7)] 
Moreover, since 


sc — + S&P 


*In his Dissertation entitled ‘‘Grenzwerte von Reihen bei der Anniherung an die Konvergenzgrenze”’ 
(1907), Knopp establishes the following result: I£ a series (1) is summable for a specified value of r by H6l- 
der’s formula, it is summable for the same value of r by Cesaro’s formula (J. ¢c., pp. 20, 21). By use of certain 
established results relative to the limiting values approached by a function defined by a power series at points 
on the circle of convergence, Knopp then remarks that the two sums / must be identical. The present paper 
may be considered to supplement these results of Knopp in two respects: (a) it establishes the equality of 
the last-mentioned sums without making use of extraneous theorems on power series, thus affording a new 
and independent proof of Hdélder’s original theorem (Math. Annalen, Vol. XX (1882), p. 535); and (b) it con- 
siders the converse theorem. 

The method which we employ was suggested by the above-mentioned investigations of Knopp. A 
different form of proof has recently been given by Schnee (Math. Annalen, Vol. LX VII (1909), pp. 110-125), the 
latter appearing shortly after the present paper had been finished and submitted for publication. While 
Schnee’s proof thus has priority, it is believed that the importance of the theorem, especially in its bearing 
upon the theory of summable divergent series, justifies the publication of a second proof. The paper has, 
however, been considerably condensed owing to the above circumstance. 

References to the literature of the subject may be found in the above-mentioned paper of Schnee. 
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we obtain by use of (6) the following relation: 
=(n + 7+ L)a(n, + (n + 1) [a,(n, 7) — a(n, 7) 
+ a(n— 1, r)] 8%tP + (n + r —1) [a,(n, r) — a,(n, 7) 
+ a(n — 1, r) — — 1, r) + a(n — 2, r)] +.. 
+ (r + 1)[a,(n, vr) — a,_\(n, + a,_,(n — 1, r) — 
a,(1, r) a,(1, r) a(0, r)] (7) 


From (5) and (7) it appears that the coefficients a(n, 7), a,(, 7), ----, 7) 
must satisfy the following system of equations: 


a,(n,r+1)=(n+7r—m +1) [a,,(n, 7) — 7) + — 1, 7) 
1, r) 


+ a(n —m, r)]; (m=0, 1, 2, 3, (8) 
Since S{ = (n + 1)s‘), as results from (2) and (4), it follows that 
1) =n $1, 1) =a,(n, 1) = a,(n, 1) = 0. 


If we start with these values (corresponding to 7 = 1), we may now compute by 
means of (8) the values of a,(n, 7), a,(n, 7), ..--, 4,(”, 7) for any given value of 7. 
Thus we obtain in the first place 
a(n, 7) (9) 
and when r>2 (15 m<n),* 
a,(n, (mn gy m + 7) 
(n—m+r—1)....(n—m+q+1), (10) 
where o,(7), 0.(7), ..--,6,;(7) are functions of r only determined by means of 
the relations 
o(r) =1+2+34....+ (r—1)=0,(7r —1) +(r—)), 
=0,(2) + 20,(3) + 30,(4)+..-.+(7 — 2)o,(r — 1) 
= 6,(r — 1) + (r — 2)o,(r — 1), i 
6,(r) =0,(3) + 20,(4) + 30,(5)+..--+(7 — 3)o,(7 — 1) (11) 
= 0;(7 — 1) + (r— 38)o,(r — 1) 


_ 1) ‘a 1. 


*In the condensation of the present paper already referred to, the actual demonstration by mathematical 
induction has been omitted. 


| 
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Similarly, it is desirable to at once determine the set of coefficients a,(n, 7), 
a,(n, 7), -.++, @,(”, 7) for which the following equation is satisfied for all (positive 
integral) eee of n and 7, it being understood that s{”, sf, ....,s® are deter- 
mined by (4): 

= r) a,(n, r) a(n, r) (12) 


Since SP? = SU+D — Sth relation (12) may be written in the form 


= a(n, 7) + [ay(n, 7) — ao(n, STA? + —a4(n, 
+. 7) — 7) ] 
Moreover, from (4) we have 


eft) + + + eff). 


Thus 
1 


+ [ay(n, 7) — aa(n, 7) + ao(m — 1, 7)] 


+ [a.(n, r) +a,(n—1, + a(n —2, 
+ 
+. -+ a,(1, r)— a (1, r) + 
The coefficients a(n, 7), a,(n,7), .---,@,(n,7) must therefore satisfy the 
following system of equations: 


1 
Am(n, 1) n+r+1 [on(2, r) (n, r) + r) 


— (n—1, r) + + —m +1, 1) + a(n —m, r)]; 
(ma 0, 1,2, 3, (18) 


so 1 
Now we know in particular that s? = n+1° Whence, a(n, 1) = | 77% 


a,(n, 1) =a,(n, 1) =....=a,(n,1) = 0, and, starting with these values (corre- 
sponding to r=1), we may compute by means of (13) the values of a(n, 1), 
a,(n, a,(2, 7). 


Thus we obtain 


1 


and when r>2 (1<m<n), 


‘ 
| 
| 


Sum-Formulas of Holder and Cesaro. 319 


where P,(n,m,r)=1 and P,(n,m,r) (1<g<m) represents the sum of the 
products of the factors (n + r— 1), (n-+r—2), ..--,(n+r—m-+1) taken g 
at a time, and where 7,(7r), 7.(7), .---, T,-;(7) are functions of r only determined 
by the following relations: ’ 
T(r) (r—1), 
T(r) = 27,(2) + 37,(3) + 47,(4) +....+ (7 — 1)4,(7 —1) 
= — 1) + (r — 1)7,(r — 1), 
= 3%,(3) + 47,(4) + 57,(5) +.... + (r— 1)2,(7 — 1) 


(16) 
= —1) + 1), 
= (r — 1)t,-2(r — 1) =(r— 1)! 
= %,4,(7) = (7) = 0. 
It may be observed at this point that if we place 
(n+ 
we shall have, as a result of (12), (14) and (15), 
= TY + Bin, +--+ + B,(n, r) TY, (17) 


where 
1 m 
Brin, 7) = (n+ 7r)(n +r—1)...-n+r—m +1) m, 1); 
(1<m<n), (18) 
the expressions P,(n, m, 7) and 7,(7) being those indicated above. 
In view of these results we may now state the original problem of §1 as 
follows, at least when the expressions sj”, s{”, ...-,s8" are defined by (4): 


(a) Given 


n 
S =P an(n, 
m=-0 


where a,,(n,7) (OS m<n) is determined by (9) and (10). To show that if 
= 1 then =. This last equation may also be written in the 
form S/n" =1/r! since 

r! 

(n+ +2)...- (n+ 7)° 


(b) Given 


n 


m=0 


4 

i 

| 
i 

| 
a 
| 
4 
i 
{ 
4 
| 
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where @,(n, 7) = 1 and 6,,(n,r) mn) is determined by (18). To show 
that if =i then i. 


III. <Auailary Theorems on Limits. 


3. In order to prove statements (a) and (b) of §2 we shall make use of the 
following general theorem in the theory of limits: 

(I) Let c,, cy, cs, ...-,¢, be a sequence of quantities (real or complex) such 
that %c,=g, and let 5,(n), b,(n), b(n), ...-, 5,(n) be a set of n functions of n 
each of which is positive when n is positive, and such that 


+ + + 8, (n) 0; m= constant > 0. 


Then 


im + + +. --- + =g 
m=2B(n) +6(n) +4(n) 

In fact, we shall have under the above hypotheses c,=g + &,, 2m &, =0; 
so that, having chosen an arbitrarily small positive constant «, we may deter- 
mine a value m such that for all n >m we may write the following relations, in 
which for brevity we place b,(n) = b,, b(n) = b, ete.: 

b +2, +...-+6, 


where C is the greatest of the quantities |c,|, |c.|, ..--,/¢,|. Thus the truth 
of (I) becomes evident. 

We add that in case the functions 5,(n), 6,(n), ...-, 5,(n) are not assumed to 
be positive, we obtain in like manner the following result : 

(II) Let c, cy, cy, ..++, Cy be a sequence of quantities (real or complex) 
such that =g and let 6,(n), 5,(n), ...-,5,(m) be a set of n functions of n 
satisfying the following two conditions: 
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me b(n) + +.---+ 8, (n) 
| | + |+-.- =constant independent of n, 
+ b(n) +....+ b,(n)| n > = constant. 
Then 


m = constant > 0, 


lim b,(n)e, ++ bo(2)e + + b,(n)e, 
"="b(n) +6(n) +...-+6,(n) 


IV. Proof of Theorem. 


4. We turn now to the proof of statement (a) of § 2. 
From (II) it follows that if = 7 we may write 


(n, r)s 
li m=! 
n=00 =I, ( 1 9) 


shin 


m=] 


provided we can show that 


n 


7) | 


lim +1 


a =0; m,= constant independent of n, (20) 


An (2, 7) 


m=1 


| r) | K 
mel K: = constant independent of n, (21) 
n > = constant. 


From “ and (9) the relation (19) is seen to be equivalent to the following: 


m=1 


Thus, statement (a) will follow if we can establish (20) and (21) together with 
the relation 


1+ r) (22) 


m= 


Now, from (10) we see that when n = the: numerator of (20) becomes 
infinite like n"-*, it being the sum of m, terms each of which has this same 
43 
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property. However, the denominator of (20) becomes infinite like n” when 
n=o. To see this we note that from (10) we have 


m=1 (n—m+r—1)....(n—m+g+1) 
— 1)%o,(r) — k)! 
(A+7r—2)....(k+g). (23) 


Moreover, we may write 


=(n —k)(n—k—1)....(n—k—g +2) 


where 6,(%) is of degree py—1 ink. The second member of (23) may therefore 
be put into the form 


tt) + 


(— 
+ ¥(n)}, 


where y(n) is of degree p in n. Thus, it not only appears that the denominator 
of (20) becomes infinite like m” when n= ~, but that the coefficient of n” in 
the same samen is 

Equation (22) may therefore be replaced by the an 


1 


r—lI 
(r—g)! 
1 + (24) 
g= 
From the above conclusions it appears that equation (20) is satisfied; also 
equation (21), since the same reasoning shows directly that both the numerator 
and denominator of (21) become infinite like »” when n= ©. It remains then 


but to establish (24). 
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If we multiply the first member of (24) by ae using for this purpose 


the form 
1 


and subsequently writing 


we obtain 
g=2 (—1) ay 
+ (r (r+ 1)! 1? 


which, by use of (11), becomes 


r ' 
1 + 1)%a,(7 + 1) (r 

But this is the expression obtained from the first member of (24) by replacing r 
by r +1, and since (24) is at once verifiable for = 2, it follows that it is true 
for r=r. Hence, statement (a) becomes established. 

We proceed to establish in an analogous manner statement (b). Since the 
coefficients @,,(n, 7) (0<m<n) are all positive, we may evidently employ in 
this case the result (I) of § 3. 

Thus, we know that if 23 7 =/ then 


n 
( n, r) 


lim m=1 


Nn (25) 


7) 


m=1 


provided that 
7) 


tim Q;_ m, = constant independent of n. 


But equation (25) is equivalent to 


n 
— Te — 1-4 r). 


m=1 


i 
(r) 
n—m 
Bm(n; r) 
m=1 

{ 

4 

4 
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The desired result (b) will therefore follow if we can establish (26) together 

with the relation 

1+ 22 r)=r!. (27) 
m=1 


Moreover, relation (26) will follow at once as soon as (27) is established, 
since it appears from (18) that the numerator of (26) vanishes when n= o, it 
being the sum of m, terms each of which has this property. It therefore remains 


but to establish (27). 
If we now write the expression for 


7) 


as determined by (18) it is readily seen to be of the form 


a), 


where f,(n, r) = and f,(n, r) (25 g<r— 1) is determined by the following: 


n 
n+r 
1 
r) n+r 1) + — 2)+ + f,-:(1)]. 
Thus it appears that 2% f,(n, r) = 1, so that (27) may be replaced by 
¢(r)=r!. 
g=1 
This relation is now easily established, since we have 
(147) E + |= 1+ [x(r) +r] + +... 
g=l 


+ + 7t,_2(7)] + 
which from (16) reduces to 


1 t,(r + 1). 


g=1 
The theorem of §1 thus becomes established, provided the expressions s{”, 
sf, ...-, 8 are defined by (4). 


5. It remains to show that the systems (3) and (4) are equivalent in the 
sense in which we have just shown (2) and (4) to be equivalent. In order to 
avoid duplicity of notation let us suppose hereafter that the expressions s®, 5, 
of (8) are called y®, ...., y respectively. 


2 


n 
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We proceed to determine coefficients y(n, r), y,(n, 7), ¥n(m, 7), each 
a function of n and r and such that for all possible values of these quantities we 
shall have. 

The process by which this may be carried out closely resembles that by 
which the coefficients a)(n, 7), a,(n,7),..--,a,(n,7) of (5) were determined, and 
we shall therefore merely indicate the essential steps. 

From the relations 


6 = (n+ 


(r+1) — (29) 


in conjunction with ba we find that 


r+1j)= n r +1 7) + 1,7) 
— — 1,7) +...-— y(n —m + 1,7) + y(n — m, ; 
(m= 0, 1, 2, +++, 2). (30) 
n+ 1 
Now, we have by inspection 6,(n, 2) = ee Thus 
(n + 


yon, 1) = (n+ 2)(n+3)....(n+r)° 
Moreover, since we have in like manner y,(n,2)=0, while y(n, 7) as just 
determined is such that y(n, 7) — yo(n — 1,7) vanishes like 1/n? when n= o, 
it follows from (30) that when n= o the coefficient y,(n, 7) vanishes like 1/n’. 
Similarly, we find that y.(n,7r) has the same property. More generally, it 
appears that when m= o the coefficient y,,(n, 7) (1 << m <n) vanishes to as high 
an order as that of the expression 


=) 
the order of which is the same as that of = In other words, 
= constant (0 incl.) ; (1< mn). 
When =/ we may therefore write 


r) — 


m= 


4 
0 
4 
i 
f 
| 
f 
| 
4 
i 
{ 
| 
| 
| 
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and hence 


lim YT) — lim (r) — lim (r) — 


In order to establish the converse of this result, we proceed to determine 
the coefficients 6,,(n,r) for which the following relation is satisfied : 


From the relations 
Yn = (n r+ — (n+ 
= + + 8M +....4 
we find that 
7) — 7) + — 1, 7) 


n+1 
— m, ; 1, 2, (31) 


Equations (31), together with the special equations 6,(n, 2) = ars 6,(n, 2) 


= 6,(n, 2) =....=6,(n, 2) = 0, enable us to show as in the preceding case that 
if ims” =7 then ,'™ y” =/, thus completing the proof of the theorem of § 1. 


ANN ARBOR, August, 1909. 


Sur un Exemple de Fonction Analytique Partout 
Continue. 
Par D. Pompeu. 


J’ai démontré, par un exemple (Comptes Rendus, 28 novembre, 1904), l’exis- 
tence des fonctions analytiques partout continues. 

Voici cet exemple, sous sa forme la plus simple: 

Considérons, dans la plan de la variable complexe uw, un ensemble £: 
borné, parfait, partout discontinu et d’aire partout non nulle. Désignons les 
points de cet ensemble par ¢ et par z les autres points du plan. La lettre wu 
désignera donc les points du plan lorsqu’il n’y aura pas lieu de distinguer si ces 
points sont des ¢ ou des z. 

Cela posé, définissons une fonction @ par les conditions suivantes : 


o(2) =0. 
Maintenant la fonction dont il est question est définie par l’intégrale double 
(au sens de M. Lebesgue) 


étendue 4 une région (2), du plan, contenant tous les points ¢ de l’ensemble £. 
Par do je désigne l’élément d’aire au point w. 

En chaque point du plan |’intégrale double nous donne une valeur bien 
déterminée de F. 

La fonction F, ainsi définie, est continue dans tout le plan, done continue 
aussi sur l’ensemble # des points singuliers. 

On sait que jusqu’d présent tous les exemples de fonctions analytiques 
connus présentaient cette particularité que les points singuliers étaient, en méme 
temps, des points de discontinuité. La question s’est posé alors de décider si 
c’était 14 un fait essentiel tenant 4 la nature méme des fonctions analytiques ou 
un pur hasard. En d’autres termes: une fonction analytique uniforme peut-elle 
étre continue sur l’ensemble de ses points singuliers? 


4 
F (wu) =f do 
(R) 
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C’est pour répondre par l’affirmative 4 cette question que j’ai construit 


l’exemple rappelé ci-dessus. 

Mais la fonction F' a été considérée souvent comme non concluante, notam- 
ment parce qu’elle est identiquement nulle si l’aire de £ est nulle. 

Dans ces conditions M. Denjoy a cru utile de montrer, dans une Note des 
Comptes Rendus (3 mai, 1909), que la fonction F est un exemple probant. 
M. Denjoy précise certaines questions, pour lesquelles je m’étais rapporté a la 
théorie du potentiel logarithmique, et en particulier la question de la continuité 
de Fen tous les points du plan. 

Mais l’inégalité donnée, a cet effet, par M. Denjoy n’est pas assez précise. 
C’est pourquoi je me suis proposé de reprendre la question de la continuité de F 
et de rectifier, 4 cette occasion, une affirmation de M. Denjoy relative 4 la dérivée 
F' de F. 

Je tiens, d’ailleurs, 4 reconnaitre la rigueur et l’élégance avec lesquelles 
M. Denjoy met en évidence les autres propriétés de la fonction F. Ainsi il 
démontre que la fonction F n’est pas identiquement nulle et qu’elle admet tous 
les points ¢ comme points singuliers. 


§ 1. Continuité de la fonction F. 


Pour démontrer que la fonction F(w) est partout continue on doit chercher 
une limite supérieure de la différence 
— 
u' et wu” étant deux points quelconques dans le plan de la variable complexe u. 
M. Denjoy trouve, aux notations prés, 


F(t) — F(w)| log (1) 

k étant une constante indépendante de w’ et w’. Mais on voit bien que cette 
inégalité ne peut pas avoir lieu quels que soient les points w' et wu’. 

Je me propose de montrer que la fonction F(u) satisfait, dans tout le plan, 
a la condition de Lipschitz 

| — F(u"')| — 

k étant une constante indépendante de w’ et wu”. 

On a 
dia (2) 


F(u') — = (w — 


(U— 


i} ‘ 
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en désignant toujours par (#2) une région du plan contenant tous les points f de 
lensemble £. 

Tout se réduit donc a la recherche d’une limite supérieure pour le module 
de l’intégrale du second membre. 

Pour.cela je partage le plan tout entier en deux moitiés par une droite (D) 
perpendiculaire sur le segment ww” et passant par le milieu 4(u' + wu”) de ce 
segment. 


Maintenant j’observe que 


r= |, 


da 


en posant 
|u—u" |. 


Si la droite (D) partage la région (#) en deux parties* on aura 


do = 


en désignant par (J’) la partie de (#2) qui contient le point w’ et par (#”) la partie 
de la région (#) qui contient le point wv”. 


= =f; doo 


nous mettrons |’origine des coordonnées polaires au point vw’. Alors 


do .d@.dr’ 


Pour calculer 


et l’intégrale J’ devient 


® ar de. 
R)T 


Intégrons d’abord par rapport a 7” en laissant # constant. On aura 


ag fs 2 dr’, 


p’ étant une certaine fonction de @, dépendant de la forme du périmétre de (F’). 
Mais 
dr’ 


* On peut évidemment supposer que le périmétre de la région (#) est une courbe convexe. 


44 


| 
| 


chaque point u =. 
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puisque ¢, d’aprés sa définition, est nul en chaque point w=z, et égal a un en 


Appliquons maintenant a l’intégrale du second membre le théoréme de la 


moyenne: il viendra 


dr 
6’ 
p” a ( ) 


en désignant par p” la moyenne des valeurs de 7” lorsque 7’ varie de 0 4 9’, 


Vangle & gardant la méme valeur. 


Mais, comme on a, dans la région (f’), 


et seulement pour les points wu de la droite (D): 
on conclut 
1, 
ou encore 
d’ot 


= Qn. 
0 


Le méme procédé s’applique 4 l’intégrale 


et l’on trouve 
d’ou, pour 
[= >. anal 
(zy) — w’) — u") 
|I| 47x. 


Alors l’égalité (2) nous donne 


| F(u') — F(u")| << —u'|. 


C’est done cette formule précise qui doit remplacer |’inégalité (1) de 


M. Denjoy. 


da, 


(3) 


an 
| 
| 
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$2. La dérivée de F est bornée. 


Dans une autre Note des Comptes Rendus (9 aout, 1909) M. Denjoy traitant 
des fonctions F'(u) partout continues, et précisément du cas ot la dérivée F’ (u) 
est bornée, ajoute: ‘‘Cas dont on n’a pas jusqu’ici formé d’exemple.” 

M. Denjoy pense donc que la dérivée F’ de la fonction F, du § précédent, 
n’est pas bornée. C’est, en effet, ce qui semblerait résulter de l’inégalité (1) de 
M. Denjoy. Mais nous venons de voir que cette inégalité peut étre précisée et 
remplacée par l’inégalité (3) de laquelle il résulte évidemment que la dérivée F” 
est bornée. 

C’est donc le contraire de l’affirmation de M. Denjoy qui est vrai: on n’a 
pas encore formé d’exemple d’une fonction F (wu), partout continue, ayant la 
dérivée non bornée. 


§3. Autres propriétés de F. 


J’ai déja dit que M. Denjoy s’est occupé, en dehors de la continuité, d’autres 
propriétés de la fonction F. Je me propose de chercher une limite supérieure 
du module de F'(u), quel que soit u, dans le plan. 

On a, par définition, 


F(w) = Jan 
Mais F étant, en dehors de l’ensemble £, holomorphe et nulle 4 l’infini le 
maximum de |F'| correspond 4 un point de #. Nous sommes donc amenés a 
étudier les valeur de | /'| pour les points ¢ de £. 
Prenons donc un point % et cherchons une limite supérieure de | F(¢)|. 
On a 


J, 
d’ot 
FOI < ff, % do 


en posant 
ju—f| =r. 


Prenons comme région (/) un cercle, ayant le point ¢ comme centre, con- 
tenant dans son intérieur tout & et contenant sur sa circonférence au moins un 
point de Z. Ce cercle est unique et bien déterminé: soit p son rayon. 
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Mettons |’origine des coordonnées au centre ¢ de (#) et prenons des coor- 
données polaires. Alors 


du =r.dé.dr 


do= o.dr. dé. 


J’augmente cette intégrale en prenant, partout dans le cercle (R), ¢= 1. 


Donec 
|F(2)| <f a6 


| < 2p. 


Mais en variant le point pris comme centre de (#), la plus grande valeur 
que peut prendre p c’est 6, diamétre (Jordan: I, 28) de l’ensemble £. 
Donc a 


d’ou 


Ou, enfin, 


| F(u)| << 27d 


quel que soit le point w, dans le plan. 


UNIVERSITE DE Jassy (ROUMANIE), Décembre, 1909. 
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Symmetric Binary Forms and Involutions.— Continued. 


By Arrtaur B. Cosie. 


§ 11. Introduction. 


This paper is a continuation of two others under the same title in this 
Journal.* The numbering of paragraphs and theorems follows that of the 
earlier papers. 

As a preliminary to the study of the symmetric form H, 3 some facts and 
formulae which refer to the forms H,; and A). are necessary. 

The binary cubic 


(a x)’ = — — + aj 


will be represented by a point XY in a space §;, and the binary cubic, (az), 
similarly expanded will be represented by a plane U if we write 


A= @, 4,=3a,a], 


= ai, U, = aja, = a, a3, U; = az. 


Evidently point XY and plane U determined by the same binary cubic are point 
and null-plane in the null-system set up by a cubic norm-curve, N;, in §3. 

The condition that the four points, Xq, X~, X~, Xw, or the four planes, 
Uy, Ue, Us), Uw, which represent the cubics, (a (bx)’, (cx)’, (dx)*, shall, 
respectively, lie in a plane, or lie on a point, is that the four cubics be linearly 
related. The condition that plane U given by (aa) and point X given by (bz) 
be incident is that the cubics be apolar. The formulae of transition are 


(101) (Xa Xe, Xe Xw) = 9 (a4) (ac) (ad) (bc) (6d) (cd), 
(Uy, Oe, Os, = (46) (ae) (ad) (bc) (64) (cd), 
(UX) = (ab)'.t 


* Vol. XXXI, p. 183 and p. 355. 
+ In writing the binary form which corresponds to (UX) we shall, as a matter of convention, always put 
first in the apolarity condition the cubic which corresponds to U. 
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The symmetric form 
3 = (a, (a2 22)” 

is represented by a quadric. The point pair, (az)*, (b%)°, is apolar to the quadric 
if (a,a)*(a,b)®=0. The three values of x, determined by H,, when 2, is given 
are the parameters on N; of the three points in which the polar plane of the 
point, x,, on N; as to the quadric meets N;. 

From (15) and (16) or directly from (101) we find the binary comitants of 
the form H,,, which correspond to the quaternary comitants (polarized) of the 
quadric. The formulae are 

(102) Ay Ay = A, = (aX)? (dg Xp)? = (az = 

(aa'a" u) (aa al! v) = (aya!) (a, a4") (ag (a, a4") (a4 a4" 
= (a (a 
(aa! a! al")? = (a, (dg 
== (a, a;)..--(a;' (aga)... . (ay! ag"). 
Also let 
N, = (x; (a (a x2) 
be the «* quadrics which contain N,. A member of the system is singled out 
by the quadratic, (a x)’, which determines the two tangent lines of NV; which also’ 


lie on the quadric. 
The apolarity of the quadric H,; in planes with all the quadrics con- 


taining N3, 7. e., 
(aa! a" = (a; a2)’ (a, x) (a,x) = 0, 

has been found in (23) to be the condition that the form H, ; determine an invo- 
lution {,;. If this condition is satisfied and, at the same time, (aa/a"a!)? =0, 
then H,,; in planes is the square of the double point of H,;, and this double 
point must lie on V;. The parameter of the double point is the sixfold root of 
(a,x) (a,x)? =0. The consists of an and a neutral point, the double 
point itself. In fact the quadric cone H,; and the quadric cone which projects 
NN; from the double point of H,,; are cut by any plane in apolar conics in the 
involution relation of § 6. 

If H,; is a pair of planes, the condition, (aa/a" N)’? =0, is satisfied, but 
it is clear that H,,; will have the involution property only when the axis of the 
planes cuts WN; twice. The /,, is then made up of two points, each neutral, 
whose parameters are determined by the axis, and an J, ,. 
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§12. The Form H,; as a Cubic Surface. 
Writing as usual | 
= (a; (Gz (ag = (aj (ag (a3 -, 


we recall the representations of H,; as a parametric spread and an apolarity 
spread with respect to N;. 

If 2, %, a3 satisfy the relation, H,;—=0, the planes of N; with these 
parameters meet in a point X of the parametric spread which is manifestly 
a general cubic surface, T;. If a,,...-, 2; are an involutive set of H,,;, the 
corresponding five planes of NV; form ‘‘an inscribed 5-plane of I” (§ 3). 

If x, 2, v3 satisfy the relation, H,;—=0, the points of MN, with these 
parameters form an apolar triad of the apolarity spread which is also a general 
cubic surface, C;. The point X which represents the cubic (ax)? = (a! x)? = (a" x)? 
lies on C; if (a, a)* (a, a')* (aga)? = 0. If a,..--, are an involutive set of H, 3, 
the corresponding five points of NV; form ‘‘an antorthic 5-point or A§ ; of (§ 2). 

From (23) the identical vanishing of the form 


(103) (a; (a3 a)* (a3' (ay Og)” (a Y) (Ae Y) Y2— 2AM Yo + 


where the symbols a are defined in (102), is the condition that H,, be an J, 5. 
This gives three relations, c, = 0, each of the ninth degree in x, which must be 
identically satisfied. If C; has an A}, on N; with parameters 2,,..-.-, 25, the 
polar quadric of any one has the other four points as an A}.,, whence it is apolar 
to all the quadrics containing J; and for this particular x the form (103) vanishes 
independently of y. Hence the quintic IIl(xx,), 1=1,2,...., 5, is contained 
as a factor in the three equations, ¢,=0. If C, has a second A}; on N3; with 
points entirely distinct from those of the first, the equations, c, =0, of degree 9 
must be satisfied by the parameters 2,,...-, 2% of the two A},’s and must 
vanish identically. Thus H,, is an J,, if it has two distinct involutive sets. 
Again let 2,, 2, be a neutral pair of H,;. Then the polar quadric of x, as to CG; 
has a double point at x,, and vice versa; z.¢., the point pair x, 7, on N; isa 
pair of corresponding points on the Hessian, H, of C;. Hach polar quadric is 
apolar to all the quadrics on V;, whence each equation, c,=0, has the factor 
(x a) (xa). If then has five distinct neutral pairs, the equations, c,=0, 
must vanish identically and H,,; is an J,,. Since the general J, arises from 
the meets of a plane rational quintic, RY, with lines of the plane, and since the 


| 
a 
4 
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neutral pairs of J, correspond to the six double points of RY, the existence of 
five neutral pairs must imply that of a sixth. Hence: 

(104) Ifthe form H,3 has two distinct involutive sets, or if it has five (and & 
fortiori, six) neutral pairs, the form is an Ih 5. 

This algebraic result can be applied to the parametric spread, T;. If a, 2, 
is a neutral pair of H,,;, the planes x, and z, of N; must meet in a line of the 
surface [';. Two neutral pairs of H,; determine two lines of [;, necessarily 
skew. Denote by Z; and M,, i= 1, 2,...., 6, the two sets of six lines of a 
double six of T;. Then, if H, 3 is an 1,3, N3 has the six skew lines LZ, of a 
double six of T'; for axes. Using the dual of the theorem that on a cubic surface 
there is a system of «” cubic curves which cut a set of lines Z; twice, we find, 
corresponding to the 72 sets of Z; on T;, 72 systems of «* curves N; with a set 
of lines Z; as axes. On each J; there is a system of ? five-planes inscribed in 
l, and in an J,,; on N;. These curves N3 will be called ‘parametric involution 
curves of [;.” 

We shall now seek to determine the /,, on the involution curve N;. 
Keeping in mind the connection of J,; with RY, we shall call the parameters 
of the double points d; of RP, x1, x. respectively, 7= 1, 2,...., 6; and call the 
parameter of the further meet of the line d,d, with R®, d,,. The same notation 
is transferred to the parameters of the planes of N;. If a line cuts RP in five 
points, the corresponding 5-plane is inscribed in T;. The inscribed 5-planes of 
T'; on N; which contain the neutral pair x,,, x. each contain three other planes 
whose parameters are determined by a pencil of binary cubics, whence the points 
X of T; lie on a line. Since every other neutral pair is contained in some one 
cubic, this line cuts every line Z, where k 7, and must be M;. Thus the three 
planes of NV; on any point of MY, together with the two planes of NV; on L, make 
up an inscribed 5-plane of Let I, L,, ik, be the meet of the lines 
and L,. The planes on M, Lj, are Xe, Aj, and on M, L; are Lio, Aix; 
i. e., the plane d,, of N; vontains the line UL, I, L;. 

The double six ZL, Y, is a self-dual configuration and determines, in addition 
to the point spread on it, a cubic envelope A;. On As, of course, the lines are 


double lines. The other fifteen double lines are /,L, M,£;. All the planes 
of N; are planes of A;; two planes are on each line L,, one (namely d,,,) on each 


line Mf, L,, M,L, and none on each line M,. If therefore the planes of A, be 
mapped on the points of a plane II in the well-known way — by coordinating 
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the six lines Z; to the six fundamental points d, of TI — the planes of N; are 
mapped on a rational quintic R®. This R® can be only a projective modification 
of R®. For the 15 lines d,d, cut R® in points with parameters 2,,, 22, 2x1, 
2,9, 4;, which are precisely the points of RY cut out by the line d,d,. Hence 
the J,,; of R® is the same as that of R®. Since the J, of RE is cut out by the 
lines of II, it will be cut out on N; by the ? cubic curves on A; which have 
the six lines M; as axes and which have, therefore, five planes in common with 
N;. Summarizing the above, we find that: 

(105) If two distinct 5-planes of N; are inscribed in T;, or if N; has five (and 
a. fortiori, six) lines L; of T; as axes, then there are »* 5-planes of N; inscribed inT; 
and lying inan There are 72 systems of involution curves N3. The 
on N; is cut out by the system of involution curves whose axes are the six lines M, 
which form with L, a double six of T;. One finds thus, among the ~° inscribed five- 
planes of T;, 36 systems of «*, each system being determined by a double six of T;. 

As a corollary there follows: 

(106) The rational invariant system of an RY coincides with the simultaneous 
rational invariant system of a cubic surface (after the adjunction of the irrationality 
which separates one of the sets of six lines of a double six on the surface) and a cubic 
curve with the sta lines as axes. 

This corollary differs in geometric statement, and not in essential algebraic 
significance, from that derived at once by mapping the plane of RY on a cubic 
surface by means of the six double points of Rf. 


§13. The Apolarity Cubie Surface of the Form f, ;. 


We have seen that if C, is the apolarity surface of an J,,, then the norm- 
curve WN, can be defined to be a proper cubic space curve which cuts the Hessian, 
H, of C, in six pairs of corresponding points. Such cubic curves will be called 
‘“‘apolarity involution curves” of C3. 4,3; contains six absolute constants, while 
C; contains four at most. If, for the general J,;, (C; itself is general, it must 
have o”* involution curves. But if C; is necessarily subject to & conditions, it 
must have «*** involution curves. We shall prove that GC; is general by actually 
finding involution curves of the general surface. 

Let the Sylvester pentahedron of be a, x2, ...-, a3, where a,=0. 
Denote the five planes x; by I,, their ten lines of intersection by T,,, and their 


45 


hy 

| 

it 
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ten points of intersection by II,;,,; t, 4,7 = 1, 2,...-, 5. Take for the equations 
of C, and H 
=1+3+4 =9 
2 2 2 2 
4 


The lines II,, are on H and the points I,,, are double points of H. The polar 
quadrics as to G; of points on II,, are cones with double points at II,,,,,; in par- 


ticular the polar quadric of II,,, is the pair of planes ‘ 
Am An Am An 


which will be denoted respectively by and The pencil of 


polar quadric cones of points on I],;, have four common generators, 


Am An 


These lines will be denoted by ( Salil 


tikn tk il 
om The lines of a pair such as 
the lines of the pair Sees 4 a) meet those of the pair - . ve in the four 


) meet in a point I,,,, while 


points where for example ae denotes the point with 


& & 
coordinates a,, — G2, —a,, —(a,— Evidently there are 
40 points a ssi hs the 8 just written being the poles of the plane II,, of 


the Sylvester pentahedron. 
To obtain another property of the 40 lines “ id ee quite useful for our 


purpose let y be a point on H, whence is its corresponding point and Sy,=0, 


2 2 2 
>%=0. The points y and will lie on a line with I],,, if ay, +~%=0, 

Yi Yj 
j=i,k,l. Hence y satisfies the relations Yi — Yi Ye — oe i. e., it lies on one of 


a; a, ay 


the four lines 
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Collecting these facts, we have: 
(107) There is a set of 40 lines each of which passes through a double point of H 


and meets H further in a pair of corresponding points. The four lines ( 3 ie meet in 
the point I1;,,. Cones on these four lines are the polar quadrics of points on the line 


ILnn- The lines and are skew; the lines and 


bond are skew; while the lines ( Pee and ( +44) incident at 
the point ( z : : -) which is a pole of I1,, and in the plane ‘in 2) which is 


a part of the polar quadric of Tj; m» - 
Two other groupings of points will be used. The eight poles of the plane 


according as the number of negative signs is even or odd. It is evident from 


); divide into two sets of four denoted by ¢, , and ¢,_ 


the coordinates of these points that: 


(108) The eight poles of Il, divide into two tetrahedra t, , and t,_ which with 


the tetrahedron t, = 11,11, 11,1, form a desmic system. The 16 lines of per- 


kl 


spection of the system are ( a ae 


tkim 
by (+++++) and singly by p,, po,..--, ps. The five points are poles of 
the five planes II;. The ten lines which join them are on the ten points II,,. 


We consider now the five points ), which we denote collectively 


The ten planes which join them are the planes e ae! The mixed polar 


planes of the points two at a time are the planes CG ie) We find in all 16 


such sets of five points corresponding to the 16 symbols (+ + + + +). 
A fairly inclusive statement of the incidence relations in our configuration 
is this: 

(109) The 40 poles of the five Sylvester planes can be divided in 16 ways 
into sets of five points such that each set of five points and the ten planes on them, 
together with the Sylvester five planes and the ten points on them, form a Desargues 
configuration (15,, 203). Jn each configuration ten lines are determined by the 


| 
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Sylvester planes ; the other ten lines are found among the 40 ( nd . a) Each of 


the sixteen configurations is self-polar as to a quadric of the type 


2 2 9 
Writing C; symbolically as ai = 03 =...., we have the plane equation of 


the polar quadric of a point 2, a,b,c, (abeu)? =0. If x and y are corresponding 
points on H, then 


a,b, ¢, (abeu) =p.ui, 


and 
a,b,c, 


Let a =a® be any quadric; it determines an “‘associated cubic surface,” 
C’, = a,b, ¢, (abca), the locus of points x whose polar quadrics are apolar to a. 
C, contains the ten points II,,,;, and as a changes VU, runs through the linear 
system of cubics on these ten points. C, meets H in a 12-ic curve, the locus of 
points which correspond to the points of the octavic curve in which a meets H. 
Let x be a point on H, a, and @,, and let y be its corresponding point. Then 
y lies on H, C,, anda; %.¢., the sextic curve in which a and C, meet cuts 7 
in twelve pairs of corresponding points. 

(110) There is a system of °* sextic curves, the meets of quadrics a with their 
associated cubics C, which cut the Hessian of a cubic surface in twelve pairs of 
corresponding points. 

If a contains a point 1;,,, C, contains the line II,,,. If a contains the 
four points t;, C, contains the four lines IJ;,. Hence the plane II, which meets 
C, in these four lines must be a part of C,. The other part of C, must be a 
quadric which also is on the vertices ¢;. Thus each quadric on 7, determines 
another of this same kind. Let us consider this correspondence for the case 
t=5. A quadric on is b,,%,x,=0, where 1,4=1,2,3,4 andt$hk. The 


polar quadric of x in planes is This is apolar to 2; 
l,m,n=1 *m“n 


i,k=1 Om Oy as i,k=1 


between and its associated quadrics bj, 2, x, =0 is given by 


1g = 0305 by, bis = a3 af by, big = a5 Dog, 


by, = aj ag Dye, by = aj aj bys, bog = aj aj by. 


i 

‘ 

1 
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Evidently this relation is involutory and the two nets of quadrics 
are each self-associated. Denote these nets by Q;, and Q,_ respectively. The 
net Q,, is on the eight points ¢, and ¢,,; the net Q;_ is on the eight points 7, 
and ¢;_. On account of the involutory relation each quadric of the one net 
meets each quadric of the other in a quartic curve which is on the four points 7; 
and which meets H further in four pairs of corresponding points. Since each 
quadric in a net is associated to itself, it meets H in an octavic curve which has 
double points at the vertices of ¢, and which contains «! pairs of corresponding 
points. Hence: 


(111) The ten nets of quadrics Q,+ on the eight points of t, and t, meet H 
in ten systems of * self-corresponding octavic curves. The meets of the nets Qi 


and Q;_ determine five systems of «* quartic curves on the vertices of t;, which meet 
H again in four pairs of corresponding points. The meets of the nets Q;, and Qy+ 
determine forty systems of «* quartic curves which pass through l,m, and meet H 
again in seven pairs of corresponding points. 

To locate involution cubic curves in one of the forty systems just mentioned 
let us take, to fix ideas, the nets Y, and Q;_. Their quartic curves of inter- 
section pass through IT,.;. Since, as we shall see, an involution cubic curve 
can not in general pass through a double point of H, if one such quartic curve 
is to degenerate into a line and a cubic curve, the line must pass through IT,.; 
and meet H again in a pair of corresponding points. It must therefore be one 


12 3 13 3 
of the four lines 4 The net Q,_ 


is on the base-points t, and ¢,_. Since these are desmic, the cones of the net are 
found in four pencils with double points at ¢,,. Of the vertices of ¢,,, a single 
1 2 3 


The pencil of cones with vertex at p, and on 7, and ¢,_ has the base-generators 


, and we shall take it to be 


one, namely p, =a, a, a3, \, a5," is found on the chosen line ( 


* Here and elsewhere one of the five coordinates, the negative of the sum of the other four, is indicated 
by the stroke \. 


| 
if 
if 
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there is a single pencil of cones with vertex at a point p,; on ( : 4 , and 


23 5 13 5 125) 
is has the base-generators (4 44 44), (444) G44 

According to (107) the common generator of the two pencils is met by each of the 
other three base-generators and each one of these three meets a definite one of 


the three in the other pencil in a point »,, i= 1, 2,8. Hence every cone of the 


12 3 


one pencil cuts every cone of the other in the line ( chek and a cubic curve 


on the five points p,, 2, 3, 24, ~s- Moreover every such cubic curve lies on 
a cone of each pencil. Making use of (109) we obtain the desired result: 

(112) There are 16 systems of «* apolarity involution curves of a general 
cubic surface C;. Each system is the totality of proper cubic curves on one of the 
16 sets of five points (+ + + + +). 

We still have to show that, for the general £,;, the involution curve N; is 
found in one of the above 16 systems. Note first that N; can not meet a line 
TI,,. For if it meets II,, at a point, it must contain the correspondent of the 
point, II,..; in which case it could not meet H in six distinct pairs of corre- 
sponding points. Denote by C;,, the chord of N; from the point II,,;. 

Since the polar quadric of any point on J; is apolar to all the point quadrics 
on N;, the cubic surface C, contains N; if the quadric a contains N;. Let @ be 
a quadric on N;. Then @ and C, meet in a sextic curve made up of N,; and 
another cubic curve N, which cuts N, in five points and H in six pairs of corre- 
sponding points. Hence WN, is also an involution cubic and we find from the 
net 8, ©” involution curves N, which will be called ‘‘incident”’ curves of N3. 

Let 8; be the particular quadric on N; and the two points I,.; and IIj.. 
Then C,, contains N; and the lines II,, and I,,. The plane II; meets C,, in these 
two lines and a further line which must contain the point [I,,, and the three 
points where N; meets II,. Since this is impossible, I]; is part of C,, and (, 
contains all four points t,._ C,, contains NV; and the same four points, whence 
C,;, is IIs. 85, or 8, is a self-associated quadric (see p. 341), which we shall 
suppose to be in the net Q;_. Similarly, there is a self-associated quadric (, 
on N; and the points t,, which we shall suppose to be in the net Q,_. 

The pencil of quadrics 8, contains N; and the associated pencil 


Cz, +4C,, contains N3, Cg, and it is in fact Bata 8;. Hach quadric 
4 5 


t 
| 
‘ 
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of the pencil meets its associate in N,, Cj.3;, and a conic. The locus of these 


conics is evidently the plane or . The conics form a pencil 


Os 


on the points g2, 93, where ‘) meets and the point g where Ci, 


meets (; ay But each conic of the pencil together with C,, is a degenerate 


“incident” involution curve N, and must cut H in six pairs of corresponding 
points. From the symmetry of the case it is necessary that these pairs be 
distributed as follows: three on the conic, two for the meets of the conic with 
II,, and the point I,.; on C3, and therefore one further pair on C,;. This 


1 2 3 


4 4 let it be 


requires however that C,,, be one of the four lines ( 


12 3 
+++ 


contains the line ( 


y But one verifies at once that if @, is a quadric in the net Q,_ and 


12 3 
+ + 
(, is a cone of the net Q, with vertex at p, These two cones meet in the 


given WN; and they are also precisely the cones used to determine one of the 16 
systems of involution curves already found; 7. e., the general involution curve 
is found in one such system. The two possible choices of @,; in a net Q,, and 


2 3 


, it must be a cone with vertex at p;. Similarly, 


2, in a net Q,, and the four possible choices of the line (3. give rise to 


the 16 systems. 
(113) Incidentally we have shown that: 


In addition to the ten singular planes of the Cayleyan congruence which contain 
a point I1,,, and line II,,,, the lines of the congruence being on the point, there ts a 


set of twenty singular planes ec: be . Such a plane cuts the Hessian in the line T1,;, 


and a cubic curve which contains «1 pairs of corresponding points whose joins 
envelope a general cubic. 

We remarked earlier that if the apolarity and parametric spreads are of the 
same dimensions they are covariants of each other and a common involution 
norm-curve. In our present case the connection between IL; and C; can be readily 
exhibited by means of the null-system or correlation set up by N;. The planes 
21, Xa, t3 of N, which meet ina point X of TP; are transformed by this correlation 
into points 2, 22, 7; on N; which form an apolar triad of C;. Hence I; is 


i 
i 
i 
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transformed into a cubic envelope 4; whose planes cut N; in apolar triads of C;. 
The six lines Z; of T'; become the six lines Z/, joining the pairs of corresponding 
points in which NV; meets H. Hence these six lines of the Cayleyan congruence 
belong to a double six. The six lines UM, of I, become the cross-lines, M/, of L;. 
The cubic envelope A; on the double six L; Jf, becomes a cubic surface D; which 
has the double six Zj M/. Making use of (105), we have the theorem: 

(114) An involution curve Nz of C, cuts H in six pairs of corresponding 
points. The six lines of the Cayleyan congruence so determined are skew lines Lj of 
a double six. The cubic surface D; on N;, on the stx lines Li, and on their cross- 
lines M/, contains ~* cubic curves with the chords M/. These curves cut out on N; 


the given Ip, 3. 
§14. The Apolarity Spread of the Rational Plane Curve of Order n. 


Some of the foregoing results concerning the apolarity cubic curve in S, of 
an Rf and concerning the apolarity cubic surface in S; of an R{” can be readily 
generalized. The R establishes its J,, 2, the involution cut out by the lines 
of the plane. This we express by means of a symmetric form, 

= (A, %)"~* (Az (ag 
The apolarity spread of the form is a cubic spread, C;"~, in S,_, referred to a 
norm-curve, N,... The condition that H,,_, be an J,,_, is the identical 
vanishing of a form, F, of order (x — 2)? in x and symmetric in 2, and 2, of 
order (n—4) in each. The argument of § 12 for the case n=5 can be extended. 
If A, ,-2 has an involutive set, y,, Y2,--++, Yn, then F contains the factor, 
(xy,).--- (ayn); or if H,,-. has a neutral pair, y,, then F contains the 
factor (xy) (xy.). If the number of these distinct factors be greater than 


(n— 2), F must vanish identically. 


(115) The form H,,,-. ts an Tn» Uf tt has an integer number greater than 
(n—2) of distinct involutive sets; or if tt has an integer number greater than al a 


(and & fortiori equal to” — 1) — ») of distinct neutral pairs. 
A geometric statement of the theorem is this: 
(116) Ifa norm-curve in §,_3 contains more than distinct antorthic 


sets A?, of a cubic spread C{"-, or if it cuts the Hessian of C{"-” in more than 


5 pairs of corresponding points, then rt contains Af of which 


le in an 


} 
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We are concerned mainly with the case of an J, ,_, and the R® from which 
it originates. Cj"-* cuts N,,_, in the 3(n— 2) points whose parameters give the 
flexes of R®. Caporali has shown for the cases n = 4,5 that if n—1 points of 
an Aj, of O{"-® lie on C{"-”, the n-th point also lies on C{"-®. His method of 
proof applies equally well to the general case and we translate the result thus: 

(117) Jf (n—1) flexes of a rational plane curve of order n lie on a line, 
an n-th flex also lies on the line. 

We have seen that Ci? and C{ were general cubic spreads. C{"~* has 
4 (n® — 6 n? + 6) absolute constants, while the has 3(n — 3) absolute 
constants. Certainly, then, when n> 6, the apolarity spread of an J, ,_, is a 
special cubic spread. It would be interesting to know more of the conditions on 
the spread and of the location of the involution curves than is indicated in (116). 
These questions are answered in this paragraph for only two kinds of rational 
curves. 

Take first the R® with an (n—1)-fold point. The J,,_, has a set of 
parameters, 2,, .---, An_1, such that any two of the set are a neutral pair. 
There is on N,,_, a set of m— 1 points such that any two are apolar to the cubic 
Using these as an (x — 1)-point of reference, C{"~*) becomes 


3 3 
whence: 


(118) If Cf can be expressed as a sum of (n— 1) cubes, any one of the 
00 nroper norm-curves on the points of its orthic (n—1)-edron is an 
involution curve. The A};’s of C}'-* on such a curve lie in the yn. of an RO 
with an (n — 1)-fold point. 

To obtain the second kind of R considered here we assume that C{"-” has 
an orthic n-edron, Il,, T,, ..-., M,, and then prove that it has involution 
curves. Using the n-edron as a basis of reference, we have 


% 
Cy) = > —, where = 0. 


i=1 i=1 


The Hessian of order n—1 is 


2 2 
If both Yy,=0 and > ri = 0, the points y, and ps are corresponding points 
on H. 4 has simple points on the spaces [1,;,, double points on the spaces 
46 


if 
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II;,;, ete., the notation here being similar to that of the preceding paragraph. 
The configuration of poles of the spaces II; obtained there exists for all values 
of m greater than two. In particular from the n sets of 2"-* poles one can in 
2”-) ways pick out 7 poles like the following: 


1/ Pe = %, a3, » 
1/a3 Ps = a3 a, » 
1/On Pn = %, a3 Ga 


where a = da; and > p,=0. 
i 


The point p, is a pole of II, and the line p,p,, passes through the (n — 8)- 
fold point TT; m,n,.... of the Hessian. 


A norm-curve on the 7 points p, and the point y is unique. Its para- 


metric equation is: 


(09) = Ge 12 + 13 ty + an 
ty hy + 23 tog + 20 bon, 
1/a3 % = a, 31 ty + a, 32 ty 


1/a, 2, = a, 21 ty; + tno + agn3 ing +-- 


i) 


th 


The parameter of p, is “; the parameter of y is «©. When t=0, we 


Since y can be any point on W,,_,, let it be on H, whence 


have the point 


1/a; x — 


whence 


2 


a? = — 0 


Ay 
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t.é., aj” is the corresponding point of y. Hence N,_, cuts H in pairs of corre- 
sponding points and is an involution curve. 


(120) Ifa cubic spread in can be expressed as a sum of n cubes, 
one can pick from the 2"~* .n poles of its n orthic S,_3's in 2"-! ways an n-point 
with the following property: the n points and the 4n(n—1) S,_,’8 on them together 
with the n orthic S,_;’s and the 4n(n—1) points on them form a Desargues con- 
Siguration (a section of the complete (n+ 1)-point in §,,_,). Every proper norm-curve 
Ny-2 on such an n-point cuts the Hessian of C{"-® in 4 (n—1)(n—2) pairs of corre- 
sponding points and contains »* A} ’s of C§"-” which lie in the L, n_-2 of a rational 
plane curve RY which is subject to (n — 5) conditions. 

For Cj" has only n— 1 absolute constants and only n— 8 are added in 
the choice of an N,,_,. 

With each of the 2"-' systems of involution curves there is associated a 
quadric with regard to which the corresponding Desargues configuration is self- 
polar. For the particular n-point, p,;, this quadric is 

ein 


x 


An 


Let Q, be the polar quadric of a point x as to C{"-®. Then 


a,—a 
t.e, Q and Q,, touch along the space II,, which space has the same pole, p,, 
as to both quadrics. Thus p, and any self-polar (n— 2)-point of Q or Q,, in TI, 
is a self-polar (n—1)-point of Q and Q,,. But it is known that all the o"% 
norm-curves in our system cut II, in self-polar (n—2)-points of Q. Thus p, and 
the n—2 points in which II, cuts N,,_, constitute a self-polar (n—1)-point of Q 
on N,_.. The existence of one such set implies that of «/ sets which lie in an 
I,,n-2, and Q is apolar to all the point quadrics on N,_,. In this Z,,,-. each of 
the n sets of points ( p, and the points on II,) is also a self-polar (n—1)-point of 
of a polar quadric Q,,, hence with the point p, forms an A}; of Cj". A similar 
fact is true of the polar quadric of any point on WN, ,, and we shall verify 
the theorem: 


(121) is the quadrie associated with the system of involution 
i 


curves in which the given N,,_. lies, then the polar quadric of a point t on Ny_» 


i 
Ag | 
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has in common with Q a self-polar (n—1)-point whose (n—1) vertices t are on 
Nn-2- The (1,%—1) relation between ¢ and t is 


where the subscript of the brace indicates the first polar of t, and where = as the 


(n—2)-ic in t of (119). 
The point t =r and the n—1 points t determined by t together constitute an 
Ags of Cz*, whence by varying t in the (2, n) relation 


a singly infinite quadratic system of Aj 5's ts obtained. 
Note first that in (119) = — =a (17%) ¢,, and the (1, n— 1) relation 


can be written 


Let ¢ take the value a. The polarized term becomes 
1 


which is cancelled by part of the second term, whence the result is (1 oo us) a2 
1 1 


Similarly for ¢ =i, the (n—1)-ic in ¢ becomes ¢ = Ue), We have identified 
i i 


these (n—1)-ics as self-polar (x—1)-points of Q and two alone are sufficient to 
2 
define the pencil. We have also identified the -ics (¢-—*) = as Aj,’s of 
t 


Cy, The o* A?,’s lie in a linear system which must contain the o! given 
by varying 7 in the (2, 2) relation, since they have nm known members in common. 
We shall recur to the meaning of this (1, —1) relation with regard to the 
underlying R in the next paragraph. 

It is evident from the analysis that our entire apparatus is determined by 
the choice of the n-space II,, of the quadric Q for which the n-space is orthic, 
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and of the N,,_, on the orthic n-point p,; of Q which is the polar of the given 
n-space II; as to Y. Since N,,_, contains one orthic n-point of Q, it is known 
to contain o* which lie in an f,,_,;. These are the o * canonizant sets of the 
2(n—2)-ic determined on N,,_, by the §,_,’s common to Q@ and N,_,. In this 
J3,n-3 all the sets of our given J,,,_. are found. To prove this, we have merely 
to show that if x and y are points on N,_, their polar space as to C{"-” has a 
pole as to Q@ which is on the line xy. The condition that x and y be on WN,» 
is the vanishing of the matrix 


Xo Ln 
An 
Y2 Ln Yn 
a: 2 2 

1 A> An 
Ye Yn 
Oy On 

1 1 1 


Each determinant of this matrix is, for given y on N,_,, a quadric on N,_,; 
e.g., the first determinant is 


Ag Oy, A» Ay Ao A, Ag Ag Ay 


12 34 — =) (— =) 13 73 — +) (= — 


But the vanishing of the matrix is also the condition that constants x, A, u, v 
can be found such that 


a; | 
t. e., that the polar space of xx+Ay as to Q is the polar space of ry 


as to 
The n-space II, determines an n-point, one of the points being — (n—1), 


1,1,..--, 1. This n-point is perspective to the n-point p,. The center of per- 
1 1 1 
spection is the point a, — Dually the 


n-point p, determines an n-space perspective to the n-space II, and the S,_s 


| 

| 

| 

= 1213 34 42 [ty ty — t13 ty] = 0. 
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n 
of perspection is > = =0. The complete Desargues configuration determines 
1 


n-+1 such §,_,’s. The C{"-” is defined by the requirements that it have the 
orthic n-space II, whose poles as to C{"~-® are points p,. 

(122) Given a quadric (Q) apolar to all the point quadrics on a norm-curve 
(N,-2) in S,_2, then there exists «* n-points on the norm-curve which are orthic to 
the quadric and which lie in an I; n-3. If one of these n-points (p,) be isolated, 
its polar orthic n-space (I1;) as to the quadric determines with it a unique S)_s 


(s=0). This S,_, ts the polar space of the quadric as to a unique cubic 
i 


spread (C{"-”) which has the same orthic n-space with the same poles. The norm- 
curve ts an apolarity involution curve of this spread and the I,,,-2 of anthorthic sets 


on ut is contained in the I; n_3- 


§15. The Perspective Curves of Stahl. 


In an article* entitled “Zur Erzeugung der ebenen rationalen Curven,”’ 
W. Stahl develops some properties of rational envelopes, Z®, perspective to a 
given rational curve, 2. His mode of treatment applies only to envelopes 
whose class, m, is less than n. The method here given 7 is quite general, though 
it appears that a natural upper limit for m is 2(n—1), the class of R,?. 

Let u,=(a,7)" and a, = (J,t)", t= 1, 2,3, be respectively the rational 
envelope £® and the rational curve R in parametric form. The (m, 7) relation 
between and 


(A, 7)” + + (Ag (2, t)” = 0, 


expresses that the line ¢ of Z,, and the point ¢ of R, are incident. The relation 
expanded in powers of (7#) is 


(et) {3 (441) (a,s)"-! 


+ (xt)? {3 (4 (A, 8)"~* (7, +....=0. 
2 


* Mathematische Annalen, Vol. XXXVIII (1891). See also an article by R. Schumacher in the same volume. 
+ Cf. F. Meyer, Mathematische Annalen, Vol. XXIX (1887), p. 447; and H. Brill: ‘‘Ueber rationale Curven 


und Regelflachen,’’ Miinchener Berichte, 1885. 


j 
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By definition £,, and R,, are perspective if like-named line and point are 
incident. The necessary and sufficient condition for this is that (rt) be a factor 


3 
of (123) or that the )-ic, (A,s)"(J,s)", vanish identically. If R® be ; 
1 


given, this imposes m +n + 1 linear homogeneous conditions on the 3 (m + 1) 
constants in the forms (A,7)". Thus there is a system of o?"-"+! rational 
envelopes of class m perspective to a given general R®. The arbitrary constants - 
of the system occur linearly in the parametric equation of the envelope. The 
multiplicity of the system increases with m, but there is in the general case a 


lower limit, m>~ 


3 
Let and let be a root of (241) (7, The 
1 


(m—1)-th polar of r =s as to this (m + n—2)-ic has a root t= 8, whence the 
line <8 of £,, touches F,, at the point Since the perspective relation 
is dual, the point ¢=s of R, lies on £,, at the contact of r=s; 7.¢., E,, and R, 
touch with the common element, r=t=s. The requirement that the 
(m + n— 2)-ic have a root s is a linear condition on its coefficients, Thus, 
as long as 2m—n+127m+n—2, or m<2(n—1), LE, can be uniquely 
determined by assigning 2m —n-+1 of its m+n—2 contacts with R,. The 
remaining 2n—m— 8 contacts are then determined. Hence the sets of con- 
tacts of £,,’s with R,, lie in an involution. 

(124) The rational curve R,, has o?"-"*! perspective rational envelopes E,, 
which, when expressed parametrically, lie in a linear system. Lach E,, touches R,, 
at m+n—2 points. If m<2(n—1), these contacts lie in an involution, 
2n—3—m 

Since the expansion (123) is linear, the parametric sum of two perspective 
E,,’s is a perspective £,, . 

Let us ask further under what conditions the contacts of Z,, can be assigned 
so that its class reduces to m —1 due to the presence of a common linear factor 
in the m-ics, (A,7)". Let Since the u=(u;7)"", 


3 
is also to be perspective to R,, > (u;s)"(4,s)"=0. Then £,,_, is completely 
1 


3 
determined by giving 2m—n—1 of the contacts (u;/,) (,s)""' = 0. 
1 
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On the other hand, the incidence condition of the degenerate Z£,, is 


_(p7) 3 (7, t)” = 0. 


Its expansion is 


{(p2).3 > at (ps) (us 1,) (ui (1, 8)" 


+— 1 


Since E(u)" 1(1,s)"=0, the degenerate Z,, must occur in the family of per- 


wantin E,,’s. By polarizing as to p the identity just written and from the 
usual symbolic identity, two new identities are obtained, 


3 (m—1) (wip) (48)" + En (7; p) =0, 
3 (ui p) (ui (7, 8)” — (7; 9) = (es) (ui (us 


by means of which the second term of the expansion of the degenerate £,, 


can be written as 


n+ m— 

If, therefore, of the 2m—n-+1 arbitrary contacts of H,,, 2m—vn are chosen 
which are the contacts of a perspective H,,_,, then, however the remaining 
contact (p) is chosen, the H,, so determined is actually the perspective £,,_,. 
Thus the Jyn_n+1,2n-m-3 Of contacts of perspective Z,,’s contains as neutral sets 
the m+n—8 contacts of perspective Z,,_,’s. 

The £,,,;’8 have 3n—5 contacts which can be chosen at random; the 
EF, n-»'8 have 3(n— 2) contacts which lie in an J;,_;,;, whence these contacts 
form sets of 3(n— 2) points on &, whose parameters are apolar to a form, P, 
of order 3(n— 2). From the well-known properties of neutral sets we have 

(125) The 3n—5 contacts of an E,,_3 perspective to the general R,, determine 
the E,,_3. There is a set, P, of 3(n—2) points on R,, at each of which a single 
perspective Ey,» has a contact of order 3(n— 2) with R,. Every perspective 
Es touches R,, at 3(n — 2)—k points whose parameters are an apolar set 


of the form P. 


the 
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To obtain the parametric equation of the perspective £Z,,, let H,, and R,, 
be respectively 


tly = Bot? + + 

and 

(at)\"=a ti +a +a,t, 

= (bt)" = dott + + +4, 8, 

=z (ct}* = ei? + ¢, tf +o + .... $e, 8. 
Let also = + a, & + let 6, ...., 
s°™-"+) be the parameters of the assigned contacts; and let (wa) =0 be the line 
of £,, with parameter t. The perspective condition and the given contacts fix 
the ratios a;, 6,, y,. The additional equation, (wx) = 0, permits of their 
elimination by means of a determinant of order 3(m+ 1). A slight modi- 
fication of this determinant gives these results : 

The perspective point of an &, with contact s is 


Ao bo Co 0 0 0 
ay b, C Ay by Co 
Uy b, Co ay Cy 
0 0 0 b, 
0 0 0 Zs (as) Bal (ca™) 
The unique perspective point of an R; is 
Ao bo Co 0 0 0 
ay b, Ay by Co 
ay Co ay by Cy 
as bs C3 As C3 
0 0 0 as bs C3 
The perspective conic of an R; with contacts s® and s® is 
a ob & 0 0 0 0 0 0 
a, Ay bo 0 0 0 
dg ay b, Cy Ay by Co 
az, 6b, dy by Co ay b, C1 
0 0 0 as bs Ca As be Gy == 0 
0 0 0 0 0 0 As bs C5 
0 0 (asP (csMP 2sP(bsPP 


47 


i 
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an b, Ch 
denote the matrix formed by placing a series of matrices {6} side by side, each 
one line lower than the preceding one, the elements not otherwise provided for 
being zero; let a matrix like || 2s,(as)’ 2s,(bs}’ 28,(cs/ || be denoted by 2s,|(as)’|, 
and a matrix like ||tj a, be denoted by In this new notation 
the three determinants just written are 


Let {5} denote the matrix of the coefficients; let ]}d} {5} {d}---- |] 


ti|x| v3 |x| 


The J, , of contacts of perspective conics of an &; is 


Similarly the equations of the perspective conics, cubics, quartics and 
quintics of an FR, are 


1d} 
[0] 283? |(as)?| | = 0, 
vi|x| | a | 
{3} 13} 13} 13} 
Tilx| T, T3| v3|x| 
13} 13} 15} {ot 


eee ees eee eee eer ee eer eee er eee e ese 


Ay by Cy 
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where in each case a sufficient number of contacts, s, s,...., must be given 
to complete the determinant. In each case also the involution of contacts 
is obtained by assigning an additional contact and dropping the condition 
(wx) =0; t. e, the last row is replaced by one like those that immediately 


precede it. 


The above examples suffice to indicate the equation of the general £,, per- 
spective to k,, m<2(n—1). We have further that 


(126) The vanishing of the matrix || {5} {d}.... 


1d} || formed from p 


matrices {0} gives the single condition that an R,,, or the conditions that an 


Ro have a perspective 


The degree of the contact involutions in the combinant coefficients, 4;, 1. e., 
in the three-row minors of {0d}, is seen to be m+1, whence 

(127) The degree of the form P in 6, is 2n— 38. Its apolar forms of order 
3(n—2)—j lie in an involution of degree 2n —3—j in 6;. 

Returning to the original incidence condition (123), let the coefficients of 
both and vanish. Then £,, and will be called ‘“‘doubly perspective.” 
They must touch at every point of #, and are merely dual forms of the same 
locus, If then, we require that R, have a doubly perspective E,.,_,_,, this 
imposes the condition that 2, have a cusp. The equations of condition number 
(m+n+1)+(m+n—1)=6(n—1). The 6(x—1) coefficients of ,_1_; 
can be eliminated from them by means of order 6(n—1), which is the cusp 


condition of degree 2(n—1) in 4;. 


manipulated into the form 


1d} 


13} 


{at {dt 
|as| 


which again can be indicated more briefly by 


1dt 


24d} 


case we find that 


For the R,; this determinant is easily 


= 0, 


where {§,| denotes the matrix {5} with the row |a,;| deleted. In the general 


aul 
ii 
i 
Hi 
| 
| 
| 
| 
| 
| 
| 
if 
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(128) The cusp condition of R,, is the vanishing of the determinant 


.... (2n—4) 48} (2n—8) 


of degree 2(n— 1) in 4,. 

This is included in the more general, theorem: 

(129) If R,, be actually of order n (i.e., if the n-ics (1, t)"” have no common 
factor), the condition that it have h cusps or their equivalent is the vanishing of the 


matria 


.... (2n—4—A) (2n—3—h) |p’ 


which expresses that it has a doubly perspective Ey ,_1)-)- 

The existence of doubly perspective envelopes of class mS 2(n—1) explains 
why the contacts alone are no longer sufficient to determine the envelope. Thus 
if #, in lines is u,;=(u,7)?"-» and £,, is a perspective envelope of class 
m=2(n—1)+h, then the o**! envelopes (a;7)" + (p 
obtained by varying the coefficients of (p7)* are all perspective and have the 
same contacts as £,,. 

If, from the incidence condition (123), the factor (t¢) be removed, the 
resulting (m— 1, ~—1) relation between ¢ and ¢ has a certain number of in- 
volutive pairs which are the pairs of parameters of the double points of #,, and 
the double tangents of Z,,. They are found by eliminating + from the two 
equations (A 7)™"1(J¢)"1=0 and (a¢)""!(/7)""!. The resultant is of order 
(m— 1) + (n—1) in ¢ and gives the (m— 1) (m — 2) + (n — 1) (n —-2) double 
point and double tangent parameters and the m + »— 2 contact parameters 
which are degenerate involutive pairs. Since the double point parameters 
always satisfy the (m— 1, n—1) relation, if R, has a cusp, the cusp parameter 
satisfies the relation and counts as a contact; whence 

(130) Jf £, and R,, are perspective, E,, passes through all the cusps of R,, 
and R.,, touches all the flex-tangents of Ey. 

The form P of order 3(n— 2) and of degree 2n— 3 in 4, has apolar forms 
of order 3 (n — 2) —j which lie in an involution of degree 7 + 1 in the coefficient 
of P and therefore of degree (2n—8)(j +1) in §,;. According to (127) the 
actual degree of this involution is 2n—-3—y. The outstanding factor of degree 
2(m—1)j must be the j-th power of the cusp condition. For, if &, has a cusp, 
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the cusp is a contact of all perspective £,,’s. It must therefore be the contact 
of those envelopes of class 2(n— 2) whose contacts all coincide at the points, 
P=0 (125). Hence P=0 is the cusp parameter repeated 3 (n— 2) times, 
and the contact involutions when formed directly from P must vanish iden- 
tically. These involutions are now (disregarding the cusp contact) apolar forms 
of a form P, of order 3 (n — 2) — 2 and of degree (2n—3)—1 in 4;. Hence 

(131) Jf R, has a cusp, the covariant P is the cusp parameter repeated 
3 (n — 2) tumes. If R,, has two cusps, P vanishes. If R,, has h cusps, the contact 
involutions of perspective envelopes are (omitting the improper cusp contacts) the 
involutions of forms apolar to a covariant P,, of order 3 (n— 2) —2h and of degree 
(2n—3)—h in 6,. 

The following fairly evident theorem furnishes the connection with the 
preceding § 14. 

(132) The (m—1, n—1) relation, 0, can be obtained from 
perspective E,, and R,, if m— 2 linearly independent forms (u* ct)" exist such that 
(tex t) A)” (Zt)" 41 =D, or also if n—2 linearly independent forms (m, t)” exist 
such that (Az)""!(lm,)""1(m, 7) =0. From a relation satisfying the given con- 
ditions E,,, and R,, can be thus constructed: With regard to a norm-curve N,, in Sy, 
the m—2 forms, (u,t)", are represented by m—2 S,,_;’s which meet in a plane E. 
The §,,_1’8, t, of N,, cut E in the lines, t, of an E,,. If cand t satisfy the given 
relation, the two S,,_;’s of N,,, t and t, meet on E in the point t of a rational R,, 
perspective to E,,. In particular any (1, n — 1) relation determines an Lf, referred 
to its perspective conic. 

(133) The two classes of R’s for whose apolarity cubie spreads the involution 
curves were determined in §14 are, respectively, the R with a perspective point 
(an (n —1)-fold point), and the R{? with a perspective conic. 

The foregoing has comparatively little in common with the work of Stahl. 
Before leaving the subject of perspective curves it may be worth while to 
develop some of his results in a much simpler way. 


The equation of a line through the points ¢, and ¢, of the given R,, is 


Xo 


= (ax) (ay (ay = (a) ty)" = 0. 


(4; ¢2) 


' 

2 i 

if 
if 
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If, in '=0, ¢, be the parameter of a fixed point p, of #,, and ¢, that of a variable 
point p,, then, as ¢, varies, the line I’ describes n — 1 times the fixed point p,. 
Thus [ =0 is a parametric equation of the degenerate envelope p?-!. Moreover, 
this envelope is perspective to R, since the line c = ¢, contains the point t= t 
of R,. As p, runs over R,, «1 such degenerate envelopes are obtained. By 
forming their general linear combination, Stahl’s general perspective £,_, is 
obtained. The process of forming such a sum is merely that of forming the 
apolarity invariant of a general (n—1)-ic, (b¢)""1, with [' of order n—1 int, 
whence, in terms of (134), the equation of the general perspective Z,,_, is 


(135) (ax) (a,b)" = 0. 


This is the equation of a line which, for given ¢, passes through the point 
t=-r of R, and cuts #, again in n —1 points whose parameters are apolar to 
Hence 

(136) The lines which cut R, in n—1 points whose parameters are apolar to 
an arbitrarily chosen (n—1)-ic, (bt)""1, envelop a perspective E,,_,. If, however, 
(2)"" ts the polar as to t, of a set F” of the fundamental involution, E,,_, is made 
up of the lines through t, on R,, and a perspective envelope E,,_, which is independent 
of the choice of t,; if (bt)""! 18 the polar as to t, and t, of a form F"*' whose first 
polars all are sets of the fundamental involution, E,,_, 1s made up of lines on t,, 
lines on t,, and a perspective E, 2, which is independent of t, and t,, i.€., which 
depends only on F"*' ; ete. 

For it is quite clear that the lines on ¢, (on ¢, or ¢,, etc.) cut #, in (n—1)-ics 
apolar to (b¢)""'; but there is also a further system of «' lines which cut R#,, in 
(n—1)-ics which are canonizant sets of etc.); these (n—1)-ics are 
apolar to (dt)""! whatever be ¢, (¢, and 4, etc.). 

Returning to the degenerate Z,_,, a point of #, repeated n—1 times, its 
contacts are the point itself and the 2(n—2) contacts of tangents from the point. 
If the point is a double point, ¢,, 4 on #,, then another factor (¢;f,) separates 
from [. The £,_, becomes an £,, whose contacts are at the double point and 
at the 2(n—38) contacts of tangents from the double point. Since these contacts 
are apolar to P, we have that 

(137) The parameters of a node and the 2(n— 3) parameters of tangents 
from the node are apolar to the covariant P of order 3(n—2). Thus only n—2 
of the 4 (n —1)(n —2) such 2(n —2)-tes are linearly independent. 


‘ 
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§16. The Gordan Expansion of the Form H, ;. 


The expansion of H, ;= (a,2,)*(a,22)*(a3%)? is a sum of terms each of which 
is a product of identical covariants, (x,x,), and of a polarized form. The 
polarized form must be a, linear covariant of H,;. Because of the equivalence 
of the symbols, a,, a,, a; in H, 5, its linear covariants must be the same sym- 
bolically as the covariants of the third degree of a binary cubic, 


(a,x)? = (a,x)? = 
These are the cube of the cubic, the product of the cubic and its Hessian, and 
the cubicovariant. Hence the required linear covariants of H, ; are: 


= (a, x)* (a, x)? (a, 
(px)? = (a, a2)” (a, (aga) 
(ox)? = (a, a2)” (a3 (a,x) (a3x)?. 


Some products which occur in the expansion are: 


= (pare) (pars) (par), 
Pz = (x3 2)” (pss) (p2,) 
Ps = (x, %»)” (pay) (par) (pars)’, 


= (a, Xp)” (x, xg) . 83 = (a (wy . 


In terms of these the expansion is: 


(138) (a; 2)? ap)? (4g = (7021)? (70003)? + (Pi + + Ps) 
— (7%) + + 13 + 8 + 8 + 83). 


If H, be interpreted as the apolarity equation of a cubic surface, C,, with 
regard to an N;, then (7x)* = 0 is the equation of the parameters on N; of the 
meets of N; and €;. If (xx)*=0, then N; lies on C;. In this case a tangent 
plane of C; at a point ¢ on N; touches N; at ¢ and meets it again at cr. The 
relation between ¢ and 7 is (a,7)*(a,t)’ (a;¢)® = 0, which now becomes 


(139) (pt) (pt)*—-#¥s (rt) (ot)?}| = 0. 


¢v and ¢ coincide at a peint where JN; touches an asymptotic curve of G;, say at 
an ‘“‘asymptotic point” of N;. Thus if determines the five 
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asymptotic points on N;. If also (px)"=0, N; is an asymptotic curve of C; which 
has double points at the three points, (ow)? = 0, of N3. 

Denote the cubic surface by D, if it contains V3. Let the apolarity form 
of D; be (d,2,)* (d, whence (d,7)’ (d;t)®? = (rt)? . (Ar) (lt). By 
comparison with (139) one sees that the (1, 4) form (Ar) (/é)* can replace the 
apolarity form since it determines (px)’ and (ox)’. It is also evident that 

(140) The condition that D, have one, two, three, or four double points on N; 
is that from (47) (lt)* there shall separate respectively one, two, three, or four factors 
linear int. IPf both (ar) =0 and (At) = 0, the join of t and is one of 
the six chords of N;on D3. If (Ar) (lt)* contains a factor cubic in t, and if the other 
factor is symmetric in t and t, then D3 is the product of a quadric on N; and ua plane 
which cuts N; in the points given by the cubic factor. 

Let us ask further under what conditions a quadric cone on N; with vertex ¢, 
shall touch D; along N;. Necessarily then, if 2, (¢,2)* + 2.(t,x)* [which, as ¢, 
runs along N3, is for variable 2, : A, a generator of the cone] be substituted in 
(d, the term in 2,43 vanishes, 7. e., 

(da te)” (dy te)” = (1 (AG) = 0. 
Since (A¢,) (/¢,)* vanishes for all values of ¢,, the form (/é)* must be (r¢,) . 


whence 
(141) In order that a quadric cone on Ns; shall touch D; along N; it is 


necessary that D; shall have four double points on Nz. Conversely if D; has four 
double points and if N; lies on D; and its four double points, then the tangent planes 
of D; at points on N; meet N3 again in a unique point, the vertex of a quadric cone 
on N, which touches D; along N,.* 


§17. The Form I, and the Curve R®. 

Let the RP, determine the 4.3, = 0. The 
three quintics, (m,¢)’, apolar to determine the “apolar” or “fundamental” 
involution, £;. Thus an R® projectively determines an R®. Each involution 
is easily expressed in terms of the sets of the other; thus 


== Mz) (m, ms) (m2 mz) (m; 


Ls = (Lh) (44) (G2), t,k=1, 2, 3. 


*If D, be mapped on a plane by means of cubic curves on the six points of a 4-line, (141) can be stated 
thus: Cubic curves on the six points of a 4-line with double points on a line / all meet / again in @ single 
point p. It can be shown from other considerations that pis the point of contact of a conic which touches 
the 4-line and J. 


‘ 
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Kvery covariant of one involution is a covariant of the other; in particular the 
flex-equations of and RY, 
(m, m2) (m, Ms) (Mz ms) TI (mx)? = 
and 
(42) (44) (44) (a) = 0, 
are the same. The linear covariants, 


(2,05)? (Z, + (lsh)? + (x)? 


+ (m;m,)°(m, x) + (m,m,)°(m3x)°, 


and 


are the same; they are the set common to both involutions. 

If /,3 be expanded in a Gordan series (138), the various terms contain 
polars of (zzx)°, (px)’, and (ox)*. Since these forms are the only linear covariants 
of J,.3, (xx)®=0 must be the flex-equation of RY and (px)*=0 must be the 
set common to /,, and ie: If Bs be similarly expanded, its terms also must 
contain polars of the same forms. If the factors of proportionality be chosen so 
that (7a)* is the same in both expansions, the other forms can differ only in sign. 
But the identical vanishing of (px)’ is the condition that J, and Tes coincide. 
Hence 

(142) If in the Gordan expansion (138) of l,3, the sign of (px) be changed, 
the resulting expansion is that of the involution I, 5. 

Let A be a quadric on N; whose equation is (2, x2)” (ha) (hx,) = 0; and let the 
plane equation of a point quadric, (a, 0, be (a3 x3)* = 0, (102). 
Then the associated cubic surface, C;,, (110), of the quadric A has the apolarity 


equation 
Ch = (44 71)? (ty Og)” (Aye) (13h) = 0. 


We have seen (p. 342) that C, must contain V;, whence 
(a, x)* (a; (a, a3)" (ag h) (agh) = 0. 


But if a cubic surface contains NV; its apolarity equation can be replaced by a 
(1, 4) form (p. 360); ae., 


Again (p. 342), the intersection of h and C, is N; and a residual cubic curve 
which meets J; in the five points of one of the 16 pentahedra of (109). Every 
48 
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quadric on N; cuts out such a residual cubic except the cones on N;. If h be a 
cone on N; with vertex 7, the residual cubic must coincide with N,, and A must 
touch C, along N;. This requires (141) that the (1, 4) form [C,],,-2, degenerate 
into a linear form which locates the vertex of the cone and a quartic form which 
locates four double points of C,; 7. e., the form (pzx,)(gx.)*(rz)? is merely the 
product (vx,) . (Ar) (Zx.)*. As the vertex ¢ runs over N;, the four double 
points of the associated cubic surface also run over N; and a unique (1, 4) form, 
(Ar) (it)*, associated with J, ,, is determined, which is of the third degree in the 
coefficients of J, 5. 

In order to identify the form let 7,, 7, be the parameters on N; of a pair of 
corresponding points of the Hessian of C;,= a3; let Q, be the cone on N; with 
vertex 7,, and let P,. be the polar quadric of 7, as to C; which is also a cone with 
vertex at 7,. Since there are o! triads, S,, S,, S;, on N;, which with 7, and 7, 
make up A} ,’8 of C3, then a,,a,,a,,=0. Since a,,a2 is P,,, there are o! 3-lines 
on Q,, self-conjugate as to P,,; te. (P,,P,, Q,,u)>=0. Operating with this on 


we have 
(P,, Pr, Qr, dy = ay by, (abe Q,,)°= 0. 


This expresses that the associated cubic surface of the cone Q,, has a double 
point at 7,. Similarly the associated cubic surface of Q,, has a double point at 
7,, whence 7, and 7, make up an involutive pair of the (1, 4) form just found. 
These results can be summarized thus: 

(143) The general RY has a unique perspective conic, K, whose incidence con- 
dition is a general (1, 4) form, (Ar) (lt)*=0. In the representation of R® on N, 
this form has the following three interpretations : 

(a) The apolarity involution curve N; of C; contains 5 poles as to C;, of the 
Sylvester 5-plane of C;. The 5-point and 5-plane are pole and polar as to a 
guadric Q. The polar quadric as to C; of a point t has in common with Q a self- 


polar 4-point t on N3. 


(b) The associated cubic surface as to C; of a quadric cone on N; with vertex ¢ 
has four double points t on N3. 

(c) N, cuts the Hessian of C3; in six pairs of corresponding points whose joins, 
L;, belong to a double six of a cubic surface D, on N;. The tangent plane of D, at 
a point t euts N; again at a point t. 

The (1, 4) form ts of the third degree in the coefficients of I,;. It is obtained 
from (ay (al (cep (agh) by putting and (he)'= 
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and then removing the factors (x,t)*(a,t). The t,; is also of the third degree in 
the coefficients of the (1, 4) form. The extraneous invariant is the triple point 
condition. 

We have already remarked, that the (1, 4) form serves to replace the 
apolarity equation of a cubic surface on N;. Thus the apolarity equation of 
D;, a simultaneous covariant of C,; and N;, is known in terms of (Ar) (it)*. 

(144) The invariant theory of the general RY coincides with that of a general 
(1, 4) binary form. 

It is known that if either a given involution of things or its apolar invo- 
lution contains only one or only two independent forms, then the covariants of 
the involution can be expressed as covariants of a single general binary form. 
This includes the f,,, or J,_,,;, in which case the single form is an n-ic; and the 
Lin-1 Or [,»., in which case the single form is a 2(n—1)-ic. The J), is the 
simplest involution not included in these cases and (144) gives the analogous 
theorem for the f,3. The advantage in discussing a form whose coefficients are 
subject to no relations is manifest. 

If the cubic surface D; be mapped on a plane £ so that the six lines JL, 
become points p,, then N; maps into the RY with nodes at p,;. Quadrics on N; 
meet D; in residual cubic curves which map into the lines of #; in particular, 
the residual cubics which map into the lines of XK are on the cones of N;.. Cubic 
surfaces on N; meet D, in residual sextics which map into quartic curves on the 
points p,;; in particular, plane sections of D; map into the adjoint cubics of Rf’. 
The quartic developable of N; meets D;in a residual rational sextic which maps 
into K. Let a bea point of D;, which is on the chord ¢, through the points 
g, and q, of N;. Let x map into a point y of #, and q, and g, into points g, and 
g, on RP. Plane sections of D; on c, map into the pencil of adjoint cubics of 
RP on qi, g2, and y. Since c, is contained on the cones of N; with parameters 
gq, and qo, y is the meet of the tangents of K with parameters q, and qg,. Thus 
we have obtained Stahl’s theorem: The pencil of adjoint cubics on two points 
of RY meet in a further point which is also the meet of the corresponding two 
tangents of XK. Stahl’s very pretty corollary —that a conic on five double points 
of RY contains o! 3-points whose joins envelop A—can be applied to express 
the conditions on the six quadratics which determine the nodes of RY. Only 
four of these can be chosen at random, leaving one degree of freedom for the 
other two. With reference to a norm-conic A, let the four given quadratics 
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determine four points, p,, ~., ps3, ~,- Through these points there pass two conics 
C' and C" which contain the vertices of triangles circumscribed to XK. A tangent 
of K meets C’ in two points whose further tangents to K meet ata point p,; on C’. 
The same tangent meets C” in two points whose further tangents to K meet at a 


point p,on C”. The points p,, ...., p, determine on K the nodal parameters 
of an RP; or there is an RY with double points p,, ...., ps and with the 


perspective conic K. 
The analogous construction for the six lines Z; of a double six is: Given 


four chords, Z,, Z,, L;, L,, of N3;, no three of which are on a quadric that con- 
tains N;; if C’ and C” are the two transversals of Z,,...., Z,, the planes 
through C’ and C", respectively, and any point of JN; cut N; again in two 
further pairs of points whose joins are the lines Z, and J,. 


BALTIMORE, January 25, 1910. 
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Systems of Tautochrones in a General Field of Force.* 


By Harry WILFRED ReppIcK. 


Introduction. 


This paper deals with the system of curves each of which possesses the 
following property: A particle, starting from rest and moving along the curve, 
under the action of a given force, will reach a certain point, the center of 
tautochronous motion, in the same time from whatever point on the curve it 
starts. Friction is neglected and it is assumed that the acting force depends 
only on the position of the particle. The first part of the paper deals with plane 
systems. It is assumed that within the region considered the rectangular com- 
ponents of the force, (x, y), )(x, y), are uniform functions which possess first 
and second derivatives and do not vanish identically. 

In 1673 Huyghens found that when the acting force is gravity the tauto- 
chrones are cycloids with horizontal bases and concavity upwards. Since that 
time many extensions of the problem have been made and the tautochrones due 
to more complicated laws of force and resistance have been found. This paper, 
however, does not deal with the problem of finding the tautochrones due to a 
general positional force, but investigates the form of the differential equation 
and the derivable geometric properties of the system. This differential equation, 
which is of the third order and represents the total triply infinite system of 
tautochrones in the plane, is found in Article 1 from the well-known physical 
property of tautochrones, namely, that the tangential component of the acting 
force along the curve is proportional to the arcual distance of the moving particle 
from the center of tautochronous motion. The factor of proportionality must be 
negative for actual tautochrones, but, as it is eliminated in finding the differential 
equation of the system, the system includes virtual as well as actual tautochrones. 


* Presented, in part, before the American Mathematical Society, September 14, 1909, under the title, 
‘‘Geometric Properties of a System of Tautochrones.” 
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For this reason we choose to include virtual tautochrones in the system under 


consideration. 

The geometric properties of the system are next investigated. At any 
point (x, y) of the plane in a given direction 7 there is a singly infinite system 
of tautochrones. If the osculating parabola of each of these curves is constructed 
at the given point, the locus of their foci will be a bicircular quartic having a 
flecnode at the given point, the stationary tangent at this point having the given 
direction y'. The angle 6 between the two tangents to the quartic at the given 
point is related in a definite way to the angle 6’ which the acting force makes 
with the stationary tangent, namely tan 6 = 8 tan @’. 

The inverse of the quartic with respect to the given point (a, y) is a hyper- 
bola, one of whose asymptotes is the stationary tangent to the quartic at the 
point (x, y); the other asymptote is parallel to the second tangent to the quartic 
at the point (x, y). The locus of the center of this hyperbola as the given direc- 
tion y’ varies is a circular cubic having the given point (x, y) as double point ; 
the real asymptote of the cubic is parallel] to the direction of the force acting 
at the given point. A characteristic property of conservative forces is that the 
tangents to this cubic at the given point are perpendicular to each other. 

The next property pertains to hyperosculating circles. If the osculating 
circle of each tautochrone through a given point (x, y) is constructed at this 
point, it is found that the locus of the centers of those circles which hyper- 
osculate their respective tautochrones is a cubic through the given point. The 
tangent to this cubic at the given point is the line along which the force acts 
at the point. 

In the next section the question of the sufficiency of the preceding geometric 
properties for characterizing a system of tautochrones is considered. These 
properties characterize the system of tautochrones through a given point, up to 
differential elements of the third order. Additional relations are found which 
make the characterization of the total triply infinite system of tautochrones 
complete. 

In Articles 16-18, systems of curves of different types, depending on their 
possession of certain of the preceding geometric properties, are considered with 
regard to the effect of point transformations on them. It is found that the only 
point transformations which transform the system possessing all the geometric 
properties under consideration into a system of the same type are the similitude 


| 
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transformations. Articles 19-20 deal with the system of tautochrones corre- 
sponding to a given value of the time constant. | 

In the last part of the paper, space tautochrones are considered and the 
differential equation of the totality of tautochrones in three-dimensional space 
is found. The class of forces for which every straight line is a tautochrone is 
determined. It is found that a known relation between such a class of forces 
in the plane and the class of collineations does not hold in space.* Finally, 
it is shown that the only conservative forces for which every straight line is a 
tautochrone are those for which the potential is a quadratic function of x, y and z. 


The Differential Equation of the Tautochrones. 


1. Suppose that at each point of the plane a force is acting whose rect- 
angular components are functions only of the coordinates of the point, namely 
(x,y), v(x, y). Such a force is called a positional force. We shall consider 
the system of tautochrones in a plane, due to a positional force; that is, the 
system of curves each of which possesses the following property: A particle 
which, starting from rest, moves along the curve under the action of a given 
positional force, will reach a certain point, the center of tautochronous motion, 
in the same time from whatever point on the curve it starts. 

For such a curve we have the well-known property, 


T = k(s—%), (1) 


where 7’ is the tangential component of the force, s—s) is the arc measured 
from the center of tautochronous motion to the position of the moving particle, 
and / is the time constant whose value in terms of ct, the time required for a 
particle to move from any point of the curve to the center, is 


4%” 


By differentiating equation (1) twice with respect to s, we obtain the 
intrinsic equation of the system of all tautochrones in the plane, + namely 


Nr, = Tr? + (T+ N)r—T, (2) 


* Kasner: ‘‘Tautochrones and Brachistochrones,” Bulletin of the American Mathematical Society, Vol. XV 
(1909), p. 480. 
+ Kasner: ‘‘Tautochrones,”’ loc. cit., p. 477. 


e 
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where 7 is the radius of curvature, 7’ and N are respectively the tangential and 


normal components of the force, and 


N _ + (vy — oz) y' — dy y"” 
>, + + 2 (vy — x) y' — (dy + V2) 
2 1 J 


subscripts denoting partial differentiation and primes denoting differentiation 
with respect to x. If we substitute in equation (2) the values of NV, 7, and 7, 
given in equations (3), and the values of N, 7, r and r, given by 


(1 + 8 y! (1 + y'”) 
’ 8 yl"? ’ 
4 
J1+y'’ ] 


we obtain, after reduction, the Cartesian equation of the system of all tauto- 


chrones in the plane, 


[Pax + (2 bry + Yee) + Guy + + 
| 
+ + 2%. + (2 + de) yl! L (5) 
Spy? —4by'— 
+ 2 


This is a differential equation of the third order and represents a triply infinite 


system of curves. 


2. Special case: Gravity. When the acting force is gravity, 


| 
Then equation (5) reduces to 
4 a 112 
y"= (6) 


Equation (6) represents the totality of tautochrones in the plane due to 
It is the differential equation of the system of cycloids with horizontal 


gravity. 
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bases, and may be obtained by taking the Cartesian equation of such a system, 
namely, 


4 


and differentiating three times, eliminating c,a and d. The actual tautochrones 
of this system are the cycloids concave upwards corresponding to the upper signs 
‘ in the above equation. The system of straight lines in the plane also belongs to 
the totality of tautochrones represented by equation (6). A straight line may 
be regarded as a tautochrone whose center is at infinity. 
3. We shall now seek geometric properties of the system (5) and determine 
the necessary and sufficient conditions that a triply infinite system of curves 
shall be a system of tautochrones. 


Geometric Properties of the System. 


4. The focal curve. Consider first the system of tautochrones through a 
given point (a, y) of the plane in a given direction y’. This is a system of 1 
curves, each corresponding to a different value of the time constant Suppose 
that at the given point (x, y) the osculating parabola of each of these curves is 
constructed; that is, the parabola having four-point contact with the curve. 
Then with each of the «! curves of the system may be associated a point, 
namely, the focus of its osculating parabola constructed at the given point. 
The locus of the foci of these osculating parabolas is called the focal curve.* 
We now determine the focal curve of the above system of tautochrones. 

The coordinates a, @ of the focus of an osculating parabola, referred to the 
point («, y) as origin, are given by the formulas 


3 — 1) + 2 (3 yl? —y! yl") 


a 2 + (3 —y! y!!!)? (7) 
(8) 
2 + (3 yf"? y! yl")? 


We now eliminate y" and 7” between these equations (7) and (8) and the 

equation of the tautochrones (5). From equations (7) and (8), 
yl"! (y!? — 1) + (3 — y! 

B = (3 — y! yl") (y!?# — 1) y' yl 


* Kasner: ‘«*The Trajectories of Dynamics,’’ Transactions of the American Mathematical Society, Vol. VII 
(1906), p. 405. 
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The elimination of y/’ between equations (8) and (9) gives 


Substituting this value of y” in (5), and the resulting value of y' in (9), we 
obtain, after reduction, 


4 C= + + Vor) y! + (Pyy + y"” (a? + 
— + 24.4 3 — dr) —(29, + ve) (ay’ — B) (a? + 8’) (11) 
29y' + 38d) + ) 3] =0. 


This is the general equation of the focal curve, a and @ being the coordinates of 
a point of the curve referred to the given point (a, y) as origin. The coefficients 
in equation (11) are determined by the coordinates z, y of the given point and 
the given direction y’, since, for a positional force, @ and y are functions only 
of x and y. 

An inspection of equation (11) shows that it represents a bicircular quartic 
having a node at the origin. The equations of the two tangents at the origin, 
t1, t, say, are 


(12) 
(by + 38¥)a— + )B=0. (13) 


The tangent ¢, has contact of the third order with the quartic, cutting it at the 
origin in four coincident points, three on one branch and one on the other; it is, 
then, a stationary tangent. Its slope @/a=y’. The other tangent ¢, has contact 
of the second order with the quartic, cutting it at the origin in three coincident 
points, two on one branch and one on the other. The origin is, then, a flecnode 
of the quartic, since one of the tangents is stationary. 

THEOREM I. At any point (x, y) of the plane in a given direction y', due to a 
positional force, there is a singly infinite system of tautochrones, each of which corre- 
sponds to a different value of the time constant. The focal curve of this system is a 
bicircular quartic having a flecnode at the origin, the stationary tangent having the 
given direction 

The slope of the tangent ¢,, from equation (13), is 


B_ by®—2py' + 3¥ 


a 


\ 


General Field of Force. 


Taking the x axis in the direction y’ of the tangent ¢,, we have 


3 
Slope of = 
but ~/@ is the tangent of the angle which the direction of the acting force 
makes with the tangent ¢,. Calling this angle @ and the angle between ¢, and ¢,, 


6, we have 
tan 6 = 3 tan @. (14) 


THeEorEM II. The second tangent t, to the quartic at the origin is such that the 
tangent of the angle between t, and t, is three times the tangent of the angle between t, 
and the direction of the acting force. 

5. The focal curve for special forces. When the acting force is gravity, 
then by substituting ¢=0, ~=g, in equation (11), the focal curve reduces to 
(ay! — 8) [(y? + 8) a + 2y'B] =0. 

This represents two straight lines through the origin, and if @ is the angle 
between them, we find tan 6 = — 3/y’.. When y/ =0, 6 = 90° and the lines are 
the a and y axes. For actual tautochrones the focal curve consists only of a part 
of this locus, the upper half of the y axis. 

When the coefficient of the fourth degree terms in equation (11) vanishes, 
the focal curve degenerates into the line ¢, and a circle through the origin 
tangent to the line ¢4,. This happens only when the force is that defined by 
the set of partial differential equations: 


Pre = 9, 2 day + ber = 0, } 15 
Pyy + 2 bey = 0, = 0. ( 


This class of forces is discussed by Kasner in the first paper cited; it is the class 
of forces for which every straight line in the plane is a tautochrone. 

6. The inverse curve. We now take the inverse of the focal quartic with 
respect to the origin. Applying the formulas of inversion, 
to equation (11), we obtain 


9 


a (16) 
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which is the equation of the inverse curve. Here, £, 7 are the coordinates of a 
point of the inverse curve referred to the given point (2, y) as origin, and the 
coefficients are determined when a, y and y’ are given. The curve is a conic 
and its discriminant 


hence the conic is a hyperbola. 
We find the equations of the asymptotes of the hyperbola to be 
n=y'§, (18) 
+ 2[o, +24, +3 9.) (29, + vz) y'”) 


+ 3oy” 

_ Hence one asymptote passes through the origin in the given direction y’'; it is 
the tangent ¢, to the quartic [equation (12)]. The other asymptote has the same 

slope as the tangent ¢, to the quartic [equation (13)]. 

The inverse of the focal quartic is a hyperbola. One of its asymptotes is the 
tangent t, to the quartic at the origin; the other asymptote is parallel to the other 
tangent t, to the quartic at the origin. 

7. The locus of the center of the inverse curve. So far we have considered 
only the system of «/ tautochrones that pass through a given point in a given 
direction. For such a system we have found that Theorems I and II hold. 
Now let the tangent ¢,, in the given direction y’, rotate about the given point 
(x, y). For each position of ¢; we have a system of «/ tautochrones, such as 
that of Article 4, passing through the given point and tangent to¢,. We thus 
obtain a system of «” curves—all the tautochrones in the plane passing through 
a given point. For each position of ¢, there is a focal quartic of the system of 
tautochrones tangent to ¢, at the given point. The curve inverse to this quartic 
is a hyperbola, the coordinates of whose center, referred to the point (2, y) as 
origin, we will denote by X and Y. Hence, with each direction y/ of ¢; may be 
associated a point (X, Y) of the plane. We now determine the locus of the 
point (X, Y) as zy’ varies. 

Since the center of the hyperbola is on the line ¢, whose slope is y’, we have 


Y=y X. (20) 


_ bg—hf 
h?—ab’ 


Applying the formula, 


4 
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for the abscissa of the center of the conic 
ax’ + 2hey+ by? + 2gx+ 2fy +e=0, 


to the conic (17), we get, after reduction, 


Tn... + 2d. + 3 — y! — (2G, + Ye) (21) 


Eliminating y' between equations (20) and (21), we obtain 
2[(dy+ 3(+,—$,)X Y—(29, Y*] =0. (22) 


This represents the locus of the centers of the hyperbolas inverse to the focal 
curves, A, Y being the coordinates of a point on the locus referred to the given 
point (x, y) as origin. 

An inspection of equation (22) shows that it represents a circular cubic 
having a double point at the origin. Working out the equation of the real 
asymptote of the cubic, we obtain 


The slope of this line is the same as the slope of the line of force at the 
given point. The asymptote is therefore parallel to the direction in which the 
force is acting at the given point. 

THeoREM III. Through a given point (x, y) of the plane, in a given direction y', 
passes a singly infinite system of tautochrones, the inverse of the focal curve of the 
system, with respect to the given point (a, y), being a hyperbola. The locus of the 
center of this hyperbola as y' varies is a circular cubic having the given point as 
double point. The real asymptote of the cubic is parallel to the direction of the force 
acting at the given point. 

8. The tangents to the cubic at the origin. From equation (22), the tangents 
to the cubic at the origin are given by 


2(2, + 


These tangents will be real and distinct, coincident, or imaginary; that is, the 
origin will be a node, cusp, or conjugate point of the cubic according as 


D = 9(v, — + 4(2o,+ Vx) + < 0. (25) 
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If y represents the angle between these tangents, we have 


J 9 (dy — + 4( 20, + de) + (26) 
Py | 


tan y = 


Special cases. For a conservative force, ¢,—=,. In this case (25) gives 
D = 9 (vy — $x)? + 369,’ > 0. 


The origin is a node, and from (26), y= 90°. Conversely, when y = 90°, 
o,=,. This property is therefore characteristic of conservative forces. 

A system of tautochrones will be a system due to a conservative force when and 
only when the tangents at the origin to the cubic of Theorem III are perpendicular 
to each other. 

For a so-called analytic force,* o,= Vy, o,=—¥,. In this case (25) 
gives D=—4y2<0. The origin is a conjugate point, and from (26), 
tan y=1%. Conversely, if tan y =i, and hence the 
property is characteristic of analytic forces. 

9. Hyperosculating circles. Suppose that the circle of curvature of each 
tautochrone of the doubly infinite system through the point (x, y) is constructed 
at that point. Out of the o” circles thus constructed we now determine which 
ones hyperosculate their respective tautochrones. For hyperosculation the con- 
tact must be of the third order; hence the value of y’” in the equation of the 
circle must be equal to the value of y" in the equation of the tautochrone. 

The differential equation of all circles is 


112 


1+, 
Equating this value of y'” to the value of y’’ in the equation of the tautochrones 
(5), and reducing, we find 
(p+ dy’) + 2d, +3 — G2) — (2b, + (A+ (28) 
— [2x + (2 Pay + Vex) Y! + (Pyy +2 vey) + (1 + = 9, 
which is the condition for hyperosculating circles. 
This is a quadratic in y’, regarding the point (x, y) and the direction y/ as 
given. Hence there are two values of yz” for each lineal element in the plane, 


(27) 


* That is, a force whose rectangular components ¢, 7 are conjugate harmonic functions, so named by 
Lecornu, ‘Sur les forces analytiques,’’ Journal de l’ Ecole Polytechnique, Vol. LV (1885). 
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corresponding to which two tautochrones are hyperosculated by their circles of 
curvature. Thus, with each lineal element through a given point we may 
associate two points, namely the centers of the two hyperosculating circles 
determined by this element. We now inquire what will be the locus of these 
centers as the element rotates about the given point; that is, as y/ varies in 
equation (28). 
If we represent by X and Y the coordinates of the center of curvature 
referred to the given point (x, y) as origin, we have the formulas: 


y" y 


Substituting in equation (28) the values of y’ and 7’ found from these equations, 
we obtain 


Par (2Pyy + Ver) XY? + (Py + X? Y— vy X? | 
+ (, + 2¥,) 3(v, — X Y —(29, + X? —@ 0. 


This represents the locus of the centers of the hyperosculating circles, 
X, Y being the coordinates of a point on the locus referred to the given point 
(x, y) as origin. The coefficients are determined by the coordinates of the given 
point. The curve is a cubic through the origin. The tangent at the origin is 


¥X; 
(31) 


hence it is the line along which the force acts at that point. 


THEoREM IV. Corresponding to each lineal element through a given point there 
are two tautochrones tangent to the element at that point which are hyperosculated by 
their circles of curvature. The locus of the centers of these hyperosculating circles as 
the slope of the element changes 1s a cubic through the given point. The tangent to the 
cubic at the given point is the line along which the force acts at that point. 


10. We have found that the triply infinite system of tautochrones repre- 
sented by equation (5) is such that the singly infinite system of them, passing 
through any point in the plane in a given direction, possesses the properties 
stated in Theorems I and IJ, and the doubly infinite system of them, passing 
through any point in the plane, possesses the properties stated in Theorems III 
and IV. We shall express this by saying that the triply infinite system possesses 
properties I, II, III and IV. 
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Converse Questions. 


11. We have shown that the triply infinite system of tautochrones in the 
plane possesses properties I, II, III and IV. The question now arises, does any 
triply infinite system of curves possessing properties I-IV represent a family of 
tautochrones? We now proceed to convert these four properties in succession. 

12. Conversion of property I. The focal curve of any system of curves 


having property I will be of the form 
(a? + + A; (ay! — B) (a? + B*) + (Apa + 438) (ay'— 8) =0. (32) 


This is the general equation of a bicircular quartic having a flecnode at the origin, 
the stationary tangent at the origin having the direction zy’, where A,, A,, A; 
are arbitrary functions of x, y and y/’. 

We now eliminate a and @ between equations (8) and (32) by means of 


relation (9). This gives 
yl" B, B, 4. (33) 


where B,, B,, B; involve A,, A,, A; and are functions of a, y and y’. Thus 
all systems possessing property I are of the form (33). 

(13, Conversion of property II. In order to convert Theorem II, we state it 
in a form not assuming a field of force, as follows: At any point (a, y) of the 
plane there exists a certain direction, whose slope is w(x, y), such that the 
tangent of the angle between the two tangents ¢, and ¢, to the focal quartic 
at the given point is three times the tangent of the angle between ¢, and this 
direction. We now seek the equation of the system possessing property II in 
addition to property I. 

The focal curve of the general system (33) possessing property I is 


4B, + 6°)? — 2 — (s4) 
+ (ay' —8){[Boy! 1) —8(y?—1)] —[Bs(y'* +1) — 6 y'] =0. 


The slopes of the tangents ¢, and ¢, at the origin are respectively 


_ 


By (35) 
Y; Bs (y" + 1) 


iW 
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If the system possesses property II, we then have 


+ 1)— —}) 
B;(y? + 1)— 6y! 


/ 
_ 


B;(y'* 6y! 
Solving for B;, we find 
1+ 407'— 3y” 
—. 37 

+1) 

Hence all systems possessing both properties I and II have the form 

12 

y!" = By + Bey" + 1+ 40y'— 38y (38) 


(o—y)t+y” 


14. Conversion of property III. We may state property III in a form not 
assuming a field of force, as follows: Corresponding to each lineal element 
through a given point there is a focal quartic whose inverse with respect to the 
given point is a hyperbola. The locus of the center of this hyperbola as / varies 
is a circular cubic having the given point as double point; the real asymptote 
of the cubic is parallel to the direction w introduced in property I]. We now 
determine the equation of the system having property III in addition to 
properties [ and II. 

The focal curve of the system (38) may be obtained from (34) by substituting 
in it the value of B, given in (37). Then inverting this focal curve by means of 
formulas (16), we obtain the hyperbola 


[(80 —2y + y'] —[(80—2y' + + (1—20y' + } (39) 
+ [1 —20y' + n° — 2B, (Ey'—n)(@—y) + 4B, (o—y) = 0. 


If property III holds for this system, the center of the hyperbola (39) must lie 
on the cubic 
(oX—Y)(X*?+ 4, X°+ XVY+ Y*=0, (40) 


where H,, H, and H; are arbitrary functions of x and y. Computing the 
coordinates of the center of the hyperbola, making use of relation (20), we find 


2B; 2By (41) 
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Substituting in (40), we get 
3 + + L, + + Ls y"” 
(42) 
2 (@ y') o— y! 
where L,, LZ, and L; are functions of « and y. Hence all systems having 
properties I, II and III are of the form. 
/ 12 
= B, + L,+ Ley yr (43) 
o—y (o—y)aty?)” 

15. Conversion of property IV. Finally, we inquire what systems possess 
property IV in addition to properties I, IJ and III. Property IV may be stated 
without reference to force, as follows: For a system of curves through a given 
point in the plane, the locus of the centers of the hyperosculating circles con- 
structed at the given point is a cubic through that point, whose tangent at the 
given point has the slope » introduced in property II. 

If the curves of the system (43) are to possess property IV, the centers of 
their hyperosculating circles must lie on the cubic, 

where the M/’s and N’s are functions of x and y. Equating the values of y/’’ 
in equations (43) and (27) gives the equation of condition for hyperosculation. 
If, in this equation, we substitute the values of y/ and y” found from (29), we 
obtain the locus of the centers of the hyperosculating circles for system (438), 


B= 


namely 
B,(o Y + X) Y* — 
L,Y?—L,XV+1;X*?+ Y— 0. 
+ L, + L;X* + oX=0 (45) 
If this equation is to be of the form (44), we find 
— y! 


where the A’s are functions of a and y; so that we have finally this result: 
The general equation of the system of curves having properties I, II, III 


and IV is 


Ky + Ky? + +y") 

(47) 

o—y! —y)a+y” 
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This equation contains eight arbitrary functions of x and y, namely Kj, K,, 
K;, K,, L,, L,, L; and w. It is of the same form in 9’, y” and y’” as equation (5), 
but more genera] with respect to the functions of x and y which enter into the 
coefficients. Properties I-IV are, then, not sufficient to characterize the total 
triply infinite system of tautochrones in the plane (5), since these properties 
belong to the more general system (47). In the next section we shall find the 
relations which must hold between the eight functions K,, K., K;, K,, L,, Ln, 
L; and w for a complete characterization. 

If, however, we consider only the doubly infinite system of curves passing 
through a point (2, y) and possessing properties I-IV, the curves of this system 
will have at that point the same values of y/, y and y'’ as the curves of the 
doubly infinite system of tautochrones passing through that point; that is, 
properties I-IV characterize the system of tautochrones through a given point 
up to differential elements of the third order. This can be shown in the 
following way: 

For a given point, the eight arbitrary functions of x and y in equation (47) 
reduce to constants. If, now, these eight functions are chosen as arbitrary 
constants, it is required to find functions @, ~ which for a given value of x and y 
make equation (5) equivalent to equation (47); that is, we must find functions 
@, » which satisfy the following set of equations obtained by equating the 


coefficients in equations (5) and (47): ° 
K,=— 22, L, = 
+ (48) 
Py + L= Py + 
— v 
J 
in which K,, K,, K3, K,, Z,, Z,, LZ; and @ are arbitrary constants. Let 
+ fy’, | (49) 
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Then for a given point, say «= y=0, we have 


=Y de =2e dy (50) 


Then equations (48) reduce to 


a K, = — 2e, aL, =—(e+20), 
ak,=—2(d+¢), aL,=3(b—e), (51) 
ak, =—2(f+d), 
ak =— 2f', ao =a’, 
Take a=1, d=d=e'=0. Then 
e=—K/2, d=—K/2, f=—K,/2, f= — 
e=(L,+ b=L,/3, = —(2L,+ L£;)/3, a’ =a. 


Hence, from (49) and (52), 


L L,+2L 
Key Kis Ky 
53 
pao 2th, Ky 
3 2 


The system of curves, possessing properties I-IV and passing through the 
point (0, 0), coincides up to differential elements of the third order with the 
system of tautochrones due to a force whose components are given by (53). 


The particular pair of functions (53) is only one of many pairs that satisfy the 
requirement. Properties I-lV are therefore sufficient to characterize the doubly 


infinite system of tautochrones through a given point up to differential elements 
of the third order. 
Complete Characterization. 


16. If the triply infinite system of curves represented by equation (47) is 
to be a system of tautochrones, it must be identical with the system represented 
by equation (5). The set of relations (48) must therefore hold, where now 
K,, K,, K;, K,, L,, L,, L, and o represent arbitrary functions of x and y. 

If we introduce 


h = log 9, (54) 


and substitute 
= 0 (55) 


Py = 20 ty =A, = 2/7". | 
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in the equations for L,, Z, and ZL; in (48), we find 


L, = —h, — 20h, — 20,, (56) 
L, = 3(h, — oh, —a,), (57) 
L; = 2h, + oh, + @,. (58) 
From (56) and (58), 
hy — Ly h + (59) 


30 3 


Substituting these values in (57), we get the relation 
(ZL, + 2L;) + o L, + 3 (a, + wo,) + + 0. (A) 
Also, from (59), 


(ly +21), + 


By virtue of these two relations (A) and (B), we can express L,, L,, Ls 
and w in terms of two arbitrary functions @ and 1; for, from (B) we can find 
a function A satisfying equations (59), thus giving (56) and (58); then (57) 
follows from (A), and, making the substitutions (54) and (55), Z,, Z., LZ, and o 
are obtained in the form given in (48). 

Again, from (48), 

oK,=—(oL)),, kK; =(oL),, (60) 


from which we get the two relations giving K, and K;: 


K, = — (Ly). + (©) 
(D) 


To obtain the equations determining K,, we make use of h,,, found from (55), 


hig Pox 61 
=* (61) 


Then, from (61) and (59), the equation for K, (48) gives 


Finally, to obtain the equation for K,, from (49) we find the relation 


(62) 
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Differentiating both sides of this equation with respect to y, and substituting for 
vy,/> its value, — K,, from (48), we get 


If, then, the relations (C), (D), (E) and (F) hold in addition to (A) and (B), 
they are sufficient for determining, in terms of two arbitrary functions @ and y, 
the values of K,, K,, K;, K,, Z,, £,, LZ; and w given in equations (48). We 
then have the final result : 

Any triply infinite system of curves in the plane represents a family of tauto- 
chrones when, and only when, tt possesses the properties I, II, III and IV, and the 
Junctions K,, K,, K;, K,, L,, L,, L; and w, which appear in the equation (47) of 
the system, satisfy the relations (A), (B), (C), (D), (£) and (F). 


Point Transformations. 


17. The formulas of transformation. We shall refer to systems of curves 
possessing properties I; I and II; I, II and III; and I, II, III and IV as 
systems of type I, II, III and IV respectively. The equations of these systems 
are respectively (33), (38), (43) and (47). We now consider the effect of an 


arbitrary point transformation on such systems. 
We write the transformation formulas as follows, using the notation of 


Kasner,* 
X=O(z,y), Y=V(zx,y), (63) 
(cy +d) =ay' +6, (64) 
where 
a=¥,, c=, d=9,. 
(cy (65) 
where 
jaad—be, 


a = , ¥,, — ¥,®,,, 
B = , ¥,, — ¥, + 20, ¥,, ®,,, 
y —¥,o,, + 20, ¥,, 
6 = o,¥,, — ¥, 


* Kasner: ‘*Trajectories,’’ loc. cit., p. 419. 
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We shall use (65) in the abbreviated form 
(65’) 


(cy + = (cy + d)(Ay+ Ay! + Any’? + Asy? + Ayy'*) 
—38(a+ By +yy? + dy!) Boy! + y2y'*) (66) 
+ (a+ Biy +ny”)y" —sejy” +3 (cy +a)y", 
where 
a, =d(8+),) —3ca—3jd,, 
By =c(B+j,) + d(2y +j,)—3¢8 —3j(c, + d,), 
+ Jy) + 3dd—3ey— 3je,, 
= = 2,,, ¥2 = Dy, 
Ay=a,, A, =a, + A,= 6, + 2; A,=y, + 6,, A, = 6,. 


We shall use (66) in the abbreviated form 
Ey + E, + E, + (66’) 


18. Transformation of systems of type I. If we apply the above trans- 
formation to the equation of systems of type I, 


yl" = By + Bry" + Bay", (33) 
it becomes 
yl"! J, + fy" + (67) 
where 
f= B, + By & + i= By + 2.Bs — Ey fp 


the bars denoting the result of applying the transformation to the quantities 
under them. The /’s, like the B’s, are functions of a, y and y’', so that (67) 
is of the same form as (33). 

Systems of type I are converted into systems of the same type by the general 
point transformation. 

19. Transformation of systems of type II. For a system of type II, 
equation (38), we have 


@—y)a+ty”) 
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If this system is to remain of the same type, we must have 
68 


where © is a function of x and y. 
Applying the transformation of Article 16 to B;, we find 


[(cy' + d)o—(ay [ay 


Then the value of 7, becomes 


B, = 


(70) 


+ 
+2[(2a°d+abe+ 3a°b)]y' 
D= [(do—b + (co—a)y'] (6? + d?+ 2(ab+cd)y' + 


If this is to be of the form (63), we must have 


ab+cd=0, +2’, (71) 
in which case (70) reduces to 
(Q—y')(1+y')’ (72) 
a—b 
a—co 


Equations (71), written in the ®, ® notation, are 
+ ¥, = 0, 
02+ + 
Eliminating ¥,, we find 
(©? + B2) — =0. 
Disregarding the factor 6; + 2, since it leads only to imaginary solutions or 
to the trivial solution, , = ¥,=®, = %,=0, which makes ® and ® constants 
and throws the whole plane into a single point, we have for the solutions of 


P, } (73) 


equations (71’), 
= ¥F,, 
= — B,, 


These are respectively the direct and inverse conforma] transformations. 


i} 
if 
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The only point transformations under which systems of type II are converted 
into systems of the same type are the conformal transformations. 
20. Transformation of systems of types III and IV. For a system of type 
III, equation (43), we have 
L, + y' + 


— yz! 


If this system is to remain of the same type, we must have, in addition to (68), 


Bs & + M+ + Uy” 
(74) 
where M,, M, and M&M, are functions of x and y. 


Under the transformation of Article 17, B, becomes 
— + Lay +b) (cy +4) + +) 
(cy + d) [(cy' + d)a—(ay' + d)] 
It is found, by forming the expression for f, and imposing on it the condition (74), 
that this leads to the necessary condition 


a=B=y=ds=0.° (75) 
Condition (75), expressed in the ®, ¥ notation, is 

®, ¥,,.— B,®,,, + 20, ¥,, — 2¥,@,, = 0, 

¥,, ¥. ®,, + 20, ®,, 0, 

®, P,, P, ®,, = 0. J 

The solution of this system of equations is* 

ts pa etthyte (76) 


+ +” + + C3. 


This is the projective transformation. If, then, a system of type III is to be 
converted into a system of the same type, the transformation must be projective 
as well as conformal. The most general transformation of this kind is the 


similitude transformation, 
byte, 


b= +d, 


where a, b,c andd are constants. Under this transformation the condition (74) 


* Lie-Scheffers: ‘‘Vorlesungen iiber continuierliche Gruppen,”’’ p. 34. 
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is satisfied. It is also found, by computing B, and /,, that systems of type 1V 
remain of the same type under the transformation (77), so that we have finally 


the result: 
The only point transformations which convert systems of type III and IV into 


systems of the same type are the four-parameter group of similitude transformations. 


Systems of Tautochrones for a Given k. 


21. The differential equation of the system. The total triply infinite family 
of tautochrones in the plane may be grouped into doubly infinite systems 
according to different values of the time constant %. From equation (1) we 


have for the equation of such a system 
7, &. (78) 
For each value of & this equation represents a doubly infinite system of curves. 
From equation (4) we find 


T+ (79) 
where 
T= Px + tr) + 
1+ 
Hence the differential equation of the system (73), expressed in Cartesian form, is 
1 + y!? + (1 + y") =k. ( 0) 


22. Geometric properties of the system. At every point (x, y) of the plane 
in a given direction y’ and corresponding to a given value of & there is one 
tautochrone. Suppose that at the given point (a, y) the osculating circle of this 
tautochrone is constructed. Let a, @ denote the coordinates of the center of this 


osculating circle, referred to the point (2, y) as origin. We inquire what will be 
the locus of this point (a, @) as y’ varies. 
The formulas for the coordinates of the center of curvature are 
a / (1 + i?) 1 + 12 
Eliminating y/ and y” between equations (80) and (81), we obtain 


a® (k—dy) + (k— oz) + (dy + =0. (82) 
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This equation represents the locus of the centers of the osculating circles 
drawn at the point (a, y) to the tautochrones which pass through this point and 
correspond to a given value of the time constant /, a and @ being the coordinates 
of a point of the locus referred to the given point (a, y) as origin. The locus is 
a conic passing through the given point. The tangent to the conic at the given 
point is 


(83) 


hence its direction is perpendicular to the direction in which the force is acting 
at the point. 
In the case of gravity, ¢=0, ~=g, and the conic reduces to 


k(a* + 6") — 8 =0, (84) 


a circle tangent to the a axis at the origin. 

It is also found that as & varies, the locus of the center of the above conic 
is another conic through the given point (x, y). The line along which the force 
acts at the given point is tangent to the second conic. 


Space Tautochrones. 


23. The differential equation of the system of tautochrones in three-dimensional 
space. Suppose that a positional force F’ (a, y, z) is acting at every point of 
three-dimensional space. We shall now consider the system of space tauto- 
chrones due to sucha force. The physical property of the tautochrones, ex- 
pressed in equation (1), yields as in the plane case, 


= 9, (85) 


where 7 is the tangential component of the force F along the tautochrone. 
We wish to express this equation in Cartesian form. 

Let NV represent the normal component of the force F, and ¢, y and x its 
zx, y and z components respectively. Denoting the direction cosines of the tangent 
and principal normal by a, @, y and J, m, n respectively, we have the relations 


a, B,y = da, dy, dz/ds=1,y,¢/V 1 +2, 


i, / A (Fy + (wy (86) 


i 
P 
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Then we find 


VJ 1 +y" + gl? (87) 


2 


where 7, the radius of absolute curvature, is 


(Ga) + (GD + 


From equation (88) we get by means of relations (86) 


(1+ y? + 2/2) 
Differentiating equation (87) with respect to s, we find, after reduction, 
T=T+ (90) 
where 
Pert +O.2% + (Yet 2) tay (91) 
1 + y” + 
Differentiating equation (90) with respect to s gives the intrinsic equation of the 
tautochrones 
(>) =0. (92) 


If the values of 7, and (*) are found from equations (91) and (89) b 
differentiation and substituted in (92), we obtain finally 


Hy" + Ke" = A+ By! + Ce + Dy 2! + Ey" + (93) 
where 
A = [Pox + (2 + Wrz) y! + (2 + + 2 + Wore + Ary) y! 
B= 24, + 3 Gr) (Hy + 24.) — 3 + 
— (29, + + + 24.) 2? + — x.) 2” 


‘ 
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+ 242+ (He + 3 — 9.) — 3 (Oy + Ve) 
+ (0. + 2x0) (2. + 2) 2?— (2. + 2” 
+ 3(y.— Wy) y? 2 + + 24,)y", 


1+ 
doy? —o—40y + — 42" 
1+y?+2? 
1+y?+ 2? 


Equation (93) is the differential equation of the totality of tautochrones in 
three-dimensional space, due to a positional force whose rectangular components 
are @, ~ and y. It represents a system of « curves. When y and z are 
absent, the equation becomes that of the plane system, equation (5). 

24. Condition that every straight line in space shall be a tautochrone. In 
order that every straight line in space shall be a tautochrone, it is necessary 
and sufficient that the force be such that equation (93) is satisfied when 
y' =2'=0. Hence the coefficient A must vanish identically. This condition 
leads to the following system of equations: 


Pix = 9, 2 F = 9, 

by, = 0, Piz + = 9, 

=9, + Xyy = 9, r (94) 
+ = 0, +2 Ay = 9, 
Pry + = 0, Pye + + = 0. 


The solution of this set of equations may be obtained without difficulty. 
From the first three we have 
2) +x Fy, 2), 
Y= 9(x,2) +y G(z,2), (95) 
+ 2H (x,y); 
where /, g, h, F, G, H are unknown functions. The remaining equations of 
(94) serve to determine these functions and we obtain for the solution of the 
system (94), 
+i2, 
yz—ex +72, (96) 
t+ 
where the coefficients are constants. 
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The class of forces defined by equations (96) is the class for which every 
straight line in space is a tautochrone. Equations (96) involve twenty parame- 
ters. The class of collineations involves fifteen parameters. Hence the relation, 
pointed out by Kasner,* which exists between these two classes in the plane, 
does not hold in space of three dimensions. 

If the class of forces defined by equations (96) is required to be conservative, 
then 
dy =e, (97) 
in which case all the second partial derivatives of @, ¥ and y vanish; the force 
components have the linear form, 

=at+bae+cy+dz, 
(98) 
and the work function is 


" 


Hence the result stated in the paper cited above for plane fields of force 
holds in space of three dimensions: The only conservative forces for which every 
straight line is a tautochrone are those in which the potential is a quadratic function 
of x, y and z. 


CoLuMBIA UNIVERSITY, January, 1910. 


*Kasner: ‘‘Tautochrones,”’ loc. cit., p. 480. 
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The General Transformation Theory of Differential 
Elements.* 


By Epwarp KASNER. 


The simplest type of differential element is the lineal element of the plane, 
defined by (a, y, y’) or (x, y, p). The general element transformation is obtained 
by setting x,, ¥,, p,; equal respectively to three arbitrary functions of a, y, p. 
Contact transformations are those special element transformations which convert 
every union into a union, a union (Verein) consisting of the 1 elements of a 
curve or point. The general transformation will usually disrupt a union; that 
is, the new 7’ elements will not be united. Our first result is that for an 
arbitrary transformation (not of the contact class) there exist precisely ©” unions 
which are preserved, that is, converted into unions. It follows that if a trans- 
formation preserves more than a doubly infinite number of unions, it must be 
a contact transformation. 

We consider next transformations of the direction elements of space 
(x, y,2,y',2'). Here, intermediate between the general case preserving  ‘ unions, 
and the contact case preserving all unions, we find a type preserving  * unions. 
These are solutions of a certain form of Monge equation of the second order 
which is characterized geometrically by a property equivalent to that stated in 
Meusnier’s theorem on the curves of a surface. The intermediate type may be 
obtained in explicit form and involves three arbitrary functions. 

The discussion of transformations of surface elements (2, y, z, p,q), taken up 
in Section III, is more complicated. In the most general case no two-dimensional 
unions (surfaces, curves or points) are preserved. In the contact type, of course, 
all unions are preserved. In between we find types preserving a single, double 
or triple infinity, and also a type where the system of unions involves an arbitrary 
function, being defined by a pair of equations in involution. The last type, 


* The main results of this paper were presented before the American Mathematical Society, April 30, 1904. 
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which is the most interesting as being the nearest to the contact type, depends 
upon three arbitrary functions of five arguments. Among the special results, it 
is shown that if every point and every plane is converted into a union, the 
transformation is necessarily one of contact. It follows, for example, that no 
element transformations beyond those contained in Lie’s fifteen-parameter group 
can convert every sphere into a sphere. 

With respect to one-dimensional unions (strips), all transformations not of 
the contact type preserve a family involving two arbitrary functions. 

In Section IV we consider briefly the differential elements of n-th order in 
the plane. Usually, no unions are preserved, but the number may vary in special 
cases from If more than then all are preserved. 


I. Direction Elements in the Plane. 


The general transformation is of the form 
oc. x (x, Y; P); Y (2, Y; P); P (x, Y; P); (1) 
where the three functions are assumed to be uniform, to possess continuous 
partial derivatives, and to have a non-vanishing Jacobian. 
Consider now two united elements (a, y, p) and (x+dz, y+dy, p+dp), 
so that dy— pdx=0. The condition that the transformed elements (.x,, ¥;, 7) 
and (a, + da, + dy;, +dp,), where 
dx, = X,dx + X,dy + X, dp, ete., 
shall also be united is dy, — p,dz,=0, or 
(Y,— PX,) dx + (Y,— PX,) dy + (Y, — PX,) dp = 0, 
which becomes, on replacing dy by pda, 
1¥,+ pY,— P(X, + pX&,)} du + | Y,—PXp} dp =0. (2) 
If (1) is a contact transformation, all united elements remain united, so that (2) 
is satisfied identically ; we then have the familiar necessary and sufficient conditions 


Y,+ pY,— P(X, + pX,) =9, Y, — PX, = 0. (3) 
Omitting this case, we may solve (2) for dp/dz, that is d’y/dz’ or y", and write 

Y,— PX, 


Hence if (1) ts not a contact transformation, there is for each element a unique 
united element such that the two transformed elements are also united. 


i 
it 


Differential Elements. 


Our condition (4) is a differential equation of the second order 


y" =o(x,y, (4’) 
and therefore defines a family of »” curves. In the particular case where 
Y, — PX, vanishes, (4’) takes the form y’=oo and defines the o? points of 
the plane. 

For a general element transformation (1) (not a contact transformation), there 
exists always a doubly infinite system of unions which are alone converted into unions. 
The differential equation of the system is (4). 

As an important corollary, we have: 

If a transformation converts more than «* unions into unions, the same must be 
true for all unions, and hence it is a contact transformation. 

Consider, as an application, the determination of the group of element 
transformations which convert every circle into a circle. Since the number of 
circles is 7%, it follows that the result is merely Lie’s ten-parameter group of 
contact transformations. 

On the other hand, the group of element transformations which convert 
straight lines into straight lines is larger than the corresponding group of contact 
transformations. The latter involves two arbitrary functions of two arguments, 
while the former involves an additional arbitrary function of three arguments. 
Since all differential equations of the second order are equivalent under contact 
transformation, a similar remark applies to all doubly infinite systems of curves. 
In case of the «* point unions, the element transformations are obviously 


(x, Y, n= (x, P (2, Y; P); 


while the contact transformations are 


We note finally that if a transformation converts every point and every 


straight line into a union, it must be of the contact category. 


If. Direction Elements in Space. 


A direction element in space is defined by five coordinates (2, y, z, 7’, 2’); 
we employ also the notation (x, y, z, p,q) when more convenient.* The general 


* In the next section p, g will be used in the customary manner to denote partial derivatives of z with 
respect to x and y. 
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transformation is 

= X(x,Y,%, % P,Q): (5) 
Lie showed that the only transformations of this sort which convert all] curves 
(or unions) into curves (or unions) are the extended point transformations. We 
inquire whether the general transformation (5) converts sume unions into unions. 

Using the two conditions for a union, 

dy—pdx=0, dz—qdx=0, 
and proceeding as in I, we find 
(PX,— Y,)dp+(PX,— Y,+pY,+qY.—P(X,+ pX,+¢X.)} (6) 
(QX, — ¥,)dp +(QX,— pZ, —Q + du. 

Omitting the case of extended point transformations, we see that these 

will not both hold identically. Assuming first that the determinant 
PX,—Y, PX,—Y, (7) 
x, Y, x, —Y, 
does not vanish, we may solve (6) in the form 
9(%,y,%y', 2), y’, 2), (6') 
and have then a pair of equations defining  * curves. 

On the other hand, if the above determinant vanishes identically, but the 
equations (6) are not equivalent, it follows that dx must vanish and dp and dq 
are connected by a single relation 

(PX, —Y,) dp + (PX, —Y,)dg =0. (8) 


Thus, for any fixed values of x, y,z, we find g as a function of p and a constant 


of integration. Our unions are then of special type, consisting of elements with 
a common point forming acone. The total number of these is as before o *. 


We must consider finally the case where the equations (6) are equivalent to 
each other ; that is, where 
|| PX,—Y, PX,—Y, + pA, + || =0. (9) 
| Q@X,—Y, QX,—Y, + pX, + || 
The single equation to be satisfied is then of the form 
EBy'+ F2'+G=0, 


‘ 
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where EH, F, G involve only a, y, z, y’, 2’. Such a Monge equation of the second 
order is satisfied by a family of curves involving an arbitrary function ; in fact, 
_ upon any surface there will be o” integral curves. It is easily shown from the 
linear form of (10) that the integral curves have the Meusnier property; namely, 
the osculating circles of those curves of the family which pass through a given 
point in a given direction generate a sphere. Conversely, (10) represents the 
most general family for which this is true.* 

The case where conditions (9) hold thus leads to a type of element trans- 
formation intermediate between the completely arbitrary type and the contact 
type. Our result may be stated as follows: 


All transformations (5) of the direction elements of space may be classified with 
respect to the number of unions preserved into these types: 


Type 1°. Extended point transformations. All unions preserved. 


Type 2°. Transformations fulfilling conditions (9), but not extended point 
transformations. The family of unions preserved involves an arbitrary function: 
It ts defined by a Monge equation of the’second order of the form (10), characterized 
by the possession of the Meusnier property. 


Type, 3°. Transformations not fulfilling conditions (9). The number of unions 


preserved is « *, 


The last is, of course, the general case, involving five arbitrary functions of 
three arguments. Type 1° involves three arbitrary functions of three arguments, 
The intermediate type 2° involves three arbitrary functions of five arguments: 
we may in fact take the functions X, Y, Z at random and still satisfy conditions 
(9), the functions P and @ being then in general} uniquely determined. 


III. Surface Elements of Space. 


A surface element (x, y, z, p,q) consists of a point (x, y,z) and an incident 
plane, the direction cosines of the normal being proportional to p:g:—1. The 
condition for united elements is 

dz = pdx + qdy. 


* Cf. the author’s note ‘The Inverse of Meusnier’s Theorem,” Bull. Amer. Math. Soc., Vol. XIV (1908), 
pp. 461-465. 
+ Unless certain determinants vanish. 
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In connection with a surface z= /(a, y), we employ the usual notation p= /,, 
G=fy, S=Sey, t=Sfy,, 80 that 
dp =rdx+sdy, dq=sdzx + tidy. 
Applying now the general element transformation 
we have, as the condition that the transformed elements form a union, 


dz, = p,da, + 9, dy, 


or 
adx + Bdy + ydz+ ddp+ edqg=0, (12) 


where 
a= Z,—PX,—QY,, P=Z,—PX,—QY,, y=Z,—P%X,—Y., (12/) 
6=Z,—PX,—QY,, «= Z,—PX,— QY,. 
Substituting the values of dz, dp, and dg given above, and equating the 
coefficients of dx and dy in the result to zero, we find the fundamental pair of 


equations 


Ar+ Bs+C=0, As+Bi+D=0, (13) 
where the coefficients are 
B=e OCO=a+pr, D=6+ 9", (13’) 


and thus involve only a, y, 2, p, q- ; 
If our element transformation (11) converts any surfaces into unions, such 


surfaces must satisfy the pair of equations (13). 
In the case of contact transformations the equations become identities: the 


familiar conditions for a contact transformation are in fact 
A=B=C=D=0. (14) 
We exclude this case from the remaining discussion. 

A pair of partial differential equations of the second order involving one 
function of two independent variables will in general be inconsistent. In special 
cases there may be a finite number of solutions; a solution involving one, two, 
three or four arbitrary constants; or finally, when the equations are in involution, 
the solution may involve an infinity of constants, that is, an arbitrary function. 


Applying the general theory to our pair (13), we differentiate each of the 
equations with respect to x and to y, and form with the coefficients of the four 
resulting equations, which are linear in the partial derivatives of third order, 


the following matrix: 


. 
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dA aB , ac 
© 


dA dB , ac 
0 A B O 


| 15) 
dA ,,dB, ( 
dA dB , dD 
0 0 A B 
where, for example, 
dA _ dA _ 
dx = A, + pA, + rA,, + sA,, dy = A, + gA, + 8A, ote tA,. (15’) 


The condition for involution is that all the determinants of fourth order in 
the above matrix shall vanish in virtue of (13). Only two independent relations 
are found, namely 
CD(A,—B,) —BC (A,+q4,—D,)+ AD(B,+pB,—C,) + AB(C,—D,+9qC,—pD, =0, 

(AC + + + pB,—C,) | (16) 
+ AB(B,—A, +qB,—pA4,+ C,—D,) = 0. 
Our result is then as follows: 

If an element transformation (11), without being of the contact type, converts an 
infinitude of surfaces involving an arbitrary function into unions, then the pair of 
equations (13) will be in involution and hence relations (16) will hold. 

The type characterized by relations (16) is thus the nearest to the contact 
type, in the sense that it preserves the maximum number of unions, without 
preserving all. The manifold of surfaces is such that oo}! pass through an 
arbitrarily selected curve. 

If any pair of equations of the second order possess more than x‘ solutions, 
they will, according to standard theory, have «% solutions, and hence be in 
involution. In the case of our equations (13) we obtain a stronger result. We 
notice that the determinant formed from the first four columns of the matrix (15) 
(that is, from the coefficients of the third derivatives in the set of four linear 
equations referred to above) vanishes identically.* The assumption of o * common 
solutions requires that the four linear equations shall be consistent. In the present 
case this is impossible unless a// the determinants in (15) vanish; that is, the case 
of involution. Therefore: 


* This means that the equations (13) always have one set of characteristics in common. 
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If an element transformation converts «* surfaces into unions, the equations (13) 
are necessarily in involution; that 1s, «” surfaces are so converted. The trans- 
formation thus belongs to the type described in the preceding theorem (or else it is of 
the contact type). 

We next consider transformations preserving a triply infinite system of 
unions. This type, which is of course more general than the preceding type, 
can be determined explicitly from general principles. We observe first that any 
oo * unions (surfaces, curves or points) may be converted into any other  * unions 
by a contact transformation. In particular, any o* unions may be converted 
into points. The most general element transformation which converts every 
point union into itself, is obviously of the form 


4%, Pi = P(x, y, 2%, P,Q); = Q(x, 2, P,Q); (17) 


involving two arbitrary functions P and Q. Denote this infinite group by G, 
and let [,, [, denote any two contact transformations. Then 


lr, GT, (18) 


converts the * unions which become points under I, into the * unions which 
are obtained by applying [, to points. All transformations of the required type 
are included under the form (18). Remembering that a general contact trans- 
formation involves an arbitrary function of five arguments, we state our result 
as follows: 

All element transformations which preserve as many as © * unions are included 
in the form T, TT,, where T,, T, are arbitrary contact transformations, and T is 
any member of the group (17) which converts every point union into itself. The 
result involves four arbitrary functions of five arguments. 

Consider in particular the cases where the * unions are the points or the 
planes of space. If every point is to be converted into a union, equation (12) 
must be satisfied on substituting de =dy=dz=0. It follows that 6 and ¢ 
must vanish; that is, in the notation of (13’), A=0, D=0. On the other 
hand, if every plane is to become a union, our fundamental equation (13) must 
be satisfied when r=s=t=0. The requisite conditions are C=0, D=0. 
Remembering that the vanishing of the quantities A, B, C, D is the criterion 
for a contact transformation, we derive this result: 

If a transformation of the surface elements of space converts both points and 
planes into unions, it must be a contact transformation. 


\ 
\ 
\ 
\ 
} 


Differential Elements. 399 


This conclusion does not hold for two sets of «* unions selected at random. 
For it may happen that the two sets are part of a system of o* unions defined 
by a pair of equations (13) in involution, in which case there will exist trans- 
formations not of the contact type. Similar remarks apply, of course, to systems 
of unions involving four or more parameters. 

For certain systems, however, only contact transformations exist. Consider 
the «spheres. Their differential equations are 


pqr—(l+p')s=0, (1+9’)s—pgt=0. (19) 
If these are equivalent to a set of type (13), we must hve d= B=C=D=0; 
that is, a contact transformation. This result also follows directly from that 
stated above, since spheres include points and planes as limiting cases. Recalling 
the equivalence of spheres and straight lines, we have: 

No element transformations beyond the contact type can convert every sphere, or 
every straight line, into a union. 

In particular, the known fifteen-parameter group of sphere transformations 
includes all element transformations which turn spheres into spheres. 

We return to the consideration of equation (12), defining all unions which 
are preserved under (11). In the general case where the union (of «* elements) 
is a surface, we obtain the partial differential equations (13). The case of a curve 
regarded as a union of ” elements may be treated as a limiting case of a surface. 
The direct treatment however is as follows: 

For the surface elements of a curve whose point equations are y= y(z), 
2=2(x), we have 


(20) 
Substituting in (12), we obtain an identity in dz, dg giving two conditions 
a + By' + y + —qy" == 0, 
(21) 
e— yd =0. 


These equations are, on eliminating p by means of (2U), to become identities in g. 
Usually no solutions will exist; for certain element transformations there may 
be a triply infinite system of curves or even an infinitude involving an arbitrary 
function, in which case the family is defined by a Monge equation /(a,y,z,y',2’)=0. 
A detailed discussion is rendered unnecessary by observing that, to the curves 
turned into unions by any given transformation 7’ correspond surfaces preserved 
by the related transformation R 7, where & denotes polarity with respect to 
a quadric surface. 


| 
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Summarizing our results, we have the following 

THEOREM. With respect to the number of unions (of * elements) which are 
converted into unions, transformations of the surface elements of space may be classified 
as follows : 

Type 1°. Contact transformations. All unions preserved. 

Type 2°. Transformations, other than of type 1°, preserving * unions. The 
untons are then defined by an involution system. 

Type 3°. Transformations, not of the previous types, preserving « * unions. 

Type 4°. Transformations preserving fewer than «* unions. The number 
may be *, «1, a discrete number, or none at all, the last being the usual case. 

Type 1° is characterized by four conditions 4 = B= C= D= 0, and thus 
involves one arbitrary function of five arguments. Type 2° is characterized by 
the two conditions (16), and depends on three arbitrary functions. Type 3°, 
represented explicitly by (18), involves four arbitrary functions. Type 4°, 
being the general case, involves five arbitrary functions.* 

We consider finally the effect of any transformation on one-dimensional 
unions. The general case of such a union consists of the o! surface elements 
touching a given surface along a given curve, thus forming a strip. A special 
case arises when the o/ elements have a common point, thus enveloping a cone, 
which may in particular shrink to a line. The strips preserved must satisfy 
the equations 

at By p+qy'—¢=0, (22) 
where y, 2, p, g are considered as unknown functions of x. We easily derive 


the following results: 
The only transformations preserving all one-dimensional unions are the contact 


transformations. 
For an arbitrary element transformation, the number of strips preserved is ~”, 


involving two arbitrary functions. 


IV. Elements of Higher Order. 


Confining our attention to the plane, we consider the general transformation 

of differential elements of the n-th order 


* This remains true if we take only those transformations which do not preserve any unione. 


FA 
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The conditions for a union are 

dy=ydz, dy =y'da, ...., dy =y™ da. 
If a curve is to be converted into a union, we find that it must satisfy the following 
n differential equations of the (n + 1)-th order: 


yr = (@ ¥™) (A= 1, 2, ...-, n), (24) 
where 
aX 


The equations (24) become identities only in the case of extended contact 
transformations. Jn general the equations will be inconsistent, so that no unions 
will be preserved. In intermediate types there may be «/ curves, where j varies from 
1 ton+1 inclusive. 

If a transformation (23) preserves more than o”*! unions, it must preserve 
all and hence be of the contact type. The type nearest to the contact type, 
preserving «+t! curves, may easily be determined explicitly in terms of three 
arbitrary functions. We note that with respect to the group (23) all differential 
equations of the (n +1)-th order are equivalent. 
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